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Abstract 

A Kuranishi space is a topological space equipped with a Kuranishi 
structure, defined by Fukaya and Ono. Kuranishi structures occur nat- 
urally on many moduli spaces in differential geometry. If (M, ui) is a 
symplectic manifold with compatible almost complex structure J, then 
moduli spaces of stable J-holomorphic curves in M have Kuranishi struc- 
tures. Kuranishi spaces are important in symplectic geometry, for defining 
Gromov-Witten invariants, Lagrangian Floer cohomology, and so on. 

Let Y be an orbifold, and R a commutative ring or Q-algebra. We 
shall define two new homology and cohomology theories of Y: Kuranishi 
(co)homology KHt,KH*{Y; R), for R a Q-algebra, and effective Kuran- 
ishi (co)homology KHf , KH*^{Y; R), for R a commutative ring, such as 
R = Z. Our main result is that KHt, KHf {Y; R) are isomorphic to 
singular homology, and K H* , K H*^{Y ; R) are isomorphic to compactly- 
supported cohomology. We also define five different kinds of Kuranishi 
(co)bordism KB,,KB* (Y; R). These are new topological invariants of Y 
which turn out to be very large, far larger than the (co)homology groups. 

The (co)bordism theories KB,, KB*(Y; R) are spanned over R by iso- 
morphism classes [X, f] , where X is a compact oriented Kuranishi space 
without boundary, and f : X ^ Y is a. strongly smooth map. The 
(co)homology theories are defined using (co)chain complexes KC 
KCl^iY; R) spanned by isomorphism classes [X, f, G], where X is a com- 
pact oriented Kuranishi space with boundary and corners, f : X Y 
is strongly smooth, and G is some extra gauge- fixing data upon X. The 
main purpose of G is to ensure the automorphism groups Aut(X, /,G) 
are finite, which is necessary to get a well-behaved (co)homology theory. 

These theories are powerful new tools in symplectic geometry. We 
define new Gromov-Witten type invariants in Kuranishi bordism, con- 
taining more information than conventional Gromov-Witten invariants. 
In a sequel we hope to use these to prove the integrality conjecture for 
Gopakumar-Vafa invariants. We also explain how to reformulate La- 
grangian Floer cohomology using Kuranishi cohomology rather than sin- 
gular homology; this will lead to significant technical simplifications, and 
improved results. 

The results of this book are briefly surveyed in [38]. 
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1 Introduction 

The goal of this book is to develop new tools for use in areas of symplectic geom- 
etry concerned with 'counting' J-holomorphic curves — Gromov-Witten theory, 
Lagrangian Floer cohomology, contact homology, Symplectic Field Theory and 
so on — and elsewhere, such as in the 'string topology' of Chas and Sullivan [11]. 
Moduli spaces M of (stable) J-holomorphic curves E in a symplectic manifold 
(M, uj) are generally not smooth manifolds, but Kuranishi spaces, topological 
spaces equipped with a Kuranishi structure, as in Fukaya and Ono [25]. To 
'count' the number of curves in A4 one generally perturbs A4 to construct a 
singular homology class called a virtual moduli cycle or chain. Several versions 
of this virtual moduli cycle construction exist [24, 25, 37, 49, 52, 53, 55, 65, 70] . 

A great deal of the technical complexity of these areas is due to the uneasy 
interplay between Kuranishi spaces, the raw geometric data, and virtual moduli 
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cycles and chains in singular homology, the abstract perturbations. This is 
particularly true in areas like Lagrangian Floer cohomology in which the moduli 
spaces M. have boundaries and corners, and one must consider compatibility of 
virtual moduli chains at the boundaries. Anyone who has seriously tried to read 
the mammoth Fukaya et al. [24] will appreciate this. 

Let Y be an orbifold, and R a commutative ring or Q-algebra. The basic 
idea of this book is to define a new homology theory, the Kuranishi hom,ol- 
ogy KH^{Y;R) of Y with coefficients in R. There are two variations, Kuran- 
ishi homology KH^{Y; R) for R a Q-algebra, and effective Kuranishi homology 
KH^^iY] R) for R a commutative ring, such as i? = Z. Kuranishi homology 
KHt,{Y\ R) is better behaved at the chain level. Both are isomorphic to singular 
homology Hf{Y\ R), so they are not new topological invariants; the point is to 
use them as a replacement for singular homology, in situations where one wants 
to construct virtual chains for moduli spaces. 

Kuranishi homology is the homology of a chain complex (ii'C*(F; R), d) of 
Kuranishi chains. Elements of KCk{Y\ R) are finite sums X^aeA Pa[^a, fai ^a] 
for Pa G R, where [Xa, /a, Ga] is the isomorphism class of a triple (X^, f^, Go), 
with Xa a compact oriented Kuranishi space with boundary and corners, of 
virtual dimension vdimXa = k, f^^ : Xa Y a strongly smooth map, and Ga 
some gauge-fixing data for {Xa,fa)- The main point of Ga is to ensure that 
Aut{Xa, fa,Ga) is finite, since it turns out that if we allow infinite automor- 
phism groups then the resulting homology groups are always zero. 

We also define Poincare dual theories of (effective) Kuranishi cohomology 
KH*{Y; R), KH*^{Y;R), which are isomorphic to compactly-supported co- 
homology H*^{Y;R), using a cochain complex (^KC*{Y; R),d) of Kuranishi 
cochains. Elements of KC''{Y; R) are finite sums J2aeA Pai^a, fa' ^a], where 
Xa is a compact Kuranishi space with vdimX^ = dimF — k, fa ■ X ^ Y 
is a strong submersion with a relative orientation (coorientation) , and Ca is 
co-gauge-fixing data for {Xa, fa)- 

Here is an important difference between manifolds and Kuranishi spaces. 
If / : X ^ F is a submersion of manifolds, then dimX ^ dimF. Thus, if 
we defined KC''{Y; R) using manifolds Xa we would have KC''{Y; R) = for 
A; > 0, which would be no use at all. However, if X is a Kuranishi space and 
/ : X — > K is a strong submersion, we need not have vdimX ^ dimy. In fact, 
if X is a manifold or Kuranishi space and f : X ^ Y is (strongly) smooth, 
we can always change the Kuranishi structure of X to get a strong submersion 
f^ : X^ Y. So strong submersions are easy to produce. 

If X, X are Kuranishi spaces and f : X ^ Y, f : X ^ Y are strong submer- 
sions, there is a fibre product Kuranishi space XxyX, with a strong submersion 
tty : X Xy X ^ Y. Using this we define a cup product on KC*{Y; R) by 

[X,f,C]U[X,f,C]=[XXYX,7TY,CXYC], (1) 

where C x y C is a fibre product of co-gauge- fixing data. Then U is associative, 
supercommutative, and compatible with d, and induces U on KH*(Y; R) which 
is identified with the usual U on H*^{Y;R) under H*^{Y;R) ^ KH*{Y;R). 
There is also a cap product n : KC^Y; R) x KC*{Y; R) KC^Y; R). 
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This illustrates the fact that Kuranishi homology and cohomology are very 
well behaved at the (co)chain level. For comparison, if one works with chains 
in singular homology, to take the intersection of two singular chains one must 
perturb them so they are transverse, and then triangulate the intersection by 
simplices, making arbitrary choices. Working with Kuranishi cochains, we just 
take cup products in a canonical way. So, using Kuranishi (co)chains can elim- 
inate problems with transversality. 

Here is how all this helps in the formation of virtual cycles and chains. 
Consider for example the moduh space Mg^miM, J, P) of genus g stable J- 
holomorphic curves with m marked points in a symplectic manifold M. Then 
Aig^miM, J, P) is a compact oriented Kuranishi space without boundary, and 
has evaluation maps evi : A4g^m{M, J, (3) — > M for i = 1, . . . ,m, strong sub- 
mersions sending a curve to its z*** marked point. We define a virtual cycle for 
Mg,„,iM,J,(3) to be [Mg,miM,J,l3),evi x •■_ev„,C] in Q), where 

C is any choice of co-gauge- fixing data for (^Mg^m{M, J, /?), evi x • • • ev„i) . 

Thus, the moduli space is its own virtual cycle. There is no need to per- 
turb the moduli space, or triangulate it with simplices; we only have to choose 
(co-)gauge-fixing data, which is always possible, and is a much milder and less 
disruptive process. Choosing (co-) gauge- fixing data to satisfy prescribed bound- 
ary conditions or other compatibilities is much easier than trying to do the same 
with perturbations and singular chains. As a result, we can generally translate 
relationships between moduli spaces into exact algebraic identities between vir- 
tual chains, at the (co) chain level, using cup and cap products. This will lead 
to huge simplifications in the theory of Lagrangian Floer cohomology [4] . 

We also define Kuranishi bordism KB^,(Y] R), and Poincare dual Kuranishi 
cobordism KB*{Y; R). Elements of KB^iY; R) are finite sums X^ogA Pai^ai /a] 
for Pa e R, where [Xa,fa\ is the isomorphism class of (X^,/^), for Xa a 
compact oriented Kuranishi space without boundary with vdimX^ — k, and 

: Xa ^ F is strongly smooth. The relations in KBk{Y; R) are that [X, f] -\- 
[X', f] = [XUX', fUf] and [dW, e\9w] = 0, for W compact oriented Kuranishi 
space with boundary but without corners, with vdimT4^ ~ k + 1, and e : W 
Y strongly smooth. The definition for KB'^(Y;R) is the same except that 
vdimXa = dimF — k and fa.Xa^Y,e:W^Y are cooriented strong 
submersions. We define a cup product on KB*(Y; R) by 

[X,f]U[XJ] = [X XyX,7Vy], (2) 

as for ll]). Generally, to define or prove something for Kuranishi (co)bordism, we 
just take the analogue in Kuranishi (co)homology, restrict to Kuranishi spaces 
without boundary, and omit (co-)gauge-fixing data. 

In fact we define five variations on this idea, by imposing extra condi- 
tions on or adding extra structure to Xa,fa- One version, trivial stabilizers 
Kuranishi (co)bordism K B*:^ , K B;^^{Y ■ R) has KBl'iY;!.) ^ MSO^{Y) and 
KBl^{Y-Z) = MSOl^iY) for manifolds Y, where MSoJ{Y) and MSOl^{Y) 
are the conventional bordism and compactly-supported cobordism groups de- 
fined by Atiyah [5] using algebraic topology. However, the other four Kuranishi 
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(co)bordism theories are new topological invariants of Y. We show that they 
are huge: KBk{Y; R) has infinite rank over R for all nonempty orbifolds Y, 
commutative rings R without torsion (such as i? = Z or Q), and even k G Z, for 
instance. So it is probably not feasible to compute them and write them down. 

The author intends these Kuranishi (co)bordism theories as new tools for 
studying (closed) Gromov-Witten theory. Since moduli spaces of (closed) J- 
holomorphic curves are compact, oriented Kuranishi spaces without boundary, 
they define classes in Kuranishi (co)bordism groups. So we can define new 
Gromov-Witten type invariants GW^!^{M , u , ^) in iCB*(M™;Z) or KB^M"" 
X Mg^m', Z), which lift conventional Gromov-Witten invariants GW|'„(M, cj, /3) 
in Hf{M"';Q) or (M"" x Q) in singular homology up to Kuranishi 

bordism. 

There are two important points about these new invariants GW^}^{M, uj, (3). 
Firstly, they take values in very large groups, so they contain more information 
than conventional Gromov-Witten invariants. Much of this extra information 
concerns the orbifold strata of the moduli spaces, that is, for each finite group 
r the GW^}^{M , u! , P) include data which 'counts' J-holomorphic curves in M 
with symmetry group T. Secondly, they are defined in groups over Z rather 
than Q. This makes them a good context for studying integrality properties of 
Gromov-Witten invariants. In ij6.3l we will outline a method for using them to 
prove the Gopakumar-Vafa Integrality Conjecture for Gromov-Witten invari- 
ants of Calabi-Yau 3-folds, which the author hopes to complete in [41]. 

There will also be applications of Kuranishi (co)homology or Kuranishi 
(co)bordism which are not related to J-holomorphic curves. For example, in [40] 
we will exploit the particularly good behaviour of Kuranishi (co)chains to give a 
nice formulation of the String Topology programme of Chas and Sullivan [11], in 
which the String Topology operations satisfy the desired identities at the chain 
level. Also, we show in ij5.4l that for compact manifolds Y, trivial stabilizers Ku- 
ranishi cobordism KH^j.^{Y;Z) is isomorphic to cobordism MSO*{Y). This is 
the only differential-geometric description of MSO*{Y) that the author knows, 
and it may be useful to somebody. 

We begin in Chapter [2] by defining Kuranishi structures and Kuranishi 
spaces, operations on them such as strongly smooth maps and fibre prod- 
ucts, and geometric structures such as (co)orientations and (co-)almost com- 
plex structures. This is partly taken from Fukaya and Ono [24,25], partly 
modifying [24,25], and partly new. Chapter [3] discusses gauge-fixing data and 
co-gauge-fixing data, vital ingredients of our Kuranishi (co)homology theories. 
Their main purpose is to make automorphism groups finite. If X is a compact 
Kuranishi space, f : X ^ Y is strongly smooth, and G is gauge-fixing data for 
{X, /), then Aut{X, f, G) is finite, although Aut{X, f) may be infinite. 

Chapter m studies Kuranishi (co)homology KH^, KH*{Y; R) for i? a Q- 
algebra, and effective Kuranishi (co)homology KH^^ , KH*^(Y; R) for R a com- 
mutative ring. We define pushforwards /i* on chains and homology, and pull- 
backs h* on cochains and cohomology, and cup and cap products U, H — all 
the usual package for homology and cohomology theories, and all work at the 
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(co)chain level. Our main results are Theorems 14.81 and 14.91 which show that 
KH^,{Y\R) and KHf{Y;R) are isomorphic to singular homology Hl\Y;R). 
Their proofs, deferred to Appendices [XHO take up more than one third of the 
book. We deduce using Poincare duahty that KH*{Y; R) and KH*^(Y] R) are 
isomorphic to compactly-supported cohomology H*^{Y; R). We show by exam- 
ple that if we omitted (co-)gauge-fixing data G from the chains [X, /, G] then 
we would have KH^{Y\ R) = KH*{Y; R) ~ {0} for all Y, because of problems 
when Aut{X, f) is infinite. 

Chapter [5] defines two kinds of classical bordism groups B^,, B°°{Y; R), five 
kinds of Kuranishi bordism groups KB^,KBf, KBl', KBf^, KBl''%Y; R), and 
their Poincare dual cobordism groups KB*, KB*^^^, KB^^^, KB*^, KB*^^{Y; R). 
We define pushforwards, cup and cap products, and morphisms between the 
various (co)bordism groups, and from Kuranishi (co)bordism to (effective) Ku- 
ranishi (co)homology. We also define the orbifold strata X^'P a of Kuranishi 
space X. Restricting to orbifold strata induces morphisms U^'^ : KBf,{Y; R) — > 
KB^,-dinip{Y', R) of Kuranishi (co)bordism groups, which change degree. Us- 
ing these composed with projection to homology, we prove that Kuranishi 
(co)bordism groups are very large. 

In Chapter [5] we discuss applications to symplectic geometry. Our aim is 
not to give a complete treatment, but only to demonstrate the potential of 
our theories with a few examples, which may perhaps inspire readers to learn 
about Kuranishi (co)homology or Kuranishi (co)bordism, and use it in their 
own research. Sections I6.1H6.3I discuss closed Gromov-Witten invariants using 
Kuranishi bordism, and outline a method of attack on the Gopakumar-Vafa 
Integrality Conjecture. 

Sections I6.4H6.7I discuss moduli spaces of J-holomorphic curves in M with 
boundary in a Lagrangian L, and open Gromov-Witten theory, using Kuran- 
ishi cochains and Kuranishi cohomology. In i j6.6l we associate a gapped filtered 
Aoo algebra (iirC'*(L; A*q^)[1], m) to L in a much simpler way than Fukaya 
et al. [24], and so define bounding cochains b and Lagrangian Floer cohomol- 
ogy HF* {L,b; A*^^^) for one Lagrangian L. Then H6.7\ gives a new definition 
of open Gromov-Witten invariants OGW{M, L, X) for a Lagrangian L with 
[L] = <E Hn{M;Q), together with a choice of bounding cochain b. Both 
6; A*o^) and the OGW{M, L, X) are independent of the choice of al- 
most complex structure J, in a certain sense. 

Finally, Appendices EHd] prove the main results of Chapter IH Theorems 14. 8| 
K9\ and 14.341 The proofs of Theorems [48] and |4J] in Appendices |B] and [C] draw 
some inspiration from results of Fukaya and Ono on multisections and virtual 
cycles [25, §3, §6], [24, §Al], and also from Fukaya et al. [24, §30], who consider 
a situation in which transverse multisections must be carefully chosen on a 
collection of Kuranishi spaces, with compatibility conditions at the boundaries. 

Significant parts of this book may read like a kind of commentary on Fukaya, 
Ono at al. [24,25], which includes suggesting improvements and correcting er- 
rors. Lest this create the wrong impression, I would like to record here my great 
admiration for [24,25], and my gratitude to Fukaya, Oh, Ohta and Ono for the 
creativity and long labour involved in writing them. 
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In [38] wc provide a short 'User's Guide' for Kuranishi (co)homology and 
Kuranishi (co)bordism, consisting of the most important definitions and results 
from this book, but omitting the proofs. Some readers may find it helpful to 
begin with [38] rather than this book. 

Acknowledgem,ents. I am grateful to Mohammed Abouzaid, Manabu Akaho, 
Kenji Fukaya, Ezra Getzler, Shinichiroh Matsuo, Yong-Geun Oh, Hiroshi Ohta, 
Kauru Ono, Paul Seidel, Ivan Smith and Dennis Sullivan for useful conversa- 
tions. This research was partially supported by EPSRC grant EP/D07763X/1. 

2 Kuranishi structures and Kuranishi spaces 

We begin by discussing Kuranishi spaces, that is, topological spaces with Kuran- 
ishi structures. Kuranishi structures were introduced by Fukaya and Ono [25] 
as a tool for studying moduli problems, and further developed by Fukaya, Oh, 
Ohta and Ono [24]. Wc take ideas freely from both, and also give some new 
definitions and (in the author's opinion) some improvements of those in [24,25]. 
Since Kuranishi structures are so important in what follows, and are not yet in 
widespread use, we give plenty of detail. 

2.1 Manifolds with corners and generalized corners 

We shall define four classes of manifolds. The first three are entirely standard: 
manifolds without boundary, which are locally modelled on M", manifolds with 
boundary, locally modelled on R" or [0, oo) x K."""'^, and manifolds with comers, 
locally modelled on [0, oo)'' x R""'' for fc = 0, . . . , n. 

The fourth class, which we call manifolds with generalized corners, or g- 
corners for short, is new. It is similar to, but more general than, the notion of 
locally polygonal set used by Fukaya et al. [24, Def. 35.4]. We begin by defining 
the local models for manifolds with g-corners in M", which we call regions with 
g- corners. 

Definition 2.1. Let ly be a nonempty, connected, open set in M", and f\,..., 

fisi : T4^ — ^ M be smooth maps, such that: 

(a) For every subset {i\,...,ii} of {1,...,A^}, the subset = {x S 
W : fii{x) = ■■■ = /ij(x) = 0} is an embedded submanifold of M", 

without boundary. 

(b) In (a), for all x G we have (d/.J^, • • • , d/ijx)^ = {a £ (M")* : 
a|TxS{,j = 0} as vector subspaces of (M")*. 

Define U = {x e W : /i(x) ^ 0, z = 1, . . .,N}. Then J7 is a closed subset of 
W. Let U° be the interior of U in W, and U° the closure of U° in W. Suppose 
U = U°. Then we call U a region with generalized comers, or g-corners, in R". 

Definition 2.2. Let X be a paracompact Hausdorff topological space. 
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(i) An n- dimensional chart on X without boundary is a pair {U,4)), where 
U is an open subset in R", and cj) : U —^ X is a, homeomorphism with a 
nonempty open set (piU) in X. 

(ii) An n-dimensional chart on X with boundary for n ^ 1 is a pair {U,(j)), 
where U is an open subset in R" or in [0, oo) x R"^^, and (f) : U X is a 
homeomorphism with a nonempty open set (j}{U). 

(iii) An n-dimensional chart on X with corners for n ^ 1 is a pair {U,(j)), 
where U is an open subset in [0, cxd)*^ x R"^*^ for some ^ fc ^ n, and 
(/>:[/ ^ X is a homeomorphism with a nonempty open set 4'{U). 

(iv) An n-dimensional chart on X with generalized corners, or g-corners, is a 
pair ([/, (f), where U is a region with g-corners in R", and : C/ X is a 
homeomorphism with a nonempty open set (f>(U). 

These are increasing order of generahty, that is, (i) ^ (ii) ^ (iii) ^ (iv). 

Let A, B be subsets of R" and a : A ^ B he continuous. We caU a smooth 
if it extends to a smooth map between open neighbourhoods of A, B, that 
is, if there exists an open subset A' of R" with A C_ A' and a smooth map 
a' : A' ^ R" with a'\A = a. li A is open we can take A' = A and a' = a. 
We call a : A ^ B a diffeomorphism if it is a homeomorphism and a : A ^ B, 
: B ^ A are smooth. 

Let ([/, 0), (y, -0) be n-dimensional charts on X, which may be without 
boundary, or with boundary, or with corners, or with g-corners. We call (U, (j)) 
and {V, ip) compatible if V-"^ o : (0([/) n ip{V)) ip"^ {(piU) D ipiV)) is a 
diffeomorphism between subsets of R", in the sense above. 

An n-dimensional manifold structure on X, which may be without boundary, 
or with boundary, or with corners, or with generalized corners {with g- comers), 
is a system of pairwise compatible n-dimensional charts {{U'',(jf) : i G /} on 
X with X = Ui6/^*(^*)' where the (?7*,0*) are without boundary, or with 
boundary, or with corners, or with g-corners, respectively. When we just refer 
to a manifold, we will usually mean a manifold with g-corners. 

Remark 2.3. (a) Note that in Definition I2.ir a) we do not prescribe the di- 
mension of and in particular, we do not require dimS'{ij^...^i,} = n — l. 
Definition l2.ir b) implies that dim5{,;j^...^ij} ^ n^l. If dim5'{ij^.. .i,} —n — I then 
d/ij , . . . , d/i, are linearly independent near S'jij ,; J, but if dim > n—l 
then d/ij , . . . , d/i, are linearly dependent along S'{ij^....ij. 

If dim5{ij^...ij = n~l for all {ii, . . . ,i{\ then U is an n-manifold with 
corners (not g-corners), locally modelled on [0, oo)' x R"^'. Thus, we only 
generalize manifolds with corners by allowing dim 5*^^^ ^ ,;j i, > n ~ I. 

(b) The purpose of requiring U ~ U° in Definition 12.11 is to ensure U has no 
pieces of dimension less than n. For example, we could take n = = 2, = R^ 
and fi{xi,X2) = Xi, f2{xi,X2) — —Xi, which gives U — |(0,a;2) : X2 G R}, with 
dimension 1 rather than 2. But then C/° = 0, so 17° = 0, and U ^U°. 

(c) An important class of examples of regions with g-corners is given by taking 
W = R" and each /, : R" ^ R to be linear. Then Definition O^a) , (b) hold 
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automatically, with each S'^i^,...,!,} a linear subspace of R", and f/ is a polyhedral 
cone in E", which satisfies C/ = 17° if and only if U° ^ 0. 

More generally, we can take W = and each /i : M" ^ R to be afhne, 
that is, of the form fi{xi, . . . , Xn) = aiXi + ■ • ■ + a„a;„ + b. Then [/ is a convex 
polyhedron in R", not necessarily compact, which satisfies U = U° if and only 
if U° ^ 0, that is, if and only if dim U = n. 

For example, the solid octahedron in R'^ 

O = {(xi, 2:2,2:3) e : Ixil + \X2\ + I.T3I < 1} (3) 
is a region with g-corners, which may be defined using the eight affine functions 

fl{xi,X2,X3) ^ X1+X2+X3 + I, f2ixi,X2,X3) =^ Xi + X2 - X3 + 1, 

f3{xi,X2,X3) =Xi-X2+X3 + l, .f4ixi,X2,X3) ^ Xi ~ X2 ~ X3 + 1, 

f5{xi,X2,X3) = -Xi + X2 + X3 + 1, .f6ixi,X2,X3) = -Xi + X2 - X3 + 1, 

f7{xi,X2,Xz) = -Xi -X2+X-i + l, fs,{xi,X2,Xz) = -Xi - X2 - Xz + l. 

This is not a manifold with corners, since four 2-dimensional faces of O meet at 
the vertex (1, 0, 0), but three 2-dimensional faces of [0, ooY meet at the vertex 
(0, 0, 0), so O near (1, 0, 0) is not locally modelled on [0, ooY near (0, 0, 0). 

(d) To a first approximation, regions with g-corners and manifolds with corners 
look locally like convex polyhedrons in R". Let J7 be a region with g-corners 
defined using W, /i, . . . , /at in Definition O and let y S J7. Define W 

and /i,...,/Ar : R" ^ Rby /^(x) = /.*(y) + d/,|y(x-y), so that h,...jN are 
the unique affine functions on R" with /^(x) = /i(x) + 0(|x — yp). 

Let U be the region with g-corners defined using W , /i, . . . , Jm- Then JJ is 
a convex polyhedron in R" (not necessarily compact), and [/, [/ are basically 
isomorphic near y. In particular, from Definition I2.ir b) it follows that for all 
subsets {ii, ...,«/} C {1, . . . ,iV}, the submanifolds 5'{ii,...^i,} from fi^,. . . , fi^ 
and S'{ij^^..._i,} from fi-^, . . . , have the same tangent space at y, and the same 
dimension near y, and this implies that Uand U have the same stratification 
into faces and corners of different dimensions near y. 

(e) However, despite (d), regions with g-corners in R" are a more general class 
of local models than convex polyhedrons in R", and yield a more general notion 
of manifolds with g-corners than we would have obtained by taking charts to be 
modelled on open sets in convex polyhedra in R". 

To see this, note that polyhedral cones C in R" are classified up to the action 
of GL(n, R) by both discrete parameters — the number of fc-dimensional faces 
for < fc < n, and how they intersect — and continuous parameters — if C has 
at least n + 2 codimension one faces then the family of polyhedral cones with the 
same discrete structure as C up to GL(n, R) is in general positive-dimensional. 
Classifying polyhedral cones in R" up to GL(rt,R) is important, as this is what 
is preserved by our notion of diffcomorphism of subsets of R" in Definition 12.21 

If C/ is a convex polyhedron in R", and _F is a connected, open dimension I 
face of U, then U is modelled on a fixed polyhedral cone Cp in R" near y for all 
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y in F. However, if J7 is a region with g-corners in R", and is a connected, 
open, dimension I face of U ioi I > 0, then U is modelled on a polyhedral cone 
Cy in R" near y for each y in F, where the discrete parameters of Cy up to 
GL(n, R) are independent of y, but the continuous parameters can vary with y. 

This can only happen when n ^ 4, since the local models for manifolds with 
g-corners are unique near strata of codimension 1 and 2, so we need both I ^ 3 
and dim_F = n — ^ > to have nontrivial continuous variation of Cy along 
F. The simplest example would be a region with g-corners in R^ in which five 
3-dimensional faces come together along a 1-dimensional edge. 

The point of the rather general, non-explicit local models of Definition 12.11 
is to allow this local variation of the polyhedral cone model, 
(f ) The only places in this book where the details of the definition of manifolds 
with g-corners matter is in the material on tent functions in Appendix |X1 and 
their application in Appendices IB] and ICl to prove Theorems 14. 81 and l4. 91 For the 
rest of the book, all we need is that manifolds with g-corners have a well-behaved 
notion of boundary. 

Next we define the boundary dX of a manifold X with boundary or (g-) 
corners. To motivate the definition, consider [0, c»)^ in R^, regarded as a mani- 
fold with corners. If we took (9([0, oo)2) to be the subset [0, oo) x {0}U{0} x [0, cx)) 
of [0, cx))^, then (9([0, cxd)^) would not be a manifold with corners near (0, 0). In- 
stead, we take d{jO, cxd)^) to be the disjoint union of the two boundary strata 
[0, oo) X {0} and {0} x [0, oo). This is a manifold with boundary, but now 
d{\0, oo)^) is not a subset of [0, oo)^, since two points in d{\0, oo)^) correspond 
to the vertex (0,0) in [0, oo)^. 

Definition 2.4. Let U hea region with g-corners in R", defined using W, fi, . . . , 
fM as in Definition 12. II If u G f/, let {ii, . . . , z;} be the subset of i in {1, ... , N} 
for which fi{u) = 0, and let Ss^i^ i^\^ be as in Definition 12. II Then S'{ii^...^i,} is 
an embedded submanifold of W containing u. Define the codimension of u in 
U to be n — dira S s^i^ . 

It is not difficult to see that if u has codimension m, then n ~ m is the 
maximum dimension of embedded submanifolds S in R" with u £ S QU C. R", 
and this maximum is achieved by 5*1^^^ ,^. Therefore the codimension of u 
depends only on u and the set U up to diffeomorphism (in the sense of Definition 
12. 2p . and is independent of the choice of VF, /i, . . . , /at used to define U. 

Let X be an n-manifold with g-corners. Then X is covered by a system 
of charts {(f7*,0*) : i G /}, with each W a region with g-corners in R". Let 
X S A, so that X = (j)^{u) for some i G I and u & W. Define the codimension 
of X in X to be the codimension of u in C7*. This is independent of the choice 
of chart (W,(t)^), since if a; = (f>^{u) — (^^{u'), then W near u is diffeomorphic 
to near u' using 0^ o (0^)"^. For each k = 0,...,n, define Sk{X) to be 
the subset of a; G A' of codimension fc, the codimension k stratum of A. Then 
A = IJfc=o '^*:("^)- '^^^ show that each Sk{X) has the structure of an 

(n — fc)-manifold without boundary, with closure Sk{X) = (JT^fe Si{X). 

Let X e Si{X) = [J"^i Si{X). A local boundary component B of X at 
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a; is a local choice of connected component of 5*1 (X) near x. That is, for each 
sufficiently small open neighbourhood U oix'va. X, B gives a choice of connected 
component V oi U r\ Si {X) with x £ V, and any two such choices U, V and 
U\V' must be compatible in the sense that x £ (VCiV). It is easy to see 
that a X € Si{X) then x has a unique local boundary component B, and if 
X G S2{X) then x has exactly two local boundary components Bi,B2, and if 
X £ Sk{X) for k ^ 2 then x has at least k local boundary components. 
As a set, define the boundary dX of X by 

dX = {{x,B) : X e Si{X), B is a local boundary component for X at a;}. 

Then dX naturally has the structure of an (n — l)-mamfold with g-corners. To 
see this, let {x, B) g dX, and suppose is a chart on X with x G cf)^{U'''). 

Then is a region with g-corners in R" defined using some W, fi, . . . , Jn , 
with X = (t>'{u) for some unique u € Now {(j)^)~^{B) is a local boundary 
component of U'' at m. From Definition 12.11 it follows that {(j)'')~^{B) coincides 
with f^^{0) near u for some j — 1, . . . , N . 

Definition I2.ir b) with I = 1 and ii = j then implies that dfj is nonzero 
on fj'^iO) = S^j}, so /~^(0) is a closed, embedded {n — l)-submanifold of 

containing u. Thus we can choose a diffeomorphism -.W ^ /^^^(O) C 
from an open subset W C R"^^ to an open neighbourhood ijj{W) of u in /^^^(O). 
Define functions /i , . . . , /jv-i : — > R to be /a = /a o ?/; for a = 1, . . . , j — 1 and 
fa = fa+i o V' for a = j, . . . , iV - 1. Then W,fi,..., [n-i satisfy Definition [O 
and define a region with corners U in R"~^, with V'(C^) a-n open neighbourhood 
of u in 

U' n /~\0). Make W, U smaller if necessary to ensure that il}{U) C 
Define : C/ ^ by ^(m) = (<^^ o il){u),B). Then ({7,0) is an 
(n — l)-dimensional chart on dX with g-corners, with (x, B) £ 4>{U). Any two 
such charts are compatible, by compatibility of the ([/', (j>^). Thus, covering dX 
with a system of these charts makes it into an (n — l)-manifold with g-corners. 

If X is a manifold without boundary then dX — 0, and if X is a manifold 
with boundary then dX is a manifold without boundary. In this case we may 
regard dX as a subset of X, since each x e S'i(X) has a unique local boundary 
component i?, so (x, B) x is injective. If X has corners (not g-corners) then 
dX has corners (not g-corners). If X is compact then dX is compact. 

We define smooth maps and submersions of manifolds with g-corners. 

Definition 2.5. Let X,Y be manifolds with g-corners, with dimX = m, 
diniK = n, and / : X ^ y be a continuous map. We call / smooth if when- 
ever {U, (j>), (y, are charts on X, Y respectively compatible with the manifold 
structures on X, Y, where U C R™ and V C R" are regions with g-corners, then 

o / o : (/ o 0)-i(V(V^)) i^-\f o m)) (4) 

is a smooth map from (/ o 0)-i(?A(V")) C [/ C R'" to V-^H/ ° ^t^iU)) C 1/ C R". 
That is, as in Definition l2.2[ ° f°(f> should extend to a smooth map between 
open subsets of R™,R" containing {f o (f))~'^{ip{V)) and V'~^(/ o (^(t/)). 
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We will define when a smooth map f : X ^ Y is a submersion. When 
dX = = dY, the definition is well-known. But when X, Y have boundary 
and (g-)corners, we will impose complicated extra conditions on / over d'^X 
and d^Y for k,l ^ 0. Suppose first that f : X ^ Y is a. smooth map and 
dX = = dY. We call / a submersion if for all {U, (p), {V, tp) as above and all 
M e (/ o the linear map d('0~^ o / o : ^ M" is surjective. 

This implies m ^ n. More geometrically, X, Y have tangent bundles TX. TY, 
and the derivative d/ is a morphism of vector bundles d/ : TX — > f*{TY), and 
/ is a submersion if d/ is surjective. 

Next, suppose that f : X ^ Y is a smooth map and dY = 0, but do 
not assume that dX = 0. We call / a submersion if for all k ^ 0, the map 
f\gkx ■■ d^X Y satisfies d{f\Qkx) ■ T{d''X) f\l^^{TY) is surjective. This 
implies that d'^X = for all fc ^ m — n. Also, ii f : X Y is a. submersion 
then f\gx-X^Yisa submersion. 

Finally, suppose that / : X — > y is a smooth map, but do not assume that 
dX = or dY = 0. We give an inductive definition of what it means for / to 
be a submersion. We call / a submersion if: 

(a) d/ : TX — » f*{TY) is a surjective morphism of vector bundles over X; 

(b) there is a unique decomposition dX = d^X 11 dLx, where d^X, d^_X are 
open and closed subsets of dX, such that /+ = maps 

and f\gf X '■ dLx — > Y factors uniquely as f\gf = f- o t, where /_ : 
dix dY is a smooth map and i : dY ^ y is the natural immersion, 
and /_ maps (d^Xy ^ (dYy-, and 

(c) /+ : dix Y and /_ : dLx dY are both submersions. 

This definition is recursive, as the definition of / being a submersion involves 
f± being submersions in (c), but since dimd±X = dimX — 1, the definition 
makes sense by induction on dimX = 0, 1, 2, . . .. 

The following example may help readers to understand the definition. Let 
W, Y be manifolds with g-corners, and set X = W x Y, with f : X ^ Y the 
projection W x Y ^ Y . Then / is a submersion in the sense above. We have 
dX = d{W xY) = (dW xY)U{W X dY). Then d^X ^ dW xY, with 
/+ : d^X Y the projection dW xY Y, and d[X = W x dY, with 
/_ : d^X — > dY the projection W x dY — > dY. In general, one can think of 
submersions f : X ^ Y as being locally like a projection T4^ x y ^ y for y 
manifolds with g-corners. If y is a manifold with g-corners then idy : Y ^ Y 
is a submersion, taking d^^^ y = and Y = dY. 

One justification for this complicated definition of submersions is that if 

f : X ^ Y , f : X' — > Y arc smooth maps of manifolds with g-corners with at 
least one of /, /' a submersion, there is a well-behaved notion of fibre product 
X X f,Y,f' X', which is a manifold with g-corners. 

Proposition 2.6. Suppose X,X',Y are manifolds with g-corners and f : X 
Y, f : X' ^ Y are smooth maps, with at least one of f, f a submersion. Define 
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the fibre product X x f.yj' X' or X Xy X' by 

X X f^Yj' X'^XxyX'^ {ip,p') eXxX': ,f{p) = f'{p')}. (5) 

Then X Xy X' is a closed, embedded submanifold of X x X' , and so X Xy X' 
is a manifold with g-corners, which is compact if X,X' are compact. 

Define maps ttx : X XyX' X, nx' ■ XxyX' X' , and vry : X Xy X' 
Y bynx ■ {p,p') ^ P, TTX' : {p,p') ^ p' , and ny : ip,p') i-^ fip) = f'{p')- Then 
T^x ,T^X' ,T^Y are smooth, and nx is a submersion if f is a submersion, and 
TTx' is a submersion if f is a submersion, and Try is a submersion if both /', /' 
are submersions. 

If dY — then we have a natural diffeomorphism 

d{X Xfyj, X') - {dX Xf^^^^yj, X') n {X Xfyj,^^^ dX'), (6) 

where if f is a submersion then f\dx ■ dX Y is a submersion, and the same 
for f, so the fibre products in ^ make sense. 

In general, allowing dY ^ %, if f is a submersion then 

d{X Xf^yj, X') = {diX Xf^^yj, X') n {X Xf^yj,^^^ dX'), (7) 

and if f is a submersion then 

d{x xfyj, X') - {dx Xf\^^^yj, X') n {X Xf-yj:^ d^x'), (8) 

and if both /, /' are submersions then both ©-(O hold, and also 

d{x xfyj, X') - {dix xf^yj, X') n {X xf^yj.^ d^x') 

n{dLxxf_^oY,f_d-X'), 

with dl^ {X X f^j, X') = {d^X X f^yj, X') U {X Xf^yj^ d^X'), (10) 
and d'ly {X x f^yj, X') ^ dix Xf_^Qyj._ dl^X'. (11) 



Note that Proposition 12.61 would not be true if in defining submersions / : 
X ^ Y we had not imposed conditions over d'^X and d^Y for all k,l ^ 0, 
since otherwise X Xy X' might fail to be a manifold with g-corners on strata 
coming from d'^X or d'' X' . Thus we do need the complex, inductive definition 
in Definition 12.51 The proof of Proposition 12.61 is straightforward. The main 
thing is to check that X Xy X' is a submanifold of X x X' , by working with 
coordinate charts on X,X' . The submersion conditions on d^X,d^ X' ensure 
that X XyX' intersects the parts of the boundary and corners oi XxX' coming 
from d^X, d'^ X' suitably transversely. 

A manifold X with (g-)corncrs has a natural involution a : d^X d^X. 
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Definition 2.7. Let X be an n-manifold with g-corners. Then d^X = d{dX) is 
an (n — 2)-nianifold with g-corners. Points of d^X are of the form {{x,Bi),B'), 
where (x, Si) G dX, so that x ^ X and Bi is a local boundary component for 
X at and B' is a local boundary component for dX at {x,Bi). We would 
like to understand B' in terms of local boundary components for X a,t x. Let 
U he a, sufficiently small open neighbourhood oi x ^ X. Then Bi determines 
a connected component Vi of C/ fl 5'i(X) with x E Vi, and i?' determines a 
connected component y of C/ CiVitl S2{X). 

From above, if y G 5*2 (^) then there are exactly two local boundary compo- 
nents for X at y. Applying this to y € V with the same U, we find that there 
exists a unique second connected component V2 of U H Si{X) with Vi ^ V2 
such that V is a subset of C/ fl V2 H S'2(X). This V2 determines a unique local 
boundary component B2 of X at x, with Si ^ Conversely, Bi,B2 deter- 
mine B', since V^' is the unique connected component oi U Ci Vi Ci V2 Ci 5*2 (X) 
with X E V' . Let us write Bi n B2 for B' . Then each point in d^X may be 
uniquely written as [{x, Bi), Bi n ^2), where x E X and -61,-82 are distinct 
local boundary components of X at a; which intersect in codimension 2 in X. 

Bef^ne a : d^X ^ d^X hy a : {{x, Bi), BiH B2) ((cc, B2), -B2 n Bi) . Then 
cr is a natural, smooth, free involution of d^X. If X is oriented, so that dX and 
are oriented, then a is orientation-reversing. 

These involutions a are important in problems of extending data from dX 
to X. We call this the Extension Principle, and we state it for arbitrary maps, 
for continuous functions or sections, and for smooth functions and sections. 

Principle 2.8. (Extension Principle) (a) Let X be a manifold with g-corners, 
P a nonempty set, and H : dX — > P an arbitrary map. Then a necessary and 
sufficient condition for there to exist G : X ^ P with G\qx = H is that H\q2x 
is invariant under cr : 9^X ^ 9^X in Definition l2.7[ that is, H\q2x°o- = H\q2x- 

(b) Let X be a manifold with g-corners, E ^ X a vector bundle, ( : dX R 
a continuous map, and t a continuous section of E\gx- Then necessary and 
sufRcient conditions for there to exist continuous 77 : X R with ri\ox = Ci and 
a continuous section s oi E with s\dx = t, are that Cld^x and t\g2x should be 
invariant under a : d^X d^X. Here a : d^X d^X has a natural lift a : 
l^ld^x ~^ E\g2x, and t\g2x is invariant under a means that t\g2xoa = aot\g2x. 

(c) Let X be a manifold with corners (not g-corners), i? — > X a vector bundle, 
( : dX ^ R be smooth, and t a smooth section of E\gx- Then necessary and 
sufRcient conditions for there to exist smooth 77 : X ^ R with ri\gx = Cj and 
a smooth section s of with s\gx = t, are that Cld'^x and t\g2x should be 
invariant under cr : d^X d^X. 

The point is that for manifolds with (g-)corners, the 'inclusion' map l : 
dX — > X taking l : {x,B) ^ x is not injective over Sk{X) for k ^ 2. By the 
'restriction' G\gx, we mean Got. Clearly, in (a) there can only exist G : X P 
with G\gx = H li whenever p ^ q E dX with t(p) = L{q) we have H{p) = H{q). 
Then p, q lie over d^X, and it is easy to show that H{p) = H{q) for all such p, q 
if and only if H\g2x is cr- invariant. 
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This establishes necessity in (a), and for (b),(c) the argument is the same. 
SufSciency in (a) is more-or-less trivial, we can take G\x'' = p G P. For (b),(c), 
we prove local sufficiency near any point of X that lifts to dX, then join local 
choices of ij, s with a partition of unity to get a global choice. 

Note that if X has g-corners, not corners, then in (c) for Cld^Xi^ld'^x to be 
cr-invariant is a necessary but not sufficient for t to extend smoothly to X. 
As an example, take X to be the octahedron O in ([3]), and let ( : dO — > R 
be smooth with C,\q2x = C\d'^x ° o"- Then at the vertex (1,0,0) of O, we can 
prescribe the derivatives of C along the four edges of O meeting at (1,0, 0) inde- 
pendently. However, if C = vldO with rj smooth then these four derivatives would 
be determined by d77|(i o,o)j which has only three parameters, a contradiction. 

That is, the smooth Extension Principle fails for manifolds with g-corners. 
This will cause problems in proofs in Appendices [XHCl To get round them, we 
develop a notion of piecewise smooth extensions in §A.1.4[ which do work for 
manifolds and orbifolds with g-corners. 

Some very similar ideas can be found in Fukaya et al. [24], which is not 
surprising, as they also have to solve essentially the same problems that we 
need the Extension Principle for. They prove a result close to Principle 12. Sf c) 
in [24, Lem. 30.121], and in [24, Rem. 30.122] they note that this result does 
not hold for polygons, which is their way of saying that the smooth Extension 
Principle fails for manifolds with g-corners, and that instead one can work with 
piecewise smooth multisections, just as we use piecewise smooth extensions for 
manifolds with g-corners. 

2.2 Orbifolds and orbibundles 

Next we introduce orbifolds. Some useful references are Adem, Leida and Ruan 
[1], the appendix in Chen and Ruan [12], and Satake's original paper [66]. 

Definition 2.9. Let X he a, paracompact Hausdorff topological space. For 
orbifolds without boundary, an n-dimensional orbifold chart on X is a triple 
{U,r,(j)), where F is a finite group with a linear representation on K", [/ is a 
F-invariant open subset in R", and 4> : U/T X is a homeomorphism with a 
nonempty open set (^(C//F) in X. 

For orbifolds with boundary we also allow orbifold charts of the form ([/, F, 0), 
where F is a finite group with a linear representation on R" preserving the subset 
[0,oo)xR"-\ U is a F-invariant open subset in [0, oo) xM""\ and (j) : U/T X 
is a homeomorphism with a nonempty open set (f>{U/r) in X. 

For orbifolds with corners we also allow orbifold charts (C/, F, 0), where F is 
a finite group with a linear representation on R" preserving the subset [0, oo)'^ x 
R""*^ for some ^ fc ^ n, C/ is a F-invariant open subset in [0, oo)*-' x R"^'', and 
(f) : U/T — > X is a homeomorphism with a nonempty open set (f>{U /T) in X . 

For orbifolds with generalized corners [g-corners) we also allow orbifold 
charts (J7, F, 0), where F is a finite group with a linear representation on R", U 
is a F-invariant region with g-corners in R", and cf) : U/T — > AT is a homeomor- 
phism with a nonempty open set 4>{U /T) in X. 
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For such a chart ([/, T, (p), let p G lm<j) C X , choose Up € U with (j>{Tup) = p, 
and define Fp = {7 G F : = Up}. Choose a Fp-invariant open neighbour- 
hood Up of Up in U such that if 7 G F and both u,^u he in Up then 7 G Fp; 
this holds if Up is sufficiently small. Then the map Up/Tp {TUp)/T C U /T 
given by TpU 1— > Tu is a homeomorphism. Define 0p : Up/Tp —> X hy (j)p{Tpu) = 
(j){Tu). Then (/)p is a homeomorphism with its image, so (f/p,Fp, 0p) is an orb- 
ifold chart on X. We call {Up,Tp, (j)p) an induced chart of (t7, F,(^) for p. 

Let (f7, F, (/)) and {V,A,tp) be n-dimensional orbifold charts on X. We say 
([/, F, 9!)), (F, A, -0) are compatible if for eachp G (j){U /F)nV'(l^/A) there exist in- 
duced charts (Up, Fp, (/)p) and {Vp, Ap, ^/'p) for p, an isomorphism of finite groups 
yOp : Tp ^ Ap, and a pp-equivariant diffeomorphism ap : Up —>■ Vp, such that 
<t>p = '4'p° (o'p)*: where (up)* : Up/Tp — > T^j/^p is the induced homeomorphism. 

An n-dimensional orbifold structure on X is a system of n-dimensional orb- 
ifold charts {{U\T\(f>') : i G l} on X such that X = [j^(^J (l>'{Uyr) and 
(U\T\(j)'^), (J7^,F^,0^) are pairwise compatible for aU i,j G /. We call X with 
its n-dimensional orbifold structure an n-dimensional orbifold (either without 
boundary, or with boundary, or with corners, or with g-corners, according to 
which classes of orbifold charts above we allow). When we just refer to an 
orbifold, we usually mean an orbifold with g-corners. 

If X is an n-dimensional orbifold and p G X then for some orbifold chart 
(U,T,(j)) on X we have p = (j){Tup) for Up G U. Define the stabilizer group 
Stab(p) of p to be the finite group {7 G F : 7 Up = Up}. Up to isomorphism, this 
is independent of choices of {U, T, (jj) and Up. The representation of Stab(p) on 
TupU = is also independent of choices, up to isomorphisms of Stab(p) and 
automorphisms of R" . 

Generalizing Definition 12. 4( we can define the boundary dX of an orbifold 
with (g-)corners, which is also an orbifold with (g-)corners. Following Definition 
12. 71 we can define a natural involution a : d^X d^X. This a may not be free in 
the orbifold case, but if X is oriented then a is orientation-reversing. Principle 
12.81 holds, with orbifolds in place of manifolds. 

Remark 2.10. (a) In defining orbifolds, some authors require the group F 
to act effectively on M" in orbifold charts {U,T,(j)), that is, every non-identity 
element in F must act nontrivially on M". Our definition is more general, and 
allows orbifolds such as {0}/F in which generic points have nontrivial stabilizer 
groups. We will call orbifolds in which F acts effectively in orbifold charts 
(U, T, (j)) effective orbifolds. They will be discussed in iJ3.91 and will be important 
in defining effective Kuranishi (co)homology. 

One reason for allowing non-effective orbifolds is that some important exam- 
ples of moduli spaces are not effective. For example, the moduli space A^i,i of 
Deligne-Mumford stable Riemann surfaces of genus one with one marked point, 
to be discussed in ij6.1[ is a non-effective orbifold, whose generic points have 
stabilizer group Z2. 

(b) Suppose {U,T, (p) is an orbifold chart on X with corners or g-corners, and 
u G Sk{U) for fc ^ 2 so that there are I ^ k local boundary components 
Bi,. . . ,Bi of U at u, and A C F is the subgroup of F fixing u. Then we 
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allow A to permute i3i , . . . , i?; , we do not require A to fix each local boundary 
component of U at u. Thus, the stabilizer group of (j^iTu) in X is A, but 
the stabilizer group of (f>(T{u, Bi)^ in dX is the subgroup of A fixing Bi, for 
i = 1, . . . , Z. So, under l : dX — > X mapping {x, B) ^ x, the induced morphisms 
of stabilizer groups : Stab((x, -B)) — > Stab(a;) are injective, but need not be 
isomorphisms. 

In Definition I5.15[ for T a finite group and p an isomorphism class of non- 
trivial F-representations, we will define the orbifold stratum X^'P of an orbifold 
X. It is an immersed suborbifold of X, with points (x. A) for x G X and A : 
r —^ Stahxix) an injective group morphism. The fact above has the important 
consequence that for orbifolds with corners or g-corners, restricting to orbifold 
strata does not commute with taking boundaries, that is, d{X^'P) ^ {dX)^'P. 

In Chapter[5]we will discuss Kuranishi (co)bordism groups KB^, KB*(Y; R). 
We will show that KB^:, KB* {Y; R) are very large, as for 'chains' /] there 
is invariant information in orbifold strata X^'P for all r,p with |r| odd, which 
can be recovered from KB^,,KB*{Y;R). However, this does not apply to Ku- 
ranishi (co)homology. Since restricting to orbifold strata does not commute 
with boundaries for orbifolds and Kuranishi spaces with (g-)corners, for Kuran- 
ishi (co)chains [X,f,G] or [X,f,C\, no information from orbifold strata X^ 
survives in Kuranishi (co)homology. This is implicit in the proof of the isomor- 
phism of (effective) Kuranishi homology with singular homology in Appendices 
EHO see in particular ^A.2I 

Definition 2.11. Let X,Y be orbifolds, and f : X Y & continuous map. 
We call / smooth if for all p G X and q = f{p) in Y there are induced orbifold 
charts (t/p, Fp, (Vq, Aq,ipq) on X,Y for p,q, a morphism of finite groups 
Ppq : Tp — > Ag, and a pp^-equivariant smooth map apq : Up Vq, such that 
/ o (j)p{Tpu) — ipq{Aqa-pq{u)) for all u € Up. (Warning: this definition is 
oversimplified and requires modification, as in Remark 12.121 below. ) 

We call / a submersion if all the apq are submersions of manifolds, in the 
sense of Definition 12.51 We call / an embedding if / is injective, all the Ppq 
are isomorphisms, and all the embeddings. We call / a diffeomorphism 

if it is a homeomorphisni, all the ppq are isomorphisms, and all the apq are 
diffeomorphisms with their images. If / is a diffeomorphism then f~^ is a 
diffeomorphism . 

If X, Y, Z are orbifolds and f : X ^ Y, g : Y ^ Z are smooth then 
go f : X ^ Z is smooth. If / is smooth and p ^ X with q — f{p) in Y there is a 
natural group homomorphism f.^, : Stab(p) Stab((7), unique up to conjugation 
in Stab(p), Stab(5), given by /* = ppq above under the isomorphisms Stab(p) = 
Fp, Stab(g) = A^. Embeddings and diffeomorphisms induce isomorphisms /* 
on stabilizer groups. 

Remark 2.12. This definition of smooth maps of orbifolds is based on Satake 
[66, p. 361], who introduced orbifolds (then called V-manifolds) . However, there 
is a problem with it, discussed by Adem et al. [1, p. 23-4, p. 47-50]: smooth 
maps of orbifolds defined this way do not have all the properties one wants, in 
particular, if / : AT ^ y is a smooth map of orbifolds and E Y is an orbifold 
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vector bundle (see Definition I2.13P , then the pullback orbifold vector bundle 
f*{E) X may not be well-defined. 

The problem is this: if X, Y, f, p, q and some choices of orbifold charts 
{Up,Tp, (j>p), (Vq, Aq,tljq) are as above, then the ppg-equivariant smooth map 
o'pq : Up ^ Vq satisfying / o (j)p{Tpu) = ipq{Aqapq{u)) for u G Up may not be 
uniquely defined. For instance, if Ag is abelian and 6 Q Aq then a'pq — So apq 
is also a ppg-equivariant smooth map a'pq : Up ^ Vq with / o (j)p{Tpu) = 
iljq{Aqa'pg{u)) for all u € Up, but we may have a'^^ ^ apq. Thus, if we write down 
some construction involving the apq, and the result is not independent of the 
choice of apq, then the construction is not well-defined. This holds for puUbacks 
f*{E) of orbifold vector bundles, and also for fibre products of orbifolds below. 

There is a solution to this problem. Using their 'groupoid' point of view 
on orbifolds (for them, a groupoid is roughly speaking equivalent to an orbifold 
with a particular choice of atlas of charts {U, T, (p)), Moerdijk and Pronk [57, §5] 
define strong maps of orbifolds. Also, Chen and Ruan [12, §4.4] define good maps 
of orbifolds, also with choices of atlases. Both strong and good maps have well- 
behaved puUbacks of orbifold vector bundles, and fibre products. Lupercio and 
Uribe [54, Prop. 5.1.7] prove that these notions of strong maps and good maps 
coincide. Adem at al. [1, §2.4] call strong/good maps morphisms of orbifolds. 
One can also use the theory of stacks from algebraic geometry: as in [54, §8.4], 
an orbifold is basically a Deligne-Mumford stack over smooth manifolds, and 
then strong and good maps correspond to morphisms of stacks. 

In fact the notion of smooth map of orbifolds we want to work with is that 
of strong maps [57], good maps [12] or orbifold morphisms [1], rather than the 
weaker notion of Satake [66]. But this is not a central issue for us, and to work 
in one of the frameworks of [1,12,57] would increase notation, and sacrifice 
clarity and geometric intuition. So we will have our cake and eat it, by making 
the following convention: strong/good maps are equivalent to Satake's smooth 
maps together with some extra data, and this extra data enables us to make 
unique choices of apq in Definition 12.111 in a functorial way. We will leave this 
extra data implicit, but use it to choose apq uniquely whenever we need to, such 
as in Definition 12.141 below. This convention entitles us to ignore the problem 
of non- uniqueness of apq. 

Our definition of orbifold vector bundles is equivalent to the good orbifold 
vector bundles of Chen and Ruan [12, §4.3]. 

Definition 2.13. Let X be an orbifold. An orbifold vector bundle, or orbibun- 
dle, E ^ X with fibre R'^ is an orbifold E called the total space and a smooth 
map TT : E ~* X called the projection, such that: 

(a) for each orbifold chart {U, T, (f) on X there is an orbifold chart {Ejj , F, 0) 
on E with ((){Eif /T) — ir^^ {(f){U /T)) , and a F-equivariant submersion ttu : 
Eij — » U with TT o (f>{Te) = 0(F7r(7(e)) for all e S Eu, such that Eu has 
the structure of a vector bundle over U with fibre M'^ and projection ttu : 
Ejj U, and the F-action on Eu preserves the vector bundle structure. 
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(b) Let (f/,r,0), (F,A,^), p G </)(c//r) n VWA), (c/p,rp,</.p), (Fp.Ap.V'p), 

: Fp ^ Ap and : Up ^ Vp he as in Definition 12. 9i and {U,T,4>), 
{V, A, V') lift to (i?;7, r, 0), A, ^) on E with projections tt^ : Eu U, 
TTv ■■ Ev ^ V sls in (a). Set Eu^ = TT^^{Up), Ey^ = T^y^iVp), so that 
Eu^,Evp are vector bundles over Up,Vp with projections ttu : Ejj^ — > Up, 
TTv ■■ Vp. Define 0p : Eu^/Tp ^ E^iipp : Ey^/Ap ^ Ehy ^piTpi) = 

<j){Te), Vip(Ap/) = i/'(A/), so that (Sc/^ , Tp, 0p), {Ev^, Ap,ipp) are induced 
charts for E. Then there must exist a pp-equivariant isomorphism of 
vector bundles dp : Ejj^ Ey^ over Up,Vp, such that 7r\/ o (jp = Cp o ttu 
and <j)p — tppO ((7p)*. 

A section s of an orbibundle tt : _E ^ X is a smooth map s : X — > i? with 
TT o s — idx, the identity on X. For any n-dimensional orbifold X we may 
define the tangent bundle TX, an orbibundle with fibre R". Morphisms (or 
isomorphisms, embeddings, . . . ) of orbibundles may be defined in the obvious 
way, as smooth maps (or diffeomorphisms, embeddings, . . . ) of the total spaces 
of the bundles, which lift to morphisms (or isomorphisms, embeddings, . . . ) of 
vector bundles Ejj U on orbifold charts {Eu,T, (f). 

In Proposition 12.61 we defined fibre products of manifolds. We now extend 
this to orbifolds. There are some subtleties to do with stabilizer groups which 
mean that even as a set, the orbifold fibre product X Xy X' \s not given by ([5]). 
For orbifolds without boundary our definition is equivalent to that of Moerdijk 
and Pronk [57, §5], but because of our convention in Remark l2.12l we can present 
it in a more explicit, differential-geometric way. 

Definition 2.14. Let X,X',Y be orbifolds and f : X ^ Y , f : X' Y 

be smooth maps, at least one of which is a submersion. Then for p ^ X and 
p' G X' with f{p) — q — f{p') iriY we have homomorphisms of stabilizer groups 
/* : Stab(p) Stab{q), fl : Stab(p') Stab((7). Thus we can form the double 
coset space 

/4Stab(p))\Stab(g)//:(Stab(p')) 

- {{U{l)5f.h') ■■ 7 € Stab(p), y G Stab(p')} : <^ e Stab(g)}. 

As a set, we define 

X X' - {(p,p'. A) :p G X, p' G X', fip) = fip'), 

A G /.(Stab(p))\Stab(/(p))//:(Stab(p'))}- 

We give this the structure of an orbifold as follows. Suppose p E X , p' G 
X' and g G r with f{p) = y = /'(p'), and let (C/p, Fp, <^p), (C/;„ F^,, 
(Vq, Ag, T/ig) be induced orbifold charts, so that Fp = Stab(p), F^, = Stab(p'), 
Ag = Stab((7). Making Up, U^, smaller if necessary, there exist homomorphisms 
Ppq : Lp — * Ag and p^,^ : F^, Aq identified with : Stab(p) — > Stab(g) and 
f'^, : Stab(j3') Stah{q), and ppg, Pp,^-equivariant smooth maps apq : Up ^ Vq 
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and a'p,^ : Up, Vq at least one of which is a submersion, inducing /, /' on 
lm<j>p and lm(j>'p,. Define an orbifold chart on X Xy X' hy 

{{Up X Up,) x^^^x^;,^,y,x\/„,r, {Vq x A,),rp x T'^, , ijjpp, q) . (13) 

Here the first term in (|13p is a fibre product of smooth manifolds, as in Propo- 
sition[n21 Define tt, : {Vq x A,) VqXVq by Trq{v, 6) i— > {v,6-v). The action of 
Tp X r'p, on the first term in ([13]) is induced by the obvious action on Up x Up' , 

and the action on Vq x A, by (7,7') : {v,5) (ppq(7) • v, p'p'q{l')5ppq{l)~'^) ■ 

Defining the map tppp'q from the first term of (fT5|) to the set (|12p is tricky, 
because Stab(p), Stab(p'), Stab(g) and the morphisms /*,/^ between them are 
only really defined up to conjugation. (Actually, one needs the ideas of Re- 
mark [2Il21 at this point.) Let {u,u',v,S) lie in the first term of with 
4>p{Tpu) — X, (j)'p,{Tp,u') — x' and 'ipq{Aqv) — y. Then we have natural identifi- 
cations Stab(x) = Stabrp(u), Stab(a;') = Stabr^, (u') and Stab(?/) = StabA,(w). 
But : Stab(a;) Stab(?/) is naturally identified with p'^,^ : Stabr^, (u') 
StabA<j('^ ■ v). To identify StabA<j('5 • v) with our model StabAg(w) for Stab(?/) 
we must choose e G Aq such that e ■ v — 6 ■ v. (Note that just fixing e = (5 is not 
a good choice; we want the choice of e to depend only on the points v,6 ■ v, not 
on S.) With these identifications, we can define ippp'q by 

V'pp'g : {u,u',v,6) I — > 

(V'p(rpu),?/'p'(rp,u'),Ppg(Stabrp(u))(5e"Vp'g(Stabr, {u'))). 

The orbifold charts are compatible, and make X Xy X' into an orbifold. 
The projections nx : X Xy X' ^ X, ttx' : X Xy X' ^ X' and ny : X Xy 
X' ^ Y are smooth maps, and the analogue of Proposition 12.61 holds. If Y 
is a manifold, or more generally if all the maps : Stab(a;) — > Stab(/(a;)) or 
fl : Stab(a;') — > Stab(/'(a:')) are surjective, then as a topological space X Xy X' 
is the topological space fibre product of X, X' over Y in ([5]). But in general the 
orbifold and topological space fibre products do not coincide. 

2.3 Kuranishi neighbourhoods and coordinate changes 

Let X be a paracompact Hausdorff topological space. 

Definition 2.15. A Kuranishi neighbourhood {Vp, Ep, Sp^ipp) of p E X satisfies: 

(i) Vp is an orbifold, which may have boundary, corners, or g-corners; 

(ii) Ep Vp is an orbifold vector bundle over Vp] 

(iii) Sp : Vp ^ Ep is a, smooth section; and 

(iv) Tpp is a homeomorphism from s~^(0) to an open neighbourhood of p in X, 
where s~^(0) is the subset of Vp where the section Sp is zero. 

We call Ep the obstruction bundle, and Sp the Kuranishi map. 
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Remark 2.16. Definition 12.151 follows [25, Def. 5.1], save that in (i) we allow 
the Vp to have boundary or (g-)corners which Fukaya and Ono do not, though 
in [25, Def. 17.3] they allow the Vp to have boundary, and in (iii) following [24] 
we require Sp to be smooth, whereas Fukaya and Ono allow the Sp to be only 
continuous. We discuss smoothness of Sp in Remark [2. 191 below. 

In [24, Def. Al.l] Fukaya et al. define a Kuranishi neighbourhood to be 
(Vp, Ep,Tp,ipp, Sp), where is a manifold possibly with boundary or corners, 
Ep ^ Vp a. trivial vector bundle, Tp a finite group acting effectively on Vp 
and Ep, Sp a smooth Fp-equivariant section of Ep, and ipp : s~^(0)/Fp X a 
homeomorphism with its image. Then (Vp/Tp, Ep/Tp, Sp/Tp, ipp) is a Kuranishi 
neighbourhood in our sense. One reason why we opted for the (Vp, Ep, Sp,ipp) 
form in this book is that much of Chapter [3] would not work for Kuranishi 
neighbourhoods of the form (Vp, Ep, Tp, ^p, Sp). 

Definition 2.17. Let {Vp, Ep, Sp,tpp), {Vp, Ep, Sp,ipp) be two Kuranishi neigh- 
bourhoods of p G X. We call {Vp, . . . ,ipp) and (Vp, . . . ,'ij^p) isomorphic with 
isomorphism {a, a) if there exist a diffeomorphism a : Vp —>■ Vp and an isomor- 
phism of orbibundles a : Ep —>■ a*{Ep), such that Spoa = aosp and ippoa = ipp. 

We call {Vp, . . . , Ipp), (Vp, . . . , ipp) equivalent if there exist open neighbour- 
hoods Up C Vp, Up C Vp of i'p^{p),'Pp^{p) such that {Up, Eplu^, Sp\up,'(pp\up) 
and {Up, Epljj^, Sp\jj^,ipp\jj^) are isomorphic. 

Definition 2.18. Let {Vp, Ep, Sp,ipp) and {Vq, Eg, Sq,ipq) be Kuranishi neigh- 
bourhoods of p £ X and q G 'Pp{Sp^{Oj) respectively. We call a pair {(ppq,4>pq) 
a coordinate change from {Vq, . . . ,tpq) to {Vp, . . . , ipp) if: 

(a) (j)pq : Vq ^ Vp is a. smooth embedding of orbifolds. When Vp, Vq have 
boundaries or (g-)corners, (ppq maps Sk{Vq) Sk{Vp) in the notation of 
Definition 12.41 for all fc ^ 0. Thus (ppq is compatible with boundaries and 
(g-)corners, and induces embeddings 4>pq : d^'Vq d^'Vp for all fc ^ 0. 

(b) (f)pq : Eq 4>pq{Ep) is an embedding of orbibundles over Vq] 

(c) ^pq O Sq = SpO (ppq-, 

(d) ipq = ^ppO (ppq; and 

(e) Choose an open neighbourhood Wpq of (ppq{Vq) in Vp, and an orbifold 
vector subbundle Fpq of iS'plwp, with <ppq{Fpq) = (ppq{Eq), as orbifold 
vector subbundles of (j)*g{Ep) over Vq. Write Sp : Wpq Ep/Fpq for the 
projection of Sp]n/p^ to the quotient bundle Ep/Fpq. Now Sp\^ (y ) lies in 
Fpq by (c), so Sp]0p^(Vg) = 0. Thus there is a well-defined derivative 

dsp : ^0p,(\/,)Vp {Ep/Fpq)\^^^(^v,), 

where -^0pg(v,)^ is the normal orbifold vector bundle of (ppq{Vq) in Vp. 
Pulling back to Vq using (ppq, and noting that (p*pq{Fpq) = (ppq{Eq), gives 
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a morphism of orbifold vector bundles over Vq: 



ds, 



^pqiTVp) 



(14) 



'p 



{dcbpq){TVq) 




We require that (jl4p should be an isomorphism over s'g^{0), and hence 
on an open neighbourhood of s~^(0) in Vq. Note that this forces diml^ — 
rank i?p = dirnVq — rankEq. Now since = on s~^(0), we have Sp = 
on (/)pg(s^^(0)) by (c), and because of this, the restriction of dsp in (|14p 
to s^^(O) is independent of the choices of VFpq and Fpq. So the condition 
that (fT4|) is an isomorphism over s~^(0) is independent of choices. 



Remark 2.19. Definition dHH] is based on Fukaya, Ono et al. [25, Def. 5.3], [24, 
Def. Al.3], with two important modifications. Firstly, the condition in (a) on (f)pq 
mapping Sk(Vq) — > Sk{Vp) is new; it is necessary for the notion of a boundary 
or codimension k corner point to be preserved by coordinate changes, so that 
boundaries of Kuranishi spaces are well-behaved. Secondly, (e) is also new, and 
it replaces the notion in [25, Def. 5.6], [24, Def. Al.14] that a Kuranishi structure 
has a tangent bundle. 

There is a possibility of confusion in the literature here. As well as the 1999 
paper of Fukaya and Ono [25], there are currently three different versions of 
Fukaya et al. [24] in circulation, dated 2000, 2006 and 2008. Each of these four 
uses different definitions of Kuranishi space. In this book, references are to the 
2008 version of [24]. In [25] and the 2000 and 2006 versions of [24], by saying 
that a Kuranishi structure 'has a tangent bundle', Fukaya et al. mean that for 
each coordinate change {(t>pq,4'pq) in the Kuranishi structure, we are given an 
isomorphism of orbibundles over Vq 



satisfying compatibilities under composition of coordinate changes. But these 
Xpq need have no particular relation to dSp in 

In the 2008 version of [24], the definition [24, Def. Al.14] that a Kuranishi 
structure 'has a tangent bundle' is basically equivalent to Definition I2.18r e). 
That is, Fukaya et al. identify the maps Xpq i^i (|15p with dsp, which they write 
as dfibcrSp- This change is necessary, and important. With the definitions of 
'Kuranishi space with a tangent bundle' used in [25] and the 2000, 2006 versions 
of [24], in which Xpq is unrelated to dsp, the construction of virtual cycles 
and virtual classes is invalid. This is remarked upon in the 2008 version [24, 
Al.7(iv)], which also gives an example [24, Ex. Al.64] of bad behaviour using 
the previous definition of tangent bundles. 

Our Definition 12. 18f e) . and the corresponding definition [24, Def. Al.14] in 
the 2008 version of [24], require the Kuranishi maps Sp to be smooth, as in [24, 
Def. Al.l], or at least C^, rather than merely continuous as in [25, Def. 5.1]. 
This is a significant issue because in constructing Kuranishi structures on moduli 



^pqiTVp) 




(15) 



Xpq ■■ 



{d^pq){TVq) 
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spaces of J-holomorphic curves, it is straightforward to make the Sp continuous 
at singular curves, but one has to do much more work to arrange for the Sp to 
be smooth. We will return to this issue in Remark 16.51 and in ij6.8l 

2.4 Kuranishi structures 

We can now define Kuranishi structures on topological spaces. 

Definition 2.20. Let X be a paracompact Hausdorff topological space. A 
germ of Kuranishi neighbourhoods at p G X is em equivalence class of Kuranishi 
neighbourhoods {Vp, Ep, Sp,tpp) oi p, for equivalence as in Definition 12.171 

Suppose {Vp, Ep, Sp,ipp) lies in such a germ. Then for any open neighbour- 
hood Up of ipp^ip) in Vp, iUp,Ep\uj,,Sp\up,ipp\up) also lies in the germ. As a 
shorthand, we say that some condition on the germ holds for sufficiently small 
(Vp, . . . , Tpp) if whenever {Vp, . . . , ipp) lies in the germ, the condition holds for 
{Up, . . . , i^p\up) for all sufficiently small Up as above. 

A Kuranishi structure k, on X assigns a germ of Kuranishi neighbourhoods 
for each p G X and a germ of coordinate changes between them in the following 
sense: for each p G X, for all sufficiently small {Vp, . . . , ipp) in the germ at p, for 
all q G Im-^p, and for all sufhciently small {Vq, . . . , ^q) in the germ at q, we are 
given a coordinate change {(l)pq, 4>pq) from {Vq, . . . ,ipq) to {Vp, . . . ,ipp). These 
coordinate changes should be compatible with equivalence in the germs at p, q 
in the obvious way, and satisfy: 

(i) dim Vp — rank Ep is independent of p; and 

(ii) if q G Im ipp and r G Im ipq then (f>pq o (j)qj. = (jjp^. and (j)pq o = (pp^. . 

We call vdim X = dim Vp — rank Ep the virtual dimension of the Kuranishi 
structure. Note that Definition 12. ISt e) already implies that dimV^ — rank iJp is 
invariant under coordinate changes, so it is locally constant on X; part (i) says 
it is globally constant. 

A Kuranishi space {X, k) is a topological space X with a Kuranishi structure 
K. Usually we will just refer to X as the Kuranishi space, suppressing k, except 
when we need to distinguish between different Kuranishi structures k, k on the 
same topological space X. 

We say that a Kuranishi space {X, k) is without boundary, or with boundary, 
or with corners, or with g- corners, if for all p G X and all sufficiently small 
{Vp, . . . , Ipp) in the germ at p m k, Vp is an orbifold without boundary, or with 
boundary, or with corners, or with g-corners, respectively. When we just refer 
to a Kuranishi space, we usually mean a Kuranishi space with g-corners. 

Remark 2.21. Definition [220] is based on [25, Def. 5.3], [24, Def. Al.5], but 
since our definition of coordinate change includes the extra condition Definition 
I2.18r e) , as in Remark 12.191 our notion of Kuranishi structure is stronger than 
that of Fukaya et al., and roughly corresponds to their definition of Kuranishi 
structure with a tangent bundle [25, Def. 5.6], [24, Def. A1.14]. Note too that [25] 
and the 2000 and 2006 versions of [24] define Kuranishi structures in terms of 
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germs of Kuranishi neighbourhoods, as above, but the 2008 version of [24] does 
not use germs. 

An orbifold X is equivalent to a Kuranishi space with Ep the zero vector 
bundle and Sp = in all Kuranishi neighbourhoods {Vp, Ep, Sp, ipp), and can be 
covered by the single Kuranishi neighbourhood {X, X,0,idx)- 

Definition 2.22. Let {X, k) be a Kuranishi space. A Kuranishi neighbourhood 
{V,E,s,'ijj) on X is called compatible with the Kuranishi structure k if for all 
p G Imijj and for all sufhciently small Kuranishi neighbourhoods (Vp, . . . , ■0p) in 
the germ at p in k, there exists a coordinate change ((/>p, 4>p) from [Vp, . . . , ipp) 
io{V,E,s,^). 

Actually, when we use compatible Kuranishi neighbourhoods, we shall usu- 
ally implicitly suppose that for all sufficiently small [Vp, . . . , ipp) we are given a 
particular choice of coordinate change {(pp, 4>p) from {Vp, . . . , ipp) to (V, E, s, ip), 
and that these choices are compatible with coordinate changes {4>pq, 4>pq) in the 
germ of coordinate changes in k, in the obvious way. So probably these choices 
of {4>p, (pp) should be part of the definition. 

Definition 12.201 implies that for p € X, all sufficiently small {Vp, . . . ,ipp) in 
the germ at p in k are compatible with n. Thus, every Kuranishi space can 
be covered by compatible Kuranishi neighbourhoods (with particular choices of 
coordinate changes {pp,(pp) as above). If X is compact we can choose a finite 
cover by compatible Kuranishi neighbourhoods. 

We can also define stabilizer groups of points in a Kuranishi space. 

Definition 2.23. Let A" be a Kuranishi space, p G AT, and {Vp, . . . ,ipp) be a 
Kuranishi neighbourhood in the germ at p. Define the stabilizer group Stab(p) 
of p to be the stabilizer group Stab(V'j7^(p)) of the point ipp^{p) in the orbifold 
Vp . By definition of equivalence in Definition 12.171 up to isomorphism this is 
independent of the choice of {Vp, . . . , ipp), and so is well-defined. 

2.5 Strongly smooth maps and strong submersions 

The next definition is based on Fukaya and Ono [25, Def. 6.6]. The equivalent 
definition in [24, Def. A1.13] instead uses good coordinate systems, as in ij3.1l 
but we prefer not to choose a good coordinate system unnecessarily. 

Definition 2.24. Let X be a Kuranishi space, and Y a topological space. A 
strongly continuous map f . X Y consists of, for all p G X and all sufficiently 
small {Vp, Ep, Sp, ipp) in the germ of Kuranishi neighbourhoods at p, a choice of 
continuous map fp : Vp ^ Y, such that for all q G Imipp and sufficiently small 
{Vq, . . . , ipq) in the germ at q with coordinate change {ippq, 4>pq) from {Vq, . . . , ipq) 
to {Vp, . . . , Ipp) in the germ of coordinate changes, we have fp o cpp^ = f^. Then 
/ induces a continuous map f : X ^Y va the obvious way. 

If Y is an orbifold and all fp are smooth, we call / strongly smooth. We call / 
a strong submersion if all the fp are submersions, in the sense of Definitions 12.51 
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and 1 2. Ill which includes conditions on fp over d'^Vp and d''Y for k,l ^ 0. In fact, 
in this book we will usually restrict to the case dY = for simplicity, except 
in t j4.5l Note that Fukaya and Ono [24, 25] use the notation weakly submersive, 
rather than strong submersion. 

We call two strongly continuous or strongly smooth maps / : X — > F, 
f' : X ^ Y equal if for all p G X and all sufficiently small {Vp, . . . ,tpp) in 
the germ at p, the maps fp ■ Vp ^ Y and fp : Vp ^ Y are the same. Note 
that this allows there to exist {Vp, . . . , ipp) in the germ at p such that only one 
oi fp : Vp ^ Y and fp : Vp ^ Y are given, or both are given but are not 
equal; if both are given, the definition of 'sufficiently small' requires only that 
fM = f'pK for some open ^-^(p) G C/p C V^. Equal f X ^ Y , f : X ^ Y 
induce the same continuous maps f : X ^ Y , f : X ^ Y . 

We shall need to generalize this to the case when F is a Kuranishi space. 
As far as the author knows, the next two definitions are new. 

Definition 2.25. Let {Vp, Ep, Sp,'ipp), {Wr, Fr,tr, £,r) be Kuranishi neighbour- 
hoods in Kuranishi spaces X, Y. A smooth map from {Vp, . . . , ijjp) to {Wr, ■ ■ ■ , S,r) 
is a pair {frp, frp) such that 

(a) frp ■ Vp Wr is a smooth map of orbifolds; 

(b) frp ■ Ep — > f*p{Fr) is a morphism of orbibundles over Vp; and 

(^) frp ^ ^p = ^ frp- 

We call {frp, frp) a submersion if frp is a submersion in the sense of Defi- 
nitions [13] and [Till and frp : Ep f*p{Fr) is surjective. Following Definition 
I2.17[ we call {frp-, frp) an equivalence if there exist open neighbourhoods Vp of 
'ipp^{p) in Vp and of ^^^(r) in Wr such that frp\v^ ■ Vp is a diffeo- 

morphism, and frp\v' '- Ep\v' — > frpi-^Aw^.) is an isomorphism of orbibundles. 

A strongly smooth map f : X —> Y inducing a given continuous map / : 
X ~i Y consists of, for all p in X with r = f{p) in Y, for all sufficiently small 
{Wr, Fr,tr,£,r) in the germ of Kuranishi neighbourhoods at r, for all sufficiently 
small {Vp, Ep, Sp, ipp) in the germ at p, a smooth map {frp, frp) from (Vp, . . . , 'ipp) 
to {Wr, . . . ,^r), such that if {(fipq, ^pq) fies in the germ of coordinate changes on 
X then frp o <j)pq = frq and frp o <t>pq = frq, and if {(j}rs, (f'rs) fies in the germ of 
coordinate changes on Y then (j)rs ° fsp = frp and (j^rs ° fsp = frp- 

We call / a strong submersion if all the {frp, frp) are submersions. We call / 
a strong diffeomorphism if / : A" — * F is a homeomorphism and all the {frp, frp) 
are equivalences. We call two strongly maps f . X Y , f' : X ^ Y equal if 
they induce the same continuous maps f : X ^ Y, f : X Y, and for all 
p £ X and r — f{p) in Y and all sufficiently small {Vp, . . . , tjjp), {Wr, - - - ,^r) in 
the germs at p, r in X, Y, we have {frp, frp) = {frp, f'rp)- 

Definition 2.26. Let X, Y, Z be Kuranishi spaces, and f : X ^ Y , g .Y ^ Z 

be strongly smooth maps inducing continuous maps f:X—>Y,g:Y^Z. 
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Define the composition g o f : X ^ Z as follows: \ei p € X, q — f{p) £ Y 
and r = g{q) e Z, let {Vp, . . . , V'p), (V,', ■ • ■ , ^Z-^), (K", • ■ • , O be sufliciently 
small Kuranishi neighbourhoods in the germs at p, q, r in X, Y, Z, let (/gp, fqp) 
be the smooth map from {Vp, . . . , tljp) to (V^', . . . , ip'^) in the germ of /, and 
(ffrg, grq) the smooth map from (V^', . . . , V',) to {VJ.\ . . . , ip'^) in the germ of g. 
Then the composition {grq o fgp, g^q o fqp) is a smooth map from {Vp, . . . , V'p) to 
(!/,.", . . . , ■(/;")■ It is easy to verify that the germ of all such compositions forms 
a strongly smooth map g o f : X Z , which induces the continuous map 
g o f : X Z. Clearly, if f,g are strong submersions then so is g o /, and 
composition is associative, {h o g) o f ^ h o {g o f). 

If / : X ^ y is a strong diffeomorphism inducing the homeomorphism 
/ : X ^ y, it is not difficult to show that there exists a strong diffeomorphism 
/^^ : Y ~> X inducing /^^ : Y ^ X, such that the composition o f : X ^ 
X equals the identity on X, and / o : Y ^ Y equals the identity on Y, 
using the notion of equal strongly smooth maps in Definition 12.251 

2.6 Boundaries and fibre products 

We now define the boundary dX of a Kuranishi space X, which is itself a Ku- 
ranishi space of dimension vdimX — 1. Our definition extends [25, Lcm. 17.8] to 
the case of Kuranishi spaces with (g-)corners, and is modelled on Definition l2.4l 

Definition 2.27. Let X be a Kuranishi space with g-corners. We shall define 
a Kuranishi space dX called the boundary of X. The points of dX are equiv- 
alence classes [p, {Vp, . . . ,^p), B] of triples {p,{Vp, . . . ,tpp),B), where p G X, 
{Vp, . . . , ipp) lies in the germ of Kuranishi neighbourhoods at p, and _B is a local 
boundary component of Vp at 'ip~^{p), in the sense of Definition 12.41 

Two triples {p, (Vp, . . . , ipp), B), {q, {Vq, . . . , ipq), B) are equivalent if p — q, 
and the Kuranishi neighbourhoods (Vp, . . . , ipp), (Vq, . . . , -ipq) are equivalent so 
that we are given an isomorphism {a, a) : (Up, . . . , ipp\up) ^ {Uq, . . . , ^/'gly^) for 

open ipp^ip) ^ Up CVp and tpq'^{q) & Uq '!= Vq, and a^{B) — B near il}~^{q). 

We can define a unique natural topology and Kuranishi structure on dX, 
such that {dVp, EplgVp, Sp\dVp,fpp) is a Kuranishi neighbourhood on dX for each 
Kuranishi neighbourhood {Vp, . . . ,tpp) on X, where tpp : (splaVp)^^(O) dX is 
given by % : {q, B) ^ ['^p{q), {Vp, . . . V'p), B] for {q, B) G dVp with Sp{q) = 0. 
Then vdim(9X) = vdimX — 1, and dX is compact if X is compact. 

Note that since dVp is not actually a subset of Vp, but a set of points {v, B) 
for V € Vp, writing Eplgy^ and Sp\gVp here is an abuse of notation. A more 
accurate way to say it is that we have an immersion t : dVp — » Vp acting by 
L : {v, B) V, and by -BplaVp we mean i*{Ep), and by SpjaVp we mean Sp o l. 

If X is a manifold with g-corners then Definition 12.71 gave a natural smooth 
free involution a : d^X d^X, and Definition 12 .91 noted this also works for orb- 
ifolds, though a may not be free. In the same way, if X is a Kuranishi space there 
is a natural strong diffeomorphism a : d^X — * d^X with cr^ ~ idx, such that 
if (Vp, Ep, Sp,ipp) is a Kuranishi neighbourhood on X and {d'^Vp, . . . ,ipp\g2Y ) 
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is the induced Kuranishi neighbourhood on then cr is represented by 

((Tp,(Tp) : {d^Vp, . . .,ipp\g2Vp) {d^Vp, . . ■ ,ipp\d'^Vp), where dp : d^Vp d'^Vp is 
the involution for Vp, and dp its natural lift to Ep\Qiy^ = d^Ep. If X is oriented 
in the sense of ^2.71 below, then a : d^X d'^X is orientation-reversing. 

Fukaya et al. [24, Def. A1.37] define fihrt products of Kuranishi spaces when 
/, /' are strong submersions to a manifold Y. We generalize to orbifolds Y. 
One can also generalize to Kuranishi spaces Y , but we will not need to. 

Definition 2.28. Let X,X' be Kuranishi spaces, F be a smooth orbifold, and 
f . X Y , f' . X' ^ Y he strongly smooth maps inducing continuous maps / : 
X ^ Y and f : X' ~> Y. Suppose at least one of /, /' is a strong submersion. 
We shall define the fibre product X Xy X' or X x f.yj' X\ a Kuranishi space. 
As a set, the underlying topological space X Xy X' is given by (|12p . as for fibre 
products of orbifolds. The definition is modelled on Definition 12. 141 

Let p e X,p' e X' and q ^Y with /(p) = q = f'{p'). Let {Vp,Ep, Sp, ipp), 
{Vp' , Ep> , Sp' , ip'p') be sufficiently small Kuranishi neighbourhoods in the germs 
at p,p' in X, X', and fp : Vp ^Y, f'^i : Vp' ^ Y be smooth maps in the germs 
of /, /' at p,p' respectively. Define a Kuranishi neighbourhood on X xy X' by 

{ypXh,Yj^:yp'^^v,{Ep)®^-\,,,{E'^,), ^^^^ 

{Sp O TTvJ © (Sp' O Tlv;,), i^Jp O TTvJ X ("^p' O TTy^., ) X Xpp') ■ 

Here Vp Xfp,Y,f'i Vp' is the fibre product of orbifolds from Definition 12.141 
defined as at least one of /p, f'pi is a submersion, and iiVp , T^vh are the projections 
from VpXyVp' toVp, Vp'. The final term Xpp' in (HH) maps the biquotient terms 
in (fT2)l for Vp xy Vp' to the same terms in (fT2)) for the set X Xy X', so that for 

veVp and v' e V;, with fp{v) = fiM^)) = y = f^'iv') = f'{i^'p'{v')) in Y we 
define 

Xpp'\(vy):{fp)*iStah{v))\St&h{y)/if;'UStahiv')) 
/,(Stab(V'p(z;)))\Stab(j/)//:(Stab(V';,(z;')) 

to be the map induced by the isomorphisms ("(Ap)* : Stab(w) Stab('0p(w)) 
and (V-;,)* : Stab(z;') ^ SUh{iP'p' (v')). 

It is easy to verify that coordinate changes between Kuranishi neighbour- 
hoods in X and X' induce coordinate changes between neighbourhoods ^6]) . 
So the systems of germs of Kuranishi neighbourhoods and coordinate changes 
on X,X' induce such systems on X xy X' . This gives a Kuranishi structure 
on X Xy X' , making it into a Kuranishi space. Clearly vdim(X x^ X') = 
vdimX + vdimX' — dim F, and X Xy X' is compact if X, X' are compact. 

2.7 Orientations and orientation conventions 

We can now discuss orientations of Kuranishi spaces X. Our definition is ba- 
sically equivalent to Fukaya et al. [24, Def. Al.17], noting as in Remarks 12.191 
and 12.211 that our notion of Kuranishi structure is roughly equivalent to that of 
Kuranishi structure with tangent bundles in the 2008 version of [24]. 
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Definition 2.29. Let X be a Kuranishi space. An orientation on X assigns, 
for all p G X and all sufficiently small Kuranishi neighbourhoods {Vp, Ep,Sp,tpp) 
in the germ at p, orientations on the fibres of the orbibundle TVp © Ep varying 
continuously over Vp. These must be compatible with coordinate changes, in 
the following sense. Let q € Imtpp, {Vq, . . . , 4'q) be sufficiently small in the germ 
at g, and {4>pq,(l)pq) be the coordinate change from {Vq, . . . , ^q) to {Vp, . . . , -0^) 
in the germ. Define dsp near s~^{0) C Vq as in ((T4| . 

Locally on Vq, choose any orientation for the fibres of (j)*ij{TVp) / {d(j)pq){TVq) , 
and let (j3*^{Ep) / (j}pq{Eq) have the orientation induced from this by the isomor- 
phism dsp in pij) . These induce an orientation on (^^^''^'^(^y ) ffi ^""^^^^ , which is 
independent of the choice for (l)*g{TVp)/{d(ppq){TVq). Thus, these local choices 
induce a natural orientation on the orbibundle , ff"'^w^^! ^ © 'Ppqi^p) yj^^^ s~^{0). 
We require that in oriented orbibundles over Vq near s~^(0), we have 



,[TVp®Ep\ = (-i)d™^''('i™^''-'i™^'')[rF,©i;,]s 

\ Kq(TVp) Kq(.E,) . 

V(d4,pq)(TV,) ^ 0p,(B,)J 



(17) 



where TVp © Ep and TVq ffi Eq have the orientations assigned by the orientation 
on X. An oriented Kuranishi space is a Kuranishi space with an orientation. 

Suppose X, X' are oriented Kuranishi spaces, Y is an oriented orbifold, and 
f : X ^ Y, f' : X' ^ Y arc strong submersions. Then by H2.6\ we have 
Kuranishi spaces dX and X Xy X'. These can also be given orientations in a 
natural way. We follow the orientation conventions of Fukaya et al. [24, §45]. 

Convention 2.30. First, our conventions for manifolds: 

(a) Let X be an oriented manifold with boundary dX. Then we define the 
orientation on dX such that TX\gx — Kout © T{dX) is an isomorphism 
of oriented vector bundles, where Mout is oriented by an outward-pointing 
normal vector to dX. 

(b) Let X,X',Y be oriented manifolds, and f : X ^ Y , f : X' ^ Y he 
submersions. Then df -.TX ^ f*{TY) and d/' : TX' ^ {f')*{TY) are 
surjective maps of vector bundles over X, X' . Choosing Riemannian met- 
rics on X, X' and identifying the orthogonal complement of Ker df in TX 
with the image f*{TY) of df, and similarly for /', we have isomorphisms 
of vector bundles over X, X': 

TX ^ f* {TY) © Ker df and TX' ^ {f')*{TY) © Ker df. (18) 



Define orientations on the fibres of Kerd/, Kerd/' over X,X' such that 
([T5|) are isomorphisms of oriented vector bundles, where TX,TX' are 
oriented by the orientations on X,X', and f*{TY), {f')*{TY) by the ori- 
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entation on Y . Then we define the orientation on X Xy X' so that 
T(X X y X') =^ (/ o TTx)* (TF) © Tri (Ker d/) © tt^, (Ker d/') 

^7r^(TX)©7ri,(Kerd/') (19) 

are isomorphisms of oriented vector bundles. Here -kx ■ ^ XyX' — > X and 
TTx' : X Xy X' ^ X' are the natural projections, and / o nx = f ° t^x'- 

Note that the second line of makes sense if /' is a submersion but / is 
only smooth, and the third line makes sense if / is a submersion but /' is 
only smooth. Thus, our convention extends to fibre products X x /,y/' X' 
in which only one of /, /' is a submersion. 

These extend immediately to orbifolds. They also extend to the Kuranishi space 
versions in Definitions 12.271 and 12.281 for Definition 12.281 they are described 
in [24, Conv. 45.1(4)]. We will not give details, but here is an algorithm to 
deduce Kuranishi space orientation conventions from manifold ones. 

Let M be an oriented manifold or orbifold. Then M is a Kuranishi space 
with a single Kuranishi neighbourhood {Vq, Eq, Sq,^q) = (M, M, 0,idM)- The 
orientation on M induces an orientation on the fibres of TVq ®Eq— TM, so M 
is oriented in the Kuranishi space sense. 

Let ^ M be an vector bundle or orbibundle. Write E for the total space of 
E, as an orbifold, with projection tt : — > M, and regard M as a suborbifold of 
-E, the zero section of E. Then we can define a second Kuranishi neighbourhood 
(Vp, Ep, Sp,ipp) = (£',7r*(£^),id£;,idM)- Here Sp — id^ : E Tr*{E) is just the 
identity map on E, so s~^(0) is M C i^, the zero section of E. There is an 
obvious coordinate change {4>pq,4>pq) = (idM,0). 

Now given any operation requiring an orientation convention which makes 
sense for manifolds, such as boundaries or fibre products of smooth submer- 
sions above, we can define it for manifolds, and then use the example above and 
Definition 12 . 291 to deduce what the convention must be for Kuranishi neighbour- 
hoods of the form (i?, 7r*(i?), id^, \Am)- This is enough to define the convention 
for general Kuranishi neighbourhoods. 

If X is an oriented Kuranishi space, we often write —X for the same Ku- 
ranishi space with the opposite orientation. The next result comes from [24, 
Lem. 45.3], except the second line of (f20|) . which is elementary. In (a) we as- 
sume dY = to avoid having to split dXi — Xi 11 Xi , and so on, as in 
the manifolds case in Definition 1 2 . 51 and Proposition 12. 61 

Proposition 2.31. Let Xi, X2t . ■ he oriented Kuranishi spaces, Y,Yi,... be 
oriented orbifolds, and fi : Xi —^Y,... be strongly smooth maps, with at least 
one strong submersion in each fibre product below. Then the following hold, in 
oriented Kuranishi spaces: 

(a) // dY = 0, for f^:Xi^Y and f2 : X2 ^Y we have 

d{Xi Xy X2) ^ (dXi) Xy X2 U (_l)vdimXi+dimF^^ 

and Xi Xy X2 = (_l)(^dimXi-dimy)(vdimX2-dimF)^^ XyXi. 
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(b) For /i : Xi ^ Fi, /a : X2 ^ Fi x Y2 and : X3 ^ Y2, we have 

{Xi Xy^ X2) XY2 X3 = Xi Xy, {X2 Xy, X3). 

(c) For X f2 : Xi ^ Yi X Y2, /g : ^ Yi and /4 : ^ Y2, we have 

Xy^xy, {X2 X X;) = (_l)dimy.(dimyi+vdimX.)(^^ ^ ^ 

A useful special case of Proposition l2.31f a) with Xi — [0, 1], X2 = X and F 
a point gives the decomposition in oriented Kuranishi spaces: 

a([o,i] X X) = ({1} X X) n-({o} X X) n-([o, 1] x ax). 

2.8 Coorientations 

We will also need a notion of relative orientation for a strong submersion 
/ : X — > y. We call it a coorientation, as we use orientations in Kuranishi 
homology, and coorientations in Kuranishi cohomology. 

Definition 2.32. Let X be a Kuranishi space, Y an orbifold, and f : X ^ Y 
a strong submersion. A coorientation for (AT, /) assigns, for all p G A and 
all sufficiently small Kuranishi neighbourhoods {Vp, Ep, Sp,Tpp) in the germ at 
p with submersion fp '■ Vp ^ Y representing /, orientations on the fibres of 
the orbibundle Kerd/p © Ep varying continuously over Vp, where dfp : TVp — > 
fp{TY) is the (surjective) derivative of fp. 

These must be compatible with coordinate changes, in the following sense. 
Let q G Imi/jp, {Vq, . . . , ipq) be sufficiently small in the germ at let fq-Vq^ 
Y represent /, and ((j)pq,(j)pq) be the coordinate change from {Vq, . . . ,ipq) to 
{Vp, . . . jipp) in the germ. Then we require that in oriented orbibundles over Vq 
near s^^(O), we have 



6;, [Kerd/p © Ep] ^ (_i)dimV,(dimy,-dim;/,) [Kerd/, © Eq] 



(21) 



by analogy with (fTTl), where 7:^P^^^^©i^^ is oriented as in Definitiond^l 

[^a(Ppq)[^l Vq) (ppq[hq) 

Suppose now that Y is oriented. Then an orientation on X is equivalent to 
a coorientation for (A, /), since for all p, {Vp, . . . , ■i/'p), fp as above, the isomor- 
phism TVp = f*(TY) © Kerd/p induces isomorphisms of orbibundles over Vp: 

{TVp ®Ep)^ f; (TY) © (Ker dfp ®Ep). (22) 

There is a 1-1 correspondence between orientations on A and coorientations for 
(A, /) such that (|22p holds in oriented orbibundles, where TVp © Ep is oriented 
by the orientation on A, and Kerd/p © Ep by the coorientation for (A, /), and 
fp{TY) by the orientation on Y. Taking the direct sum of fp{TY) with ^ 
and using (|22p yields ([T7]), so this is compatible with coordinate changes. 
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Convention 2.33. Here are our conventions for manifolds: 

(a) Let X, Y be manifolds with dY — and f : X ^ Y a. submersion. Suppose 
{X,f) is coorientcd. Then we define a coorientation for {dX, f\gx) such 
that Ker(d/)|ax = (-l)''™'*'Mout © Kerd(/|ax) is an isomorphism of 
oriented vector bundles, where (d/)|ax maps TX\qx — > f*{TY)\gx and 
d(/|ax) maps T{dX) — *■ f*{TY)\Qx and Rout is oriented by an outward- 
pointing normal vector to dX in Ker(d/)|ax- 

Now drop the assumption that dY = 0. Then as in Definition 12.51 we 
have a decomposition dX = d^_^X 11 dLx, and submersions /+ : 
Y and /_ : dLx dY. Define a coorientation for {d^X,f+) such 
that Ker(d/)|g/^ = (-l)'^""'^Mout ® Kerd/+. Define a coorientation 

for (dixj^) such that Ker(d/)|g/^ = Kerd/_. 

(b) Let X, X', Y be manifolds, f : X ^ Y , f : X' ^ Y he submersions, and 
{X, f), {X' , f) be cooriented. Define a coorientation on (X Xy X',7Ty) 
such that 

Ker(d7ry : T{X Xy X') TTyiTY)) 9i tt^ (Ker d/) © tt^, (Ker d/') 

is an isomorphism of oriented vector bundles, where Kerd/ and Kerd/' 
are oriented by the coorientations for {X, /), {X', /'). Note that we do not 
need Y oriented, in contrast to Convention I2.30r b) . 

(c) We can also combine orientations and coorientations in fibre products, as 
follows. Let X,X',Y be manifolds, f : X ^ Y he smooth, f : X' ^ Y 
he a submersion, and suppose X is oriented and {X' , /') is cooriented. As 
in , define orientations on X Xy X' and X' Xy X such that 

T{X Xy X') ^ 7r*x{TX) ® TT*x,{KeYdf'), 

T{X' XyX) = (-l)'^""^(^™-^'-^™^')7r^,(Kerd/')©7r^(TX) 

are isomorphism of oriented vector bundles, where TX, Kerd/' are ori- 
ented by the orientation on X and the coorientation on {X',f'). Note 
that we do not need Y oriented, nor / a submersion. 

These extend to orbifolds and Kuranishi spaces as for Convention 12 . 301 

As in Definition [2321 if / : X F is a strong submersion and Y is oriented, 
there is a 1-1 correspondence between orientations on X and coorientations for 
{X, /). The signs in Convention 12 .331 then correspond with those in Convention 
12.301 Therefore the analogue of Proposition 12.311 holds for coorientations. In 
particular, for strong submersions : Xa — > Y with {Xa,fa) cooriented for 
a = 1, 2, 3, taking dY = in we have 

{d{Xi Xy X2),TTy) = {{dX,) Xy X2,7Ty)jI 

(Xl XyX2,7Ty) = (_l)(vdimXi-dimy)(vdimX2-dimy)^^^ XyXi,7Ty), (24) 
((Xi XyX2) XyX3,TTy) ^ {Xi Xy (X^ XyX3),7Ty). (25) 
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Similarly, if Xi is oriented, fi : Xi Y is strongly smooth, : X2 ^ y is a 
cooriented strong submersion, and dY = then 

d{Xi Xy X2) = {{dXi) Xy X2) n (_l)vdimJfi+diml'^^^ (5^^)^ (36) 

in oriented Kuranishi spaces, combining orientations and coorientations as in 
Convention 12. 33f c). 

Here is how to generalize equations ((23|) and (|26p to the case dY 7^ 0. If X is 
a Kuranishi space and f : X Y a strong submersion then as for submersions 
of manifolds in Definition l2.51 we can define a decomposition dX = d^XYLd^X , 
and strong submersions f ^ d^X ^ Y and /_ : d^X ^ dY. When f-^^-.Xi^ 
Y and /2 : X2 — > Y are cooriented strong submersions, and we do not assume 
dY — 0, equation should be replaced by 

xyX2),7ty) = {{di'Xi) xyX2,7ty)U 

Xy X2),7ray) ^ {(d^'Xi) X9Y (a^^X2),7ray). (28) 

If Xi is oriented, : Xi ^ F is strongly smooth, and /2 : X2 ^ F is a 
cooriented strong submersion, then equation (|26[) should be replaced by 

d{Xi Xy X2) ^ {(dXi) Xy X2) U (_i)vdimXi+dimy (di^X2)). (29) 

2.9 Almost complex and almost CR structures 

We now define almost complex structures on Kuranishi spaces. They are a 
substitute for Fukaya and Ono's notion of stably almost complex Kuranishi 
spaces [25, Def. 5.17]. We will use them to define almost complex Kuran- 
ishi bordism KB^'^{Y;R) in Chapter O and in the author's approach to the 
Gopakumar-Vafa Integrality Conjecture in Chapter [HI 

Definition 2.34. Let V be an orbifold without boundary. An almost complex 
structure J on V is a tensor J in C°°{TV (g) T*V) with = -1, that 

is, JaJ§ — —S^ in index notation. Let _B ^ y be an orbibundle. An almost 
complex structure K on the fibres of E is K £ C°°{E* (g) E) with = — 1. 

Let X be a Kuranishi space without boundary. An almost complex structure 
{J,K) on X assigns for all p G X and all sufficiently small {Vp, Ep, Sp,ipp) in 
the germ at p, a choice of almost complex structure Jp on V^, and a choice of 
almost complex structure Kp on the fibres of Ep. These choices must satisfy the 
following conditions. For all p G X, for all {Vp, . . . ,tpp) sufficiently small in the 
germ at p with almost complex structures Jp, Kp, for all q G Im-^p, and for all 
sufficiently small (Vq, . . . ,ipq) in the germ at q with almost complex structures 
Jq, Kg, if {(j>pq, 4>pq) is the coordinate change from {Vq, . . . , ifiq) to {Vp, . . . , i/'p) 
in the germ of coordinate changes, then: 

(a) d4>pq o Jq = (jXpq{Jp) o A4>pq &s morphisms of orbibundles TVq ~+ (j)*q{TVp), 
that is, (t>pq is a pseudoholomorphic map of almost complex orbifolds; 
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(b) (j)pq oKq = (j)*q{Kp) o (j)pq as morphisms of orbibundles Eg (t)*g{Ep); and 

(c) Parts (a) and (b) imply that the orbibundles (l)*g{TVp)/{d4>pq){TVq) and 
(j)pg{Ep)/(j)pq{Eq) over Vq appearing in have almost complex structures 
Jpq,Kpq on their fibres, by projection from (j)*pq{Jp),(j)*pq{Kp). We require 
that Kpq o dsp — dsp o Jpq over s^^(O) in Vq, for dsp as in (fTl]) . 

If {Jp, Kp) exists for {Vp, Ep, Sp,^p) as above then dimV^ and rankSp are 
even, so vdim X = dim Vp — rank iJp is even. Thus X can admit an almost com- 
plex structure only if vdim X is even. Our next definition is an odd-dimcnsional 
analogue of almost complex structures, in the same way that contact structures 
are odd-dimensional analogues of symplectic structures. 

Definition 2.35. Let V be an orbifold with boundary, but without (g-)corners. 
An almost CR structure {D, J) on V is an orbifold vector subbundle D of TV 
with dimy — rankD = 1, such that D\gv — T{dV) C TV\gv, and an almost 
complex structure J on the fibres of D. 

Let X be a Kuranishi space with boundary, but without (g-)corners. An 
almost CR structure {D,J,K) on X assigns for all p € X and all suffi- 
ciently small {Vp,Ep,Sp,tpp) in the germ at p, a choice of almost CR structure 
{Dp, Jp) on Vp, and a choice of almost complex structure Kp on the fibres of 
Ep. These choices must satisfy the following conditions. For all p € X, for all 
(Vp, . . . , ipp) sufhciently small in the germ at p with structures {Dp, Jp), Kp, for 
all q S Imi/)p, and for all sufficiently small {Vq, . . . ,ipq) in the germ at q with 
structures {Dq, Jq),Kq, if {(j)pq, 4>pq) is the coordinate change from {Vq, . . . , ipq) 
to {Vp, . . . , Ipp) in the germ of coordinate changes, then: 

(a) d(f>pq{Dq) is an orbisubbundle of (j>*q{Dp) in (f>pq{TVp), and d(/)pg o Jq = 
4>pq{Jp) ° '^4>pq\Dg as morphisms of orbibundles Dq (j)*q{Dp); 

(b) (ppq o Kq — (j)*pq{Kp) o (ppq as morphisuis of orbibundles Eq (j)pq{Ep); and 

(c) Part (a) and the fact that Dq , Dp both have codimension 1 yield an iso- 
morphism ^*pq{Dp)/{d^pq){Dq) ^ C^*pq{TVp) / {dc^pq){TVq) Of OrbibuudlCS 

over Vq. So projecting 4>*pq{Jp) gives an almost complex structure Jpq on 
'l'*pq{TVp)/{d(j)pq){TVq). Part (b) implies that projecting (j)*pq{Kp) gives 
an almost complex structure Kpq on (j>*^{Ep)/(j>pq{Eq). We require that 
Kpq o dSp = dip o Jpq over s~^(0) in Vq, for dsp as in (fT4| . 

If V is an orbifold with boundary but without (g-)corners, and {D, J) is an 
almost CR structure on V, then dV is an orbifold without boundary, and J|ay 
is an almost complex structure on dV, as T{dV) ^ D\gv In the same way, if 
X is a Kuranishi space with boundary but without (g-)corners and {D, J, K) is 
an almost CR structure on X then dX is a Kuranishi space without boundary, 
and {J, K)\dx is an almost complex structure on dX . 
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2.10 Co-almost complex and co-almost CR structures 

Just as we can generalize orientations on X in t J2.7l to coorientations for (X, /) 
for / : X y a strong submersion in H2.81 so we can generalize t i2.9l to give 
notions of co-almost complex structures and co-almost CR structures for (X, /). 

Definition 2.36. Let V, Y be orbifolds without boundary, and f : V ^ Y a 
submersion. A co-almost complex structure L for (V, f) is an almost complex 
structure L on the fibres of the orbibundle Ker(d/ : TV — > f*{TY)) over V. 

Let X be a Kuranishi space without boundary, and f . X Y a strong 
submersion. A co-almost complex structure {L, K) for (X, /) assigns for all p G 
X and all sufficiently small {Vp, Ep, Sp, ijjp) in the germ at p with submersion fp : 
Vp —^ Y, a co-almost complex structure Lp for (Vp, fp), and an almost complex 
structure Kp on the fibres of Ep, satisfying analogues of Definition 12. 34r a)-(c). 

Let V be an orbifold with boundary but without (g-)corners, and f : V Y 
a submersion. A co-almost CR structure {D, L) for (V, f) is an orbifold vector 
subbundle D of Ker(d/ : TV f*{TY)) with rankD = dimV - dimF - 1, 
such that D\qy = Ker(d(/|av') : T{dV) — > f\gy{TY)) , and an almost complex 
structure L on the fibres of D. 

Let X be a Kuranishi space with boundary, but without (g-)corners. A 
co-almost CR structure (D, L, K) for {X, f) assigns a co-almost CR structure 
{Dp, Lp) for {Vp, fp), and an almost complex structure Kp on the fibres of Ep, 
for all p, {Vp, . . . , tpp), fp as above, satisfying analogues of Definition l2.35f a)-(c). 

As in Definition 12.351 if {D,L) is a co-almost CR structure for (V, /) then 
L\qv is a co-almost complex structure for {dV, and if {D, L, K) is a co- 

almost CR structure for {X, f) then {L, K)\qx is a co-almost complex structure 
for {dX,f\ox)- 

We can combine co-almost complex structures on fibre products. Let X, X' be 
Kuranishi spaces, Y an orbifold, f : X ^ Y , f' : X' ^ Y strong submersions, 
and {L, K), {L' , K') co-almost structures for {X, f), {X', /'). Then we can de- 
fine a natural co-almost complex structure {L, K)xy{L' , K') for (XxyX',7ry). 
Suppose p G X, y GX' with f{p) = f{p') inF, and {Vp, . . . ,ijp), {V;^ , . . . ,ij'p^) 
are sufficiently small Kuranishi neighbourhoods ofp,p' in X,X', and fp'-Vp ^ 
Y, fp' : Vp' ^ Y are submersions representing /, /', and {Lp, Kp), {Lp' , Kp') 
represent {L, K), {L' , K') on {Vp, . . . ,^p), {V^' , . . . ,^P'p'). 

Then {Vpp' , . . . ,4'pp') is a Kuranishi neighbourhood on X Xy X', where 
Vpp' =VpXY Vp', and Epp' = TTv^{Ep) © 7r^^,,(£'^), and TTpp- = Try : Vpp' Y 
represents Try : X Xy X' Y . We have a natural isomorphism 

Ker{d7rpp' : TVpp' ^ Tr;^, {TY)) = 7r*y^ (Ker(d/, : TVp f;{TY)))(B 

7r*y,,{Ker{df;':TV;'^{f;')*{TY))). 

Define an almost complex structure Lpp' on the fibres of the l.h.s. of ((30|) to be 
7ry^(Lj,) © TTy,, (Lp') on the r.h.s. of ([SO]) . Define an almost complex structure 
Kpp' on Epp'" to be tt^ {Kp) © 7r|>,, (iC' / ) on tt^ (£'p) © tt^,, (£;'/) . Then these 
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{Lppi , Kpp') for all p, p' induce a co-almost complex structure {L, K) x y {L' , K') 
for {X XYX',7rr). 

Similarly, we can naturally define the fibre product {L, K) Xy(D' , L' , K') of 
a co-almost complex structure (X, K) for (X, /) and a co-almost CR structure 
(D', i', K') for (X', /'), which is a co-almost CR structure for {X Xy X' , izy). 

Given f . X ^ Y strongly smooth and / : X' ^ Y a, strong submersion, 
it is also possible to define the fibre product of an almost complex structure 
(J, K) on X and a co-almost complex structure (£', K') for {X' , /'), to get an 
almost complex structure {J,K) Xy {L',K') for X x f yji X' . However, this 
construction is not quite natural. The issue is that \i p ^ X with (Jp, Kp), fp 
representing {J,K),f on {Vp, . . . ,ipp), and p' € X' with {L'^,, K'^,), )^, repre- 
senting {L',K'),f' on {Vp, , . . . j-ip'p,), then Jp is an almost complex structure 
on the fibres of TVp, and L'^, is an almost complex structure on the fibres of 
Ker(d/^, : TV^, {f')*{TY)). We can write 

T{Vp Xf^^yj,^ v;,) - K^iTVp) ® (Ker(d/;, : TV^, (31) 

but this splitting is not natural; only the short exact sequence 
0^<, (Ker(d/;, :TF;,->(/')*(rr)))^T(F, Xf^^yj,^ y;,) ^ n*y^ {TVp) ^ 

is natural. So to define {J,K) Xy {L',K') we must choose splittings (|31l) for 
all p,p' with f{p) = f'(p'), compatible with coordinate changes {4>pq,<j}pq) and 
{^'p'q'^'P'p'q')^ and then define Jpp> to be 7r^^(Jp) ©tt^,, using 

In the same way, after choosing splittings (|3ip . we can define fibre prod- 
ucts {D,J,K) Xy {L',K') of an almost CR structure {D,J,K) on X and a 
co-almost complex structure {L',K') for {X',f'), and {J,K) Xy {D' , L' , K') 
of an almost complex structure (J, /f) on X and a co-almost CR structure 
(£)', L' , K') for (X', /'). Both arc almost CR structures on X x fyj' X' . 

3 Gauge-fixing data and co-gauge-fixing data 

The basic idea of this book is to define a homology theory KH^:{Y; R) for an 
orbifold Y using as chains pairs {X, /), where X is a compact Kuranishi space 
and f : X ^ Y is a strongly smooth map. However, we show in i i4.9l below that 
if we allow chains {X, f) for which the automorphism group Ant{X, f) of strong 
diffeomorphisms a : X ^ X up to equality such that f o a — f is infinite, the 
resulting homology groups are always zero. 

To deal with this problem, we add some extra data G to (X, /) for which 
Aut(X, /,G) is finite, and use as chains triples (X,f,G). Exactly what this 
extra data is does not matter very much, but here are the properties we would 
like it to satisfy for this book and in [4,39-41]. Parts (a),(e) are not essential for 
well-behaved (co)homology theories, but will be needed in [4,39-41]. In (e), we 
restrict to X with corners (not g-corners) because Principle 12 . 81 fails for smooth 
extensions from boundaries of general manifolds or orbifolds with g-corners. 



36 



Property 3.1. We want to define some kind of extra data G for pairs {X, /), 
wlicrc X is a compact Kuranishi space with g-corners, Y an orbifold and / : 
X ^ Y sl strongly smooth map, such that: 

(a) Every pair {X, f) should admit extra data G. If F is a finite subgroup of 
A\it{X, /), then there should exist F-invariant extra data for {X, f). 

(b) The automorphism group Aut(X, f , G) of isomorphisms (a, b) : {X, f, G) 

{X, f, G) is finite, where 6 is a lift of a to G. 

(c) Suppose F is a finite group acting on {X, /, G) by isomorphisms, that is, 
we are given a group morphism p : F — > Aut(X, f, G), which need not be 
injective. Then we can form the quotient X = X/F, a compact Kuranishi 
space, with projection tv : X X, and / pushes down to f : X ^ Y 
with f = f o -K. We require that G should also naturally push down to 
extra data G for {X, f ). 

(d) If G is extra data for {X, /), it has a restriction G\dx which is extra data 
for idX,f\ox). 

(e) Let (T : d^X d^X be the natural involution of Definition l2.27l Suppose 
X has corners (not g-corners), and H is extra data for f\dx)- Then 
there should exist extra data G for {X, f) with G\qx = H ii and only if 
H\q2x is invariant under cr. 

If also F is a finite subgroup of Aut(X, /), and H is invariant under Fjgjf, 
then we can choose G to be F-invariant. 

(f) For the case of extra data for Kuranishi homology: let Y, Z be orbifolds, 
and h : Y ^ Z a, smooth map. Suppose X is a compact Kuranishi 
space and f : X ^ Y is strongly smooth. If G is extra data for {X, /), 
then there should exist extra data /i*(G) for {X, ho f). It should satisfy 
igoh),iG)=g4h4G)). 

(g) For the case of extra data for Kuranishi cohomology: let Y, Z be orbifolds, 
and h : Y Z a, smooth, proper map. Suppose X is a compact Kuranishi 
space and f : X ^ Z is a. strong submersion. If G is extra data for {X, /), 
then there should exist extra data h*{G) for {Y y.h z f X, Try). It should 
satisfy {goKr{G) = h*{g*[G)). 

(h) (Mainly for Kuranishi cohomology). Let Xi, X2, X^ be compact Kuranishi 
spaces, Y an orbifold, f ^ : Xf. ^ Y he strongly smooth for e = 1, 2, 3 with 
at least two f ^ strong submersions, and Ge be extra data for (Xg, /g) for 
e = 1,2,3. Then we should construct extra data Gi XyG2 for {Xi x f^x,f2 
X2 ! TTy ) from Gi , G2 ■ 

This construction should be symmetric, in that it yields isomorphic extra 
data for [Xi x f-^.Yjr^ X2, tvy) and {X2 x f^.yj-^ Xi, Try) under the natural 
isomorphism Xi x f-^.Yj^ -^2 — X2 x f^y.f^ X\. It should also be associa- 
tive, in that it yields isomorphic extra data for [{Xi XYX2) Xy X3,tty) 

and (Xi X-y(X2 XyXs), TTy) under (Xi XyX2) XyXs = Xi Xy (X2 XyXa). 

For Kuranishi cohomology, products should be functorial for pullhacks in 
part (g), h*{Gi xz G2) - h*{Gi) xy h*{G2). 
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We shall define gauge-fixing data G (for Kuranishi homology), and co-gauge- 
fixing data C (for Kuranishi cohomology) , which satisfy all these, and also have 
other technical features which will be important in Appendices [B] and O The 
name comes from physics, where one often has an infinite-dimensional symmetry 
group called the gauge group, and one breaks the symmetry by 'fixing a gauge'. 
It was not easy to arrange for all of Property 13. lf a)-fh) to hold at once. 

3.1 Definition of (co-) gauge-fixing data 

Good coordinate systems are convenient choices of finite coverings of X by Ku- 
ranishi neighbourhoods, due to Fukaya and Ono [25, Def. 6.1], [24, Lem. Al.ll]. 

Definition 3.2. Let X be a compact Kuranishi space. A good coordinate system 
I for X consists of a finite indexing set /, a total order ^ on /, a family 
{(y*, s', V'*) : ? G /} of compatible Kuranishi neighbourhoods on X with 
^ for all i & I and X = [J^^jlmtp^, and for all i,j G / with j ^ i 
a triple (y*-' , , where V'^^ is an open neighbourhood of {tp^)~^ (lm4>^) 
in , and {(j)'^^ , (j)^^ ) is a coordinate change from {V^^ , E^\yij , s^lyij j-ip^lyij ) to 
{V\E\s\ip'). When i = j these should satisfy V'^ = V\ with (0",0") the 
identity map on {V^ , . . . , ■ip'^) . When i,j,k G / with k ^ j ^ i these should 
satisfy (j)'^ o ^J*^ = 0^*^ and o = over {(j>>'')-'^{V'^) n V'' , and 

(l3'^{v'^)n = (I)'''{i(i3^'')-\v'^)nv'''). (32) 

Now let Y be an orbifold and f : X ^ Y a, strongly smooth map. A good 
coordinate system I for {X, f) consists of a good coordinate system as above, 
together with smooth f^:V^~^Y representing /, such that if j ^ z in / then 
f-'lv^i = /* o If / is a strong submersion, we take the /* submersions. 

The point of good coordinate systems is that one often needs to choose some 
geometric data (for instance, a transverse multisection, as in as [25, Th. 6.4]) on 
each of a system of Kuranishi neighbourhoods satisfying compatibility condi- 
tions on the overlaps. With a good coordinate system one can make these choices 
on each (V^, . . . , ■0*) in the order ^ on / by induction, imposing compatibility 
conditions on the V'^^ . Equation ([5^ was added by the author; without it, 
in inductive arguments when making the choice on (V^, ... ,"0') there may be 
problems at points in lying in the left hand side of ([5^ but not the right. 

We shall now define three variations on the notion of good coordinate system, 
which we call very good, really good and excellent coordinate systems. A very 
good coordinate system is a good coordinate system in which there is at most 
one Kuranishi neighbourhood (V^, . . . ,"0') of each dimension diniy*, so we use 
the dimension dim^ as the index i. 

Definition 3.3. Let X be a compact Kuranishi space, Y an orbifold and / : 
X ^ Y a strongly smooth map. A good coordinate system I for {X, f) is called 
very good if / C N = {0, 1, 2, . . .}, and the order ^ on / is the restriction of ^ 
on N, and dim — i for all i e /. 
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Note that it is necessary that the order ^ on / is the restriction of ^ 
on N, since coordinate changes (i/)'^ , 0'^ ) from V''^ C to V can exist if 
dimy-' ^ dirny*, that is, if j ^ i, but not if diniF^ > dimV^. A really good 
coordinate system is a very good coordinate system I with some extra partition 
of unity data rj. We will use rj for defining really good coordinate systems on 
fibre products in H'6.8[ 

Definition 3.4. Let X be a compact Kuranishi space, Y an orbifold, and 
f . X ^ Y a, strongly smooth map. A really good coordinate system (/, t]) for 
{X, f) is a very good coordinate system I — (/, (F*, . . . , ip'^),f^ : i G /, . . .) for 
(X, /) together with data t] = {rji : i G I , r]j : i,j G I) satisfying: 

(i) r]i : X ^ [0, 1] is a continuous function for each i £ I, with X^ie/ ^ 
and r]i > on Im ■(/;*. If j < i and p £ X with r]i{p) > 0, r]j{p) > and 
p £ Im then p £ Im ip^ . 

(ii) : — > [0, 1] is a continuous function for all i,j £ /, with X^ie/ Vi = ^ 
on y-', and 77* > on y. If j ^ i then (jf^iy^) is a closed subset of 
{w G V^* : ri]{v) > 0}. If fc < j < z and G with ri^iv) > 0, 77j'(w) > 
and V £ V^^ then v £ V^^ . 

(iii) l(sJ)-i(o) =Vi°'4'^ for all i,j £ I. 

(iv) If i, j, /c G / with fc ^ j then ?7f |yjfc = r^l o (t>^^ ■ 
We also impose two extra conditions on the , 

(v) There should exist M ^ such that for each i G /, each v £ lies in at 
most M local boundary components, in the sense of Definition 12.41 Here 
if the orbifold with g-corners near v is locally modelled on U /T near 
Tu as in W2.21 where F is a finite group acting linearly on M" and C/ is a 
F-invariant region with g-corners in R", and u £ U, then we define the 
number of local boundary components of at v to be the number of local 
boundary components of C/ at u, even if some of these local boundary 
components are identified by the action of F. 

Then the natural maps : dV V and t : E^lgyi ~ dE^ satisfy 
\r'^{v)\ ^ M and \L-^{e)\ M for aU v £V' anAe£ E\ 

(vi) There should exist a compact subset T £Y with /'(y) C T for all i £ I. 

If the have corners (not g-corners) then (v) holds with M = max{i G /}. 

Excellent coordinate systems are really good coordinate systems satisfying 
an extra condition, which wc will need in i )3.3l to ensure Aut(Ar, /, G) is finite. 

Definition 3.5. Let {I,ri) be a really good coordinate system for {X, /), and 

suppose j £ I, I ^ and W is a. connected component of d^V^ . We call W un- 
necessary if Wnd'-V'-^ = for all j < i G / and Im-ip^lw C IJj^^ig/ Imi/i^jgiyi C 
9' A". We call {lyfj) excellent if d''V^ has no unnecessary connected components 
for all j £ I and I ^ 0. 
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Excellent coordinate systems can be split into connected components, a fact 
which will be important in 

Definition 3.6. Let Y be an orbifold, X a compact Kuranishi space, / : 
X ^ Y he strongly smooth, and (/, r]) an excellent coordinate system for 
{X,f), with / = (/, (y , . . . , V'*) : i £ /,...). A splitting of the quadruple 
{X, /, I, T]) is a decomposition X — Xi 11 • • • 11 Xn of X as a disjoint union 
of compact, nonempty Kuranishi spaces Xi, . . . , Xn, such that for each i G I 
we may write — 11 • • • 11 for open and closed subsets Vi, . . . ,Vn of 
y*, such that lm-0'lyi C Xa for a = 1, . . . ,n. Note that as (7, rj) is excellent, 
every connected component of intersects Imi/;*, so Vi, . . . are uniquely 
determined hy Xi, . . . , Xn ■ 

Write — f\x^, so that f^:Xa^Yis strongly smooth. Define subsets 
h,.... In C I hy la = {i e I ■■ ^ $} ioi a ^ l,...,n. For i e h let 
El, 31^,^1, fl be the restrictions of E'\s\'ijj\f^ to V^. For i,j G la set T]i^a = 
rjilx^ and rjf ^ = 'qflyj, and if j ^ i write V^^ , (ji^-i , (j)^^ for the restrictions of 
V^^ , (jf^ , (j)^^ to ,El. It is easy to show this defines an excellent coordinate 
system {la, 'Ha) = {I,'n)\x^ for {Xa,fa)- 

Call {X, f,I,ri) connected if it does not admit a splitting X = Xi 11 X2 as 
above. Since Xi, X2 are open and closed in X and nonempty, if X is connected 
as a topological space then {X, f,I,ri) is connected, but the converse is false. 

Lemma 3.7. Let Y be an orbifold, X a compact Kuranishi space, f . X ^ Y 
strongly smooth, and {I,t}) an excellent coordinate system for {X,f). Then 
there is a splitting X = Xi 11 X2 11 ■ • ■ 11 Xn of {X, f, I, rf), unique up to the 
order of Xi, . . . , Xn, such that {Xa, fa, ^ajila) connected for all a = 1, . . . ,n. 
We call Xi, . . . , Xn the connected components of {X, f, I, rj). 

Proof. Write I — (/, {V^, . . . , V'*) : i G /,...) . Then for each p ^ X, there exists 

1 G I with p S Im?/;*. Let be the connected component of V'' containing 
{'4'^)~^{p)- Then [/* = Imi/'*|f>i is an open neighbourhood of p in X. Such [/* 
for all p G X form an open cover for X, so as X is compact we can choose a 
finite subcover Up\ , . . . , Up'^ for X. 

Suppose X ~ XiU ■ ■ ■ IL Xn is a splitting of {X, f, I, rj). By Definition 13. 6[ 
ifpb G Xa with = ImV^Hv;. ^pt ^ so that U^l C X,,. As X„ ^ 

and X = Ufc^i Upl, it follows that for each a = 1, . . . ,n we have pb G Xa for 
some b. Therefore n ^ m, and the number of pieces we can split [X, f,I,ri) 
into using Definition 13.61 is bounded. 

Choose such a splitting X = Xi 11 • • ■ 11 Xn with n largest. Then each 
(^Xa, fa, laiVa) Connected, since otherwise by splitting (^Xa, fa, lajVa) i^^to 

2 pieces we could split X into n + 1 pieces, a contradiction, li X — X[]I - ■ -UXn 
is another such splitting, then Xa = Y[b=i n-x nx'=^$ fl is a splitting of 
(Xa, fa, I a, Va) ■ Siucc it is Connected, we must have Xa C] Xj^ ^ 9 for precisely 
one b = 1, . . . ,n, with Xa n = Xa = Xj^. Therefore X[, . . . , Xn are a 
reordering of Xi, . . . , Xn, and the decomposition is unique up to order. □ 
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We can now define gauge-fixing data and co- gauge- fixing data. 



Definition 3.8. Let the symmetric group 5*^ of permutations of {1, . . . ,k} act 

onM.'' hy a : {xi,...,Xk) ^ {xa(i),--.,x^(k))- Define P = Ufclo ^''/'^'fe- For 
n = 0, 1, 2, . . ., define P„ c P by P„ = ULo ^''/Sk- Here R° is a single point 
(0), the ordered list of elements of R, and So = {1} acts trivially upon it, so 
(0) is a special element of P. Define a multiplication /i : P x P ^ P by 

fi{Sk{xi, . . .,Xk),Si{yi, . . .,yi)) = Sk+i{xi, ...,Xk,yi,.. ■,yi), (33) 

for k,l ^ and (xi, ...,Xk) G M." , (yi, ...,yi) £ R . Then /i is commutative 
and associative, with identity (0), and also a finite map, since for any point 
Sn{xi, . . . ,Xn) in P, fi~^(^Sn{xi, . . . , Xn)) is at most 2" points in P x P. We 
will use fi in defining fibre products of (co-)gauge-fixing data in WS.8\ 

Let X be a compact Kuranishi space, Y an orbifold and f . X ^ Y strongly 
smooth. A set of gauge-fixing data G for [X, f) consists of an excellent coor- 
dinate system (J,tj) for {X,f), where I = (l,{V\E\s\il;'-) : i G /,...), and 
maps : P„ C P for some n ^ and all i G I, which are globally finite, 

that is, there exists N ^0 such that |(G'*)~i(p)| ^ N for aU pe P. 

By calling (X, f, G) a triple, we will usually mean that X is a compact 
Kuranishi space (possibly oriented), f : X Y is strongly smooth, and G 
is gauge-fixing data for {X,f). A splitting of a triple {X,f,G) is a splitting 
X = Xi n • • • n Xn of {X, f,I,ri) m the sense of Definition 13.61 where G = 
(J, T],G^ : i £ I). Then Definition EH] gives excellent coordinate systems {la, f]^) 
for [Xa, fa), and setting = G'l^ji for i G /a, it is easy to see that G\x„ = 
Ga = {Ia,ria,G\:i £ la) is gauge-fixing data for {Xa, fa)- 

Call {X, f , G) connected if {X, f , I, rf) is connected in the sense of Definition 
13.61 Then Lemma 13.71 implies that any triple {X, f , G) has a splitting into 
connected components {Xi, fi, Gi), . . . , {Xn, fn, G„), unique up to order. 

Let X, X be compact Kuranishi spaces, f : X ^ Y , f : X Y he strongly 
smooth, and G, G be gauge-fixing data for {X, f), {X, f). Suppose the indexing 
sets /, I oi 1,1 in G, G are equal, 1 = 1. An isomorphism {a, b) : {X, f , G) 
{X, f,G) consists of a strong diffeomorphism a : X ^ X and a collection 



b of isomorphisms {V ,}f) : (y*, . . . , t/;*) {V^ , . . . ,%l^^) for i £ I = I lifting 
a : X ^ X, satisfying: 

(a) fob' = for all i G /; 

(b) & oU = G' for all i G /; and 

(c) If j ^ z in / then b'{V^^) = V^^ , and the following diagram commutes: 



(F^^...,V^V-) 



(F%...,VO 



{v\...,r). 
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Isomorphisms compose, and have inverses which are isomorphisms, in the obvi- 
ous way. Write Aut{X, /, G) for the automorphism group of [X, /, G), that is, 
the group of isomorphisms (a, b) : {X, f, G) — > (X, /, G). 

Definition 3.9. Let X be a compact Kuranishi space, Y an orbifold and / : 
X ^ Y a, strong submersion. A set of co- gauge- fixing data C for {X, f) consists 
of an excellent coordinate system (J, rj) for {X, f) in the sense of where 
I = {I,{V\E\s\tP') : i e /,/'■ : i £ /,...), such that f : V ^ Y is a 
submersion for alH e /, and maps C* : ^ P„ C P for some n ;» and all 
i G I, such that x (/* o tt*) : ^ P x Y is a, globally finite map for all 
i G /, as in Definition 13.81 Isomorphisms (a, b) : {X, f, C) {X, f, C) and 
Aut(X, /, C) are defined as in Definition EE but with oU = in (b). 

By calling (X, /, G) a triple, we will usually mean that X is a compact 
Kuranishi space, f : X ^ Y a strong submersion (possibly cooriented), and 
C co-gauge-fixing data for {X,f). A splitting of {X,f,C) is a splitting X = 
Xi n • • • n X„ of (X, /, J, rj), where C = {I,t],C' : i e I). Then Definition [321 
gives excellent {Ia,T]a) for (Xa,/^), and G|x„ = Ga = {Ia,'na^Cl : i e la) is 
co-gauge-fixing data for (Xa, /„), where G* = C'^l^i for i G la- 

Call {X,f,C) connected if {X,f,I,r]) is connected in the sense of Defi- 
nition [3?6l Then by Lemma [3.71 any {X,f,C) has a splitting into connected 
components (Xi, f^, Gi), . . . , (X„, /„, G„), unique up to order. 

Remark 3.10. Note that we do not require the maps : ^ P, : ~* P 
to be continuous, or smooth, etc., they are just arbitrary maps. Nor do we im- 
pose compatibility conditions between G*, G^ under coordinate transformations 
{(j)^-' , (/>'-' )■ Their only purpose is to ensure that Aut(X, /, G), Aut(X, /, G) are 
finite, and this will follow from G' , G' x (/* o tt*) globally finite. 

To see why gauge-fixing data is natural for homology, and co-gauge-fixing 
data for cohomology, read iJ3.7l on pushforwards and puUbacks. 

For Propertv l3.ir e) we define (co-)gauge- fixing data with corners. 

Definition 3.11. Let X be a compact Kuranishi space, and f : X ^ Y 
be strongly smooth. We say that a good or very good coordinate system /, 
or a really good or excellent coordinate system {I,ri), or gauge-fixing data 
G — {I,r],G^ : i £ I), or co-gauge-fixing data C — {I,r],G'^ : i € I), for (X, /), 
are without boundary, or with boundary, or with corners, if the orbifolds V for 
all i G / are without boundary, or with boundary, or with corners, respectively. 
These imply that the Kuranishi space X is without boundary, or with boundary, 
or with corners, respectively. 

Sections I3.2H3.8I prove Propertv l3.ir a)-('h) for (co-)gauge-fixing data. Since 
the two are so similar, we generally give proofs only for gauge-fixing data. 

3.2 Existence of (co-) gauge-fixing data 

To show that (co-)gauge-fixing data exists for every pair (X,/), we begin by 
showing that (X, /) admits good, very good, really good and excellent coordi- 
nate systems. Fukaya and Ono prove [25, Lem. 6.3], [24, Lem. Al.ll]: 
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Proposition 3.12. Let X be a compact Kuranishi space, Y an orbifold, f : 
X —>■ Y a strongly smooth map, and {Ua '■ a G A} an open cover for X. Then 
there exist good coordinate systems I for X and {X, f) such that for each i ^ I 
we have Ivaijj^ C Ua for some a ^ A. 

Proposition 3.13. Let X be a compact Kuranishi space, Y an orbifold, and 
f : X ^ Y a strongly smooth map. Then there exists a very good coordinate 
system I for {X, /). 

Proof. By Proposition 13.121 there exists a good coordinate system I — (/, ^, 
: i e /,...) for {X,f). Define / = {dimV : i £ I}. For each 
fc £ J, we shall define a Kuranishi neighbourhood {V'', . . . , ip'^) on X by gluing 
together the {V^, . . . , -0') for alH S / with dim = k. We first explain how to 
glue together two such Kuranishi neighbourhoods. Let i,j G / with i ^ j and 
dim — dim = k. Either i ^ j or j ^ i as ^ is a total order; suppose j ^ i. 
Then we have a triple (^'^ </)*J , (^'^ ) by Definition [321 

As dimy = dimT^^ , it follows that the coordinate change (0*-' , ) is an 
isomorphism from {V^^ , E^\yij , s^lya ,ip^\Yij ) to its image in (y*, . . . , -0'). In 
particular, (jf^ : V^^ ^ y is a diffeomorphism V"^^ Im The obvious 
thing to do now is to glue V"^ and together using 0*-' , that is, to form the 
topological space (F* WV^)/ where ^ is the equivalence relation on If 
generated by 0'^ , with v ^ v' \i v = v' , oi v d V^^ and v' = € V'', or vice 

versa. However, there is a problem: since V''^ and Im may not be closed in 

, V^, this (y* YLV^)/ ^ may not be Hausdorff, and so not an orbifold. 

Our solution is to make V^, a little smaller, that is, we replace them by 
open sets V' C V and C , such that {V' JIV^)/ ^ is Hausdorff, and 
so an orbifold. If {V^ YLV^)/ ~ is not Hausdorff then there exist sequences 
{vn)^=i in V^^ so that w„ in \ as n — > cx) and (f)^^ [vn) in 

V* \ Im as n oo. Then v'^,v^ are distinct points in {V^ H V^)/ ~ which 
do not admit disjoint open neighbourhoods, contradicting Hausdorff ness, since 
any neighbourhoods contain u„ for n ^ 0. 

To make {V^ JIV^)/ ^ Hausdorff, we have to ensure that for all such (wn)5^i 
and v^,v^ , either ^ or ^ . Loosely speaking, the 'boundaries' of V^^ 
in and may not intersect. Note however that we cannot make V'^,V^ 
too small, as we need to preserve the condition [J-^jlmip'^ = X, that is, the 
choices of for all i G / must satisfy Uie/lni0'|yi = X. These conditions 
are consistent, since gluing (s*)"-'^(0) and (s^)^^(O) together using cj)'^^ yields an 
open subset Im0* U Im0^ of X, which is Hausdorff, so the points v^,v^ which 
need to be excluded cannot lie in (s')^^(O), (s^)^^(O), the domains of 

We need to choose open C for all i € I, which are small enough that 
whenever j ^ i E I with dim V"* = dimF-' then (F* UV^)/ ^ is Hausdorff, and 
which are large enough that {Jazj^n^i/j^lyi — X. This is possible. One way to 
do it is to use ideas on really good coordinate systems below. Follow the proof 
of Proposition 13.151 to choose auxiliary partitions of unity r]i : i G I on X and 
rjj : j G / on satisfying conditions (a)-(d) of that proof, possibly making 
the smaller along the way, and define — {v & : ril{v) > 0}. As in 
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Proposition l3.15l the resulting have partitions of unity rjflyj : i € I satisfying 
Definition 13.41 with Uig/ I^V'Nv'i = ^ind by Remark 13.141 this ensures that 
{V'UVi)/r^ is Hausdorff. 

This explains how to glue two Kuranishi neighbourhoods {V^, ...,-)/'*), {V^ , 
...,tp^) for i ^ j € I with dim^ = dim^^ = k. To make V'' we repeat 
this construction finitely many times to glue together for all i G / with 
dimy* = k, so that V'' — (lJig/.dimy»=fc ^*)/ where ~ is the equivalence 
relation generated by for all j ^ j £ J with diml/* = dimT^-' — k, and the 
V* are chosen small enough to make V'^ Hausdorff, and thus an orbifold. 

Since the (</()*•' , 0*^ ) are isomorphisms with their images, we can also glue the 
restrictions of E^,s^,tp'^ to together to make E'^ , s'^ , ip'^ on V'^. That is, we 
have a Kuranishi neighbourhood {V^ , s'^, ip^) on X with given isomorphisms 
{E^ ,4'^)\yi = (£'% s^ for alH G / with dim ^ = fc, regarding V'- as 

an open subset of both and V\ This gives the Kuranishi neighbourhoods 
(yk^E'^^gk^^k^^ for k&I. Since U.g/ImV'iy. = X, we have Ufce/ImVi*^ = X. 

We have smooth p : ^ Y for i G / representing /. The compatibilities 
focf)^! = f^\yij imply that we may glue these to give smooth maps p -.V^ 
representing /, with f^\yi = for all i G / with dimV* — k. 

If fc,Z G / with I < k then for all i G / with dimF' ~ k and j € I with 
dimV^^ = I we have j ^ i, so {V^^ , cjf^ , (j)^^ ) is given. Define an open V''^ C 
V' by V^' = U,,e7:dimv»=fc,dimv.=;(^*-'' n n m-\V^)). There is then 
a unique coordinate transformation ((^'^',0'^') : (V"'''', , lyti , -0' lyfci) ^ 

which restricts to {(j)'^^'^) on V'^ nV^ n{(j)'^)-^ {V') for alH,j G / 
with dimV^* = k and dimV^^ — I. It is now easy to check that all this data 
I = (/, {V'^, . . . , ?/''^), /''" ; k G /,...) satisfies the conditions for a very good 
coordinate system for {X,f). This completes the proof. □ 

Remark 3.14. In the proof of Proposition 13.131 we glued topological spaces 

, together on V^^ C and cj)^^ {V^^ ) C ]/* using ^'-^ , and we had a problem 
because the resulting topological space UV^ / ^ may not be Hausdorff. The 
existence of functions rjf satisfying Definition l3.4r ii) . (iv) eliminates this problem, 
so that (UiG/^*)/ ~ is a Hausdorff topological space. This is useful, as it 
excludes some bad behaviour in constructions where we choose data over each 

with compatibilities on the y*-', as we will do many times later. 

To see this, suppose (y* H y^)/ is not Hausdorff. Then there exists a 
sequence (Wn)5^Li in V^-' such that (j)^^ {vn) in y* \ (/)*-'(y*-') and u„ — > 

in \ y*-' as n ^ cxD. Since VjTVj are continuous functions on V^,V^ we 
have r]j o 0*-'(t;„) — > »7j(w*) and rij{vn) Vji^'') as n ^ oo. Definition I3.4f iv) 
implies that r?] o (^'■'(w„) — rij{vn) for all n, so f?](w*) = rf^{v^). But Definition 
I3.4f ii) gives r]j{v^) > 0, and as (/)*^(y'^) is a closed in {v G y : ?7j(w) > 0} and 

G (j)^^{V^^) \ (y*-') we deduce that = 0, a contradiction. 

Proposition 3.15. Let X be a compact Kuranishi space, Y an orbifold, and 
f . X ^ Y a strongly smooth map. Then there exists a really good coordinate 
system {I,r]) for {X,f). 
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Proof. By Proposition 13.131 we can choose a very good coordinate system / for 
{X, /). Then {limp^ : i g /} is an open cover for X. By general topology we 
may choose a partition of unity {rji : i € 1} for X subordinate to {Im.ip'^ : i G /}, 
that is, ryi : X — > [0, 1] is continuous, and ^i^jVi = 1; ^^'^ the closure of the 
support of r]i is contained in Imip^, that is, {p € X : rii{p) > 0} C ImV-"'- 

Next, for each j G J we choose a partition of unity {rif : i e /} on , by 
induction in the order ^ on /, satisfying: 

(a) rjf : [0, 1] is a continuous function for all i,j G /, with J^iei Vi = 1- 

(b) If j < i in / then supp(77^ ) C T/'^ and c/)'^ (V^^ fl supp(?7j)) is closed in V'\ 

(c) Vi\{sj)-->-{0) = m ° for all i G /. 

(d) If fc G / with k < j then rjl o cf)^^ = ijilyjk. 

Here i]f\yjk makes sense in (d) since when we are choosing {r/j : i G /} we 
have already chosen {r]^ : i G /}, as fc < j. The second part of (b) means 
that if (y^) has an 'open edge' in V^, then f^j = near this edge in V^^ , or 
equivalently by (d), ijjl^ij^yij^ = near this edge in (f>'^^{V^^). 

Observe that conditions (c),(d) prescribe ry- for i G / on the subset 

{sn-\0)UUkei:k<,<P'HV^'). (34) 

These prescribed values are continuous on and consistent on the overlaps 
between (s-')~^(0) and (l)^^{V^^) and (f>'''{V^'') for different k,l < j in /, using 
Definition 13.21 and conditions (a)-(d) for previous choices {rjf : i G /} for fc < j. 
However, there is a problem in extending the r]j continuously from (|34p to all 
of , since (fi^^iy^^) may not be closed in , and the prescribed values of r]l 
may not extend continuously to the closure of in . 

We can avoid this problem by making all the sets V'^ ,V^^ slightly smaller. 
That is, we replace V'^ and V^'" by open sets C and V''^ C V^^ such that 
the previous conditions still hold, in particular, X = Uie/ I^V'ilyi: ^-^id (b), 
we shrink the 'open edges' of (p^''{V^'^) in V'' by little enough that rjj — Q near 

the new open edges, but we make V^'^ small enough that (f>i^{y^^) C (j>>'^{y^''), 
taking closures in , so the closure of the new set ([M)) lies in the old set 
This is automatic if the closure of V'^^ in V^^ is compact. With this replacement, 
the rfl have unique continuous extensions from their prescribed values on (j34p 
to the closure of l[34|) . 

We can then choose arbitrary continuous extensions rjl : [0, 1] from 

the values on this closed set to , satisfying (b) and J2iei''^i = ^- Therefore 
by induction we can choose rjf for all i,j G / satisfying (a)-(d), possibly with 
smaller sets V'', V^''. We have now constructed a very good coordinate system 
I and functions ?7i,r?^ satisfying all of Definition 13.41 except the last two parts 
of (i), the last three parts of (ii), and (v),(vi). But we do know that {p G X : 
rit{p) > 0} C ImV'*, and {v G : r)l{v) > 0} C V'^ if j i. 
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For (v), as X is compact and the map taking p € X to the number of 
local boundary components of X at p is upper semicontinuous, there exists 
M ^ such that each p G X lies in at most M local boundary components. If 

V € ('0*)~^(O) C 1/* with ip^{v) = p in X then the number of local boundary 
components of containing v is the same as the number of local boundary 
components of X containing p, and so at most M. Conversely, if t; e 1/* and 
the number of local boundary components of containing v is greater than 
M, then v ^ {ip^)~^{0). Thus, the subset of w G V'^ lying in more than M local 
boundary components is a closed subset of not intersecting (V'*)^^(0). We 
will delete this subset, which will make (v) hold. 

For (vi), as X is compact, f{X) C F is compact. Choose an open neigh- 
bourhood U of f{X) in Y whose closure T = IJ in Y is compact. To complete 
the proof we now replace by the open subset = {v E V'^ : r]l{v) > 0, 

V lies in at most M local boundary components, P{y) £ for each i G I, 
and replace I hy I — {i € I : ^ 9}, and replace V^^ by the open sub- 
set V'^ = V'^ n n if^y^iV') for all i,j e i. With these replacements, 
we have Imip^ = {p G X : rii{p) > 0} and V^^ — {v G : T]f{v) > 0} for 
all These imply the remaining parts of (i),(ii) except (j)^^(V'^^) closed in 
{v G : rij{v) > 0} for j ^ i, and this follows from (b) above. Hence (/,rj) is 
a really good coordinate system for (X, /). □ 

Here is an algorithm for converting really good coordinate systems into ex- 
cellent coordinate systems, by throwing away all unnecessary connected compo- 
nents of for all i e / and fc ^ 0. 

Algorithm 3.16. Let (/, J7) be a really good coordinate system for {X,f). 
We shall construct open sets in and V^'^ C V^^ for all j ^ i G I, such 
that defining / = {i e / : ^ 0}, and for i,j e I setting (F*, i?*, s*, -0") = 
{V\E%,,s'\y,,ip'\v.), r f\v^, Vt = Vi, vi ^ Jlilv^, and for j i in 
/ defining V'^ = V^^ n D {(l)'^)-\V') and {4>'^,(j)'^) = (0*^ f^*^)!,/.., this 
data defines an excellent coordinate system (/, 17) for (X,f). We define by 
induction on decreasing j £ I. 

In the inductive step, for fixed j € I, suppose we have defined V'' for all 
i e / with j < i £ I, and V''' for all j < i ^ k in I. Define V'^ C V'^ C 
for all j < i in / by V"^^ — Then define to be the complement 

in of the union over all Z = 0, . . . , dim of the images under the projection 
Qi-yj _> yj of all connected components W of d'V^ such that W fl d^V^^ = 
for all j < i E I and 

Im^^V C IJ.,, . Im^ia'v- U y Imrioiy,. (35) 

For each I, the union of such W is an open and closed set in d^V^ , so its image 
is closed in . Thus is the complement of a finite union of closed sets in 

, and so is open in . Set V^^ = . This completes the inductive step. 

The condition (|35p on W ensures that subtracting these components W does 
not change the fact that X = IJ -^^ Im V-"*, and therefore X = {J^^jlvntj]'^ . One 
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can prove this by induction on i € /, by checking that ii X = lJiG/ i<i I^V'' U 

UiG/:i>i I™"^' ^^'^^ ^ = Uie/:i<i I°^^''-'UiG/:i3=j Ihi . Also, Subtracting com- 
ponents W in this way does not change the fact that the last sentence of Defini- 
tion [3]Hi) and the last two sentences of Definition 13. 4r ii) hold. For the middle 
sentence of Definition I3.4r ii). note that for j < i we only ever delete some 
component W of d''V'^^ if in a previous inductive step we have also deleted the 
component of containing (jf^ (W). Doing both these deletions together does 
not change the fact that cj)^^ (V^^) is a closed subset of {v G : rf'j{v) > 0}. So 
{Ijfj) is a really good coordinate system for (X,f), since {ItTi) is. 

We claim that (/, 17) is an excellent coordinate system for (X, /). Suppose for 
a contradiction that W is an unnecessary connected component of some d^V^ . 
Then W is an open dense subset of a unique connected component W of d^V^ . 
The difference \ is a union of unnecessary components of 5' for I' > I, 
and does not affect the following argument. As fl V"^^ = for j < i G I we 
have W D V'^ = for j < i. Also ImiP^lyy C Uj_^iG/ C d^X implies 

that ([55)1 holds. So W is one of the connected components of d^V^ which is 
deleted from , a contradiction. Thus (/, 17) is excellent. 

Together with Proposition 13. 151 this yields: 

Corollary 3.17. Let X be a compact Kuranishi space, Y an orbifold, and 
f : X —> Y a strongly smooth map. Then there exists an excellent coordinate 
system {I,r]) for (X,/). 

We now prove Property [331a): 

Theorem 3.18. Let X be a compact Kuranishi space, Y an orbifold, and f : 
X ^ Y a strongly smooth map. Then {X, f) admits gauge-fixing data G. 

If V is a finite group of strong diffeomorphisms a . X X with f o a = f 
then we can choose G T-invariant, i.e., there is a morphism T Ant{X, f , G) 
mapping a 1— > (a, 6a). 

// X is without boundary, or with boundary, or with corners, then we can 
choose G without boundary, or with boundary, or with corners, respectively. All 
this also holds for co- gauge- fixing data C, with f a .strong submersion. 

Proof. By Corollary 13.171 there exists an excellent coordinate system / = (/, 
(y*, i?', s*, ■0*), : i G /),...) for {X,f). For each i G I choose an injective 
map : ^ P„ for n ^ 0. This is clearly possible, and we can even 
choose G" to be smooth, as a generic smooth map : ^ R"/S'ri is injective 
provided n > 2dimi?'. As is injective it is globally finite, with iV = 1. Thus 
G = (/, q, : i G I) is gauge-fixing data for {X, /). 

When / is a strong submersion, to construct co-gauge-fixing data C we first 
note that in Proposition l3 . 1 2F Corollarv l3. 1 71 we can work throughout with good, 
very good, really good and excellent coordinate systems in which f^-.V^^Y 
are submersions. We again choose injective : E^ Pn for n ^ 0, and 
injective implies x (/' o tt') is globally finite, with = 1, so C = (/, 77, : 
z €E /) is co-gauge-fixing data for {X, /). 
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Now let r C Ant{X, f) be a finite subgroup. We must show we can choose 
G, C to be F-invariant. This is similar to the problem of choosing (co-)gauge- 
fixing data for (X/F, / o tt) for tt : X ^ X/T the natural projection, which we 
have already proved is possible in the first part. We begin with the proof of 
Proposition 13.131 which constructs a very good coordinate system / for [X, f) 
starting with a good coordinate system I for {X, /), which exists by Proposition 
13.121 This I is built from finitely many neighbourhoods (V^, . . . ^ipp) for p & X. 

To choose / to be F-invariant, we take each [Vp, . . . , ipp) to be invariant under 
{a G F : a{p) = p}, with Vp small enough that Ivn^p n (a • Imi/jp) = whenever 
a G F with a{p) ^ p. Every p ^ X admits such a Kuranishi neighbourhood. 
Given such {Vp,Ep,Sp,ilip), for a e F define ■^^(p), Sa(p), V'a(p)) to be 

a-tiYp, Ep, Sp, ipp), a Kuranishi neighbourhood of a{p) £ X. 

As {Vp, . . . , ij^p) is invariant under {a G F : a{p) = p}, this (V^fp) , . . . , ipa{p)) 
depends only on a{p) rather than on a, and the finite set of neighbourhoods 
(Ki(p), ■ • ■ J V'a(ij)) for a G F is invariant under F, with limpa(p) H Imipa'ip) — 
when a{p) ^ a'{p). Thus the disjoint union ]la(p):a.(iA^o.{p) , ■ ■ ■ , V'a(p)) is a single 
F-invariant Kuranishi neighbourhood. We can now follow the proof of Proposi- 
tion 13.121 to make I using T-invariant Kuranishi neighbourhoods {V^ , . . . , tp^) = 

IJa(p):aer(K(p), • ■ • ,V'a(p))- 

Then in Proposition 13.131 we construct a very good coordinate system I for 
{X, f ) by gluing together the neighbourhoods {V^, ...,-)/'') of each dimension in 
/. As each {V^, . . . , V'*) is F-invariant, we can do this gluing in a F-invariant 
way, to make I F-invariant. That is, a G F lifts to {a,ba) G Aut(X, /,/), 
where b„ = : i e /), with each [b^, 6^) : (y^ . . . , ^ ■ • ■ , r) an 

isomorphism lifting a. 

In Proposition 13.151 it is easy to extend this to a F-invariant really good 
coordinate system {I,ri) for {X,f), we just choose rii,rif to be F-invariant. 
Algorithm [3T6] then automatically yields a F-invariant excellent coordinate sys- 
tem. Thus in CoroUarv 13.171 we can take {I,ri) to be F-invariant. Finally, in 
the first part of the theorem, rather than choosing : E"^ ^ P^, E^ P„ 
injective, we take G", to be the puUbacks to E"^ of injective maps E'^/T — > P„ 
for n 3> 0. Then G^, are F-invariant, and globally finite in the sense of Defi- 
nition [3751 with N — |F|. This implies x (/' o tt') is also globally finite, with 
N — |F|. Hence we can choose G, C to be F-invariant. 

If X is without boundary, or with boundary, or with corners, then we can 
go through the whole of H3.2I working only with V^ without boundary, or with 
boundary, or with corners, respectively, and so construct G, C without bound- 
ary, or with boundary, or with corners, as required. □ 

3.3 Finiteness of automorphism groups 

We now prove Propertv l3.ir b) for (co-)gauge-fixing data. 

Proposition 3.19. // (/, 17) is an excellent coordinate system for {X,f), with 
X compact, then for each j £ I there are only finitely many connected compo- 
nents W of V such that W Ci V'^ ^ 9 for all j < i £ I . 
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Proof. Let j £ I and Wl for a £ A> be the connected components of with 
Wi n V'^ = for all j < i e I. Define W = \ U^gA ^l- Then is the 
disjoint union of and the for a G , and C/-' and each Wl are open 
and closed in . Note that openness holds as is an orbifold; for general 
topological spaces connected components are closed but need not be open. For 
instance, the compact subset {0} U {1/n : n = 1, 2, . . .} in M, has a connected 
component {0} which is closed but not open. 

NowC — X\(limp^\jjjL)[J-_^-^jlmip^') is a closed subset of X, since Im V'-' | t^j 
and each Im^^ is open, so C is compact as X is compact and Hausdorff. Also 
C C U^g^j Im-ip^lyyj C X since X — [J-^jlmijj^ . And as (/,r/) is excellent, 
Definition 13.51 imphes that C n lm'0-' |^j ^ for each a & , since otherwise 
Wi would be an unnecessary component of . Therefore the sets Cnlm'0-' |^j 
for a £ A^ form a cover of C by nonempty, disjoint open sets. As C is compact 
there must be a finite subcover, but the only possible subcover is the whole 
thing, since the sets are nonempty and disjoint. Hence A^ is finite. □ 

Theorem 3.20. Let X be a compact Kuranishi space, Y an orbifold, f . X —t Y 
be strongly smooth, and G gauge- fixing data for {X, /). Then the automorphism 
group Aut(A", /, G) is finite. The same holds for co-gauge-fixing data. 

Proof. As in Definition 13.81 we write elements of Aut(X, /,G) as (a, 6) with 
h = {{b\ U):i€ I) for V : V' ^V\U -.E^ ^ E\ and G'ob' = G' : E' ^ P. 
As G" is globally bounded, by Definition 13.81 there exists ^ 1 such that 
|(G*)^i(p)| ^ N for aU p e P. 

For each such 6* and p £ P, (G*)^^(p) is at most N points in E'\ and 
V must permute these points. But the order of a permutation of a set of at 
most N points must divide A^!, so {b^)^- is the identity on (G*)^^(p) C E\ 
As this is true for all p £ P, (5*)^' is the identity on E^. So, every such 6* 
is a diffeomorphism of finite order. Thus the fixed point locus of 6* in E^ is a 
locally finite union of closed, embedded, connected suborbifolds of possibly 
of varying dimensions. Hence for each connected component F of E^ , either 6* 
is the identity on F, or V does not fix generic points of F. 

Suppose for a contradiction that for some connected component F of i?', we 
can find (ai, . . . , (ajv+i, ^Af+i) in Aut(X, /, G) such that b^p are distinct 
maps F i?* for c = 1, . . . , A^ + 1. Then for 1 ^ c < d ^ A^ + 1 we have finite 
order diffeomorphisms ^^^o (^'c)^^ • ^ which are not the identity on b].{F), 
so 6^ o (6*)^^ does not fix generic points in b\{F), and do not agree on 

generic points in F. Therefore b\{f), . . . , fe]v+i(/) distinct points in E^ for 
generic f £ F. But G*o6^(/) = G^(/) for c = 1, . . . , 7V + 1, so b{if), . . . , 6^+1 (/) 
lie in (G')-i(G'(/)), and | (G*)-i(G'(/))| ^ A^, a contradiction. Therefore, 
for each connected component F of i?*, the maps U : E^ E^ coming from 
(a, fa) £ Aut(Ar, /, G) can realize at most A^ distinct maps V\f ■ F 

Now use the notation of the proof of Proposition 13.191 so that ~ H 
Uae^j with each W^ a connected component of , and A^ finite. Then 
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each E^,/frj is a connected component of , so the . reaUze at most N 

distinct maps. Hence, taken over all j ^ I and a & A> , the family of restrictions 
6^1 ffji . can realize at most N^i<^' different possibilities. 

Let (a, b), (a', b') e Aut(X, /, G) with fr^ lB,, . = . for all j £ / and 

a e A' . We will show that (a, 6) = {a',b'). Suppose for a contradiction that 
frJ 7^ b'^ for some j £ /, and let j be largest for which this holds. From = 
U'^ilUaeA^ and ^'W^^.,^ = ^"Is^Ug see that + 6'^|is.|„, . Thus, 

there exists some connected component W of for which fo-' |£;3|„, 7^ ^'"' |_bj |w.- 
Then W n F'^ ^ for some j < i e /, by definition of Wl and f/^ . 

On Ei\yf^y., we have 6^ = 6* o 6'* o = by Definition EiH^c), 

since j is largest with 6^ ^ 6'^ and j < i, so 6* = 6". Hence, we know that 
^\Ei\v,' 7^ ^'"' IfiJlw" ^° t^at S-', 6'^ differ at generic points of E^lw, but also 

= b'3 on i?^|vi/ny»ji which is a nonempty open set in E^\w- Choosing a 
generic point in i?^ |vi/ny»j gives a contradiction. Hence b^ = 6'^ for all j G /. But 
6^' : E^ E^ is a lift of fe^ : , so each b' determines V . Thus b^ = b'^ 

for J £ /. Also each [V ,b>) determines a over Im-0^ , and X = IJ^^j Im?/'-', so 
b determines a. Hence (a, b) = (a', 6'). 

This proves that each (a, 6) G Aut(Ar, /, G) is determined by the restrictions 
^Ibj|wJ ^'-"^ all j € I and a G , which realize at most A^^Dje/l^^l different 
possibilities. So Aut(X, /, G) is finite, with | Aut(A:, /, G)| s$ TV^^^e^ l^^'L □ 

3.4 Quotients by finite groups 

(Co-)gauge-fixing data descends to finite quotients, as in Property [331c). 

Definition 3.21. Let X be a compact Kuranishi space, Y an orbifold, f : X ^ 
Y a strongly smooth map, and G be gauge-fixing data for {X,f). Suppose F 
is a finite group, and p an action of F on (X, /, G) by isomorphisms. That is, 
p : F Aut(X, /,G) is a group morphism. Note that we do not require p 
to be injective, so we cannot regard F as a subgroup of Aut(Ar, /,G). Write 
G = (J,r7,G* : i G /), where / = {l,{V\E\s\ii)^), p : i G /,...). Then p 
induces actions of F on AT by strong diffeomorphisms and on V"^ , E^ for i G / 
by diiTeomorphisms, where if 7 G F with ^(7) = (a, h) and b — ((6*, 6*) : i E I^, 
then 7 acts on X by a, on by 6*, and on i?* by 6'. 

Define a compact Kuranishi space X = X/T and orbifolds — /T and 
= i?Yr for « G /. As p need not be injective, for example we allow the case 
that F is a nontrivial group but p = 1 , so that F acts trivially on X and y * , _B\ 
In this case X,V'^,E'^ coincide with A, as topological spaces, but not as 

Kuranishi spaces or orbifolds, since taking the quotient by F adds a factor of F to 
the stabilizer groups of A, V"^ , E"^ at every point, so that V"^ ,E^ are noneffective 
orbifolds. 

Let TT* : E^ be the projection. If 7 G F and ^(7) = (a, h) then 

TT* o 6' = 6* o TT* by definition of Aut(A, f,G), so tt* : E^ — + is equivariant 
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with respect to the actions of F on V, and tt' pushes down to a submersion 
tt' : E'^ y*. The orbibundle structure on tt* : ^ descends to an 
orbibundle structure on tt"^ : ^ V"^ . Since 6' o = o U for all (a, h) — p(7), 

pushes down to a smooth section oi E^ V\ and (s*)~-^(0) = (s')~^(0)/r. 
As ■0* ° = a ° where a : X ^ X is the homeomorphism underlying a in 
(a, b) = p(7), "0' pushes down to a continuous : {P)~^{0) X = X/T. Then 
(y*, i?', s*, ■0*) is a Kuranishi neighbourhood on X. 

Write TTyi : and tt^^ : E^ ^ E'^ for the natural projections. Since 

. _^ y g^j^j (^i : ^ P are F-invariant they descend to : ^ Y and 
G" : E' ^ P with r o TT^, = /' and o tt^. = G\ Similarly ^, : X ^ [0, 1] 
and Tji : [0,1] descend to % : X ^ [0,1] and iyf : [0,1]. If 

j ^ i in / then V^^ is a F-invariant subset of , so V^^ = V^^ /T is an open 
subset of = ^V-T, and {(j)^^ , (j)'^^ ) descends to a coordinate transformation 

: {V'^,E^\y,,,S'\v'.T^'\v^.) ^ (^;,...>^*)._It is now easy to verify 
that all this comprises gauge-fixing data G for {X,f). We shall also write 
/ — '^*{f) and G ~ 7r*(G), where tt : X ^ X is the projection. 

Exactly the same construction works for co-gauge-fixing data C = tv^{C). 

3.5 Restriction of (co-) gauge-fixing data to boundaries 

Very good, really good and excellent coordinate systems on X restrict to dX. 

Definition 3.22. Let X be a compact Kuranishi space, Y an orbifold, / : X ^ 
Y be strongly smooth, and I = (/, {V^ , . . . , i/i*), /* : i G /, . . .) be a very good 
coordinate system for (X, /). Define a very good coordinate system I = I\dx 
for (9X, f\dx) to have indexing set / = {i:i + le/, dV^~^^ 7^ 0} and Kuranishi 
neighbourhoods 

{V\E\s\^') = {dV'+\E'+^\Qv^+i,s'+^\gy.+i,i;'+^\gy,+i) for t e i. 

Set = and (0*^^*^) = {(l)^'+^'>^3+^\$^'+^^^^+^'>)\y,, for j < i 

in J. Set p = ,p^^\gv'+^ for i e I. It is now easy to verify that / = 
(/, (y*, . . . , '0') : i G /,...) is a very good coordinate system for {dX, f\gx), 
which we write as I\gx- 

If {I,T]) is a really good coordinate system for (X,/) then we extend I\dx 
to a really good coordinate system {I\dx jVldx) in the obvious way, so that 
r]\gx consists of the functions fji — ryi+i|ax and fji — r/j^llgyj+i for i,j e /. 
Definition I3.4r v) holds with M — 1 in place of M, or when AI = 0, as the 
local boundary components B of dV^ at {v, B) correspond to a subset of the 
local boundary components B' of at v with B' ^ B. If (J, rf) is an excellent 
coordinate system for (X,/) then (/[ax, ^7 lax) is also an excellent coordinate 
system, since the conditions on in Definition 13.51 are stable under taking 
boundaries. 

We can restrict (co-)gauge-fixing data to boundaries, as in Property 13. If d). 
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Definition 3.23. Let X be a compact Kuranishi space, Y an orbifold, / : 
X ^ Y a. strongly smooth map, and G = {I,r],G^ : i G I) be gauge-fixing data 
for {X,f). Definition 13.221 gives an excellent coordinate system {I\qx iVldx) 
for {dX,f\Qx)- For each i in / = {i : i + 1 e /, 0} we define 

G' = G*+^|(is.+i|g^.+i). Let L : E'+^\gv^+i = dE'+^ E'+^ be the natural 
map, M be as in Definition I3.4r vl for {I,ri), and N be as in Definition 13.81 
for G*+i. Then |(G'+^)"Hp)| < N for each p G P, and |i"He)| M for 
each e e E'+^\ov^+i. Hence G' = G'+^ o l satisfies \{G')~\p)\ ^ MN for 
each p G P, that is, is globally finite, with constant iV = MiV. Therefore 
G\dx = {I\dx,'n\dx,G' : i e /) is gauge-fixing data for {dX, f\dx)- 
Exactly the same construction works for co-gauge-fixing data. 

3.6 Extension of (co-) gauge-fixing data from boundaries 

Next we prove Propertv l3.ir e) for (co-)gauge-fixing data. 

Proposition 3.24. Let X be a compact Kuranishi space with corners, Y an 
orbifold, and f : X ^ Y be strongly smooth. Recall from Definition 12.271 that 
there is a natural strong diffeomorphism cr : d^X — > d^X with cr^ ~ idQ2x- Let 
J be a very good coordinate system for {dX, f\Qx), with corners. Then there 
exists a very good coordinate system I for (X, /) with corners with I\dx — J 
if and only if J\qix invariant under a. The analogous result holds for really 
good or excellent coordinate systems (J, C), [I, v) for {dX, f\dx), {X, f). 

Proof. If / is a very good coordinate system with corners for {X, f) then restrict- 
ing to dX and then to d^X gives / = Ilo^x for {d^X, f\d^x), with indexing set 
I = {i : i + 2 € L, d^V^ ^ 0} and Kuranishi neighbourhoods {V'^, . . . , '0*) with 
corners for i e / with V' = d^V'+^ and {E\s\^p'') = {E'+^ , .s'+^ ,TP'+^)\g2v^+2 . 
Clearly, /|g2jf is invariant under cr, with cr acting on as the involution 
a : ^ d'^V'+'^ of Definitions [2J] and [lH Thus, a necessary condition 

for I\dx = J is that J\q2x is invariant under cr. This proves the 'only if part. 

For the 'if part, let J be given and cr-invariant on d^X as above. Let 
{W^ , ,P for j S J be one of the Kuranishi neighbourhoods with cor- 
ners in J. Then {dW^ , F^\gy^/j ,t^\gyyj ,S^^\gyyj) is & Kurauishi neighbourhood 
with corners on d'^X, and cr on d'^X hfts to an action on {dW^ , . . . t^-'Iow^)- 
This is the condition necessary to extend {W^ , . . . ,^^) to a Kuranishi neigh- 
bourhood {V^^^, . . . , with corners on X with {dV^^^, . . . , V'"'^^ leyj+i ) = 
{W^ , . . . , ^^), which is 'small' in the sense that it extends only a little way into 
the interior of X, and V^~^^ extends only a little way from dV^^^ = . 

Note that to extend the Kuranishi map s^^^ smoothly from its prescribed 
values on dV^~^^ = to V^~^^ requires the Extension Principle, Principle 
I2.8f c). which holds only for manifolds and orbifolds with corners, not g-corners, 
and this is why we restrict to Kuranishi spaces and (co-)gauge-fixing data with 
corners, not g-corners. The Kuranishi structure on X is defined in terms of 
germs, and so determines (V^'^^ , . . . only on an arbitrarily small open 

neighbourhood of (s-'+^)^^(0). Away from (s^^^)^^(O) we have to choose s^+^, 
and near dV^'^^ away from (i^)^^(O) we need the Extension Principle to do this. 
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Modifying the proof of Proposition l3.121 we can build a good {not very good, 
at this point) coordinate system I for (X, f) with corners, with indexing set 
I = {j + 1 : j ^ J} H K , using Kuranishi neighbourhoods {V^^^, . . . , tp^^-^) for 
j S J as above with TZ-J+i sufficiently small with = dV^~^^ fixed, together 
with other Kuranishi neighbourhoods {V'', . . . , tp'^) for k in some finite set K on 
the interior of X, with dV'' = 0. Then we use Proposition 13 . 1 31 to convert I to 
a very good coordinate system I with corners for {X, f) by gluing together the 
Kuranishi neighbourhoods of each dimension in /. 

In doing this, we replace the by open subsets C V^. We choose 
the F^+i for j e J so that dV^+^ = dV^+^ = , that is, we do not make 
the boundaries of the 1/^+^ smaller. This is possible as there is at most one 
nonempty dV^ for « G / in each dimension, so the boundaries dV^ do not need to 
be glued together, and do not need to be made smaller to ensure Hausdorffness. 
It then follows that I\dx — J, proving the 'if part. 

To prove the analogous 'if result for really good coordinate systems, we first 
construct a very good coordinate system / with corners with I\dx = «/ as above, 
and then extend to really good {I,fi) with {I,fi)\gx = {J,C)- Thus we must 
construct continuous : X ^ [0, 1] and ijf : [0, 1] with prescribed values 

Cj_i on dX and on dV^ , satisfying Definition 13. 4f i')-fiv). This is possible 
by extending Proposition 13.151 

Two new issues arise. Firstly, in constructing the rf^ in Proposition 13.151 
we made the V^,V^'^ smaller at each inductive step, so that rjf should extend 
continuously from its prescribed values on (|34p to the closure of in . How- 
ever, as we need dV^ — W^~^, dV^'^ = W'^^'^^^^^^'^, we cannot make dV^ ,dV^^ 
smaller. This does not matter, since we have prescribed values f/jlgyj = 
for fjl on dV^ consistent with the prescribed values on ([M]) . so there is no need 
to make dV^ smaller to ensure consistency. 

Secondly, Proposition 13.151 constructed a really good coordinate system sat- 
isfying the extra properties Im?/;' = {p £ X : r^iiji) > 0} and V^^ = {w G : 
Tjl [v) > 0} for all i,j, so the final sentences of both Definition I3.4r il.(ii) hold. 
However, the boundary data (J, C) may not satisfy Im^^ = {p G dX : Cj{p) > 0} 
and W^'^ = {w £ : (jiw) > 0} for k < j £ J. Therefore we must re- 
lax the requirements that supp(?7i) C Imip'' and supp(77^) C V^^ in the proof 
of Proposition 13.151 We do this by requiring that supp(77i) should be sup- 
ported in the union of hntp^ and a thin neighbourhood in X of supp(Ci„i) in 
dX, and supp(r?^) should be supported in the union of V^^ and a thin neigh- 
bourhood in of supp(CiJri ) in dV^ . We choose these thin neighbourhoods 
of supp(^i_i), supp(C/~i ) small enough that the final sentences of Definition 
I3.4r i').fii) for ( J, C) imply the final sentences of Definition I3.4r i).fii) for {I,ri) 
in the thin neighbourhoods. Then replacing V^, V^^ by V^, V^^ as in the proof 
of Proposition I3.15i one can show that we get a really good coordinate system 
(J,J7), with {I,v)\dx = (J,C)- 

For excellent coordinate systems, if {J, C) is excellent, we construct a really 
good coordinate system {I,r]) for [X,f) with corners, with (J,?7)|gx — {JiOi 
as above, and then apply Algorithm 13.161 to get an excellent coordinate system 
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(J, ry) with corners. It is automatic that dV^ = dV^ — W'^~^ , since ( J, C) is an 
excellent coordinate system, so every connected component of d'^W'^~^ for all 
fc > is necessary, and Algorithm 13.161 does not discard any of them. Hence 
{I,fj)\ax = {J,C), as we want. □ 

Theorem 3.25. Suppose X is a compact Kuranishi space with corners, Y an 
orbifold, f . X ^ Y a strongly smooth map, and H is gauge-fixing data for 
{dX, f\dx) with corners. Let cr : d^X d^X be the involution of Definition 
12.271 Then there exists gauge-fixing data G for (X, f) with corners with G\qx ^ 
H if and only if H\g2x is cr-invariant. 

Suppose T is a finite group of strong diffeomorphisms a . X ^ X with 
f o a = f and H is invariant under T\gx, that is, we are given a group 
morphism T — > Aut{dX, f\gx , H) mapping a >— > (ajgxiCa), such that the ac- 
tion of (a\g2x , Ca\g2x) on H\g2x commutcs with the action of a on Ii\g2x- 
Then we can choose G to he T -invariant, that is, there is a group morphism 
T —>■ Aut(X, /, G) mapping a i—>- (a, ba), such that ba\dx = Ca for all a e F. 

// dY — 0, all this also holds for co- gauge-fixing data C,D for (X,f), 
(dX, f\gx), with f a strong submersion. 

Proof. If G is gauge-fixing data for {X, f) with corners then restricting to dX 
and then to d^X gives G\g2x. Clearly, G\g2x is invariant under er. Thus, 
G\gx = H implies that H\g2x is cr-invariant. This proves the 'only if part. 

For the 'if part, suppose H\g2x is cr-invariant as above. Write H = 
iJ,CH^ ■■ j e J), where J = {j,{Wi , ,P ,^^) : j e J,...). As ( J, C) is 
an excellent coordinate system with corners for {dX, f\dx) and (J, C)\d^x is c- 
invariant, Proposition 13 . 241 gives an excellent coordinate system (J, rj) with cor- 
ners for {X, f) with (/, 77) I ax = (J, C), where (j, s\ V*), z £/,...) . 

Then dE' = F'~^ iov i e I with i - 1 e J, and dE' = for i e / with 
« - 1 ^ J. When i e / with i - 1 e J, we have W'^ : dE' P with H''-^\g2E' 
invariant under cr : d^E'^ — > i?*. Therefore by Principle I2.8r a) we can choose 

: E^ ^ Pn C P with G^lgEi = ■ Since is arbitrary, not continuous or 
smooth, the values of on need not be related to those on dE"^ . 

Choose G'|(£;i)o : (i?*)" ^ P„ C P to be an arbitrary injective map, for 
n ^ 0. As H^^^ is globally finite with constant TV ^ in the sense of Definition 
13.81 it follows that G* is globally finite with constant + 1. If i G / but i — l^J 
then there are no boundary conditions on G*, so we choose : E^ ^ Pn C P 
to be an arbitrary injective map for n ^ 0, and then G* is globally finite with 

= 1. Thus G is gauge-fixing data with corners for (X, f) with G\gx = H, 
proving the 'if part. For the second part on F actions, we combine the proof 
above with the second part of the proof of Theorem 13.181 The analogues for 
co-gauge-fixing data are immediate. □ 

3.7 Pushforwards and pullbacks of (co-) gauge-fixing data 

Our next definitions, which give Propertv l3. If f) . fg) for gauge-fixing data and co- 
gauge- fixing data, encapsulate the reasons for the diS'erences between Definitions 
13.81 and 13.91 We will use gauge-fixing data in Kuranishi homology, so it should 
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have a good notion of pushforward /i* under smooth h :¥ ^ Z. We will use co- 
gauge-fixing data in (compactly-supported) Kuranishi cohomology, so it should 
have a good notion of pullback h* under smooth, proper h -.Y ^ Z . 

Definition 3.26. Let Y, Z be orbifolds and h -.Y ^ Z & smooth map. Suppose 
X is a compact Kuranishi space, f : X ^ Y \s strongly smooth, and G = 
{1,1], : i e I) is gauge-fixing data for {X,f), where / = (/, {V\ E\ s\ip''), 
G /,...) . Then h o f : X —> Z is strongly smooth. Define pushforward 
gauge-fixing data h^[G) for {X,h o /) to be h^{G) = {h^{I),rf,G^ : i E I), 
where h^I) = {l, (y\ E\ s\ip'), h o p : i G /,...). That is, /i*(G) is the same 
as G, except that p : ^ Y for i G / are replaced hy h o p : —> Z . 

Clearly h^{G) is gauge- fixing data for {X,h o f). Note however that the 
same construction does not work for co-gauge-fixing data, as if ft. : y — > Z is 
not globally finite, then C" x (/' o tt') : i?' — > P x F globally finite does not 
imply C- X {h o p o tt') : ^ P X Z globally finite, so Definition [SH fails 
for K{C). 

Definition 3.27. Let Y,Z be orbifolds without boundary and h : Y ^ Z a. 
smooth, proper map. Suppose X is a compact Kuranishi space, f : X ^ Z is a, 
strong submersion, and C = {I,t],C^ : i £ I) is co-gauge-fixing data for {X, /), 
where / = [l , {V\ E^, s^ip^), : i G /,...). Then Y Xh,z,f X is a compact 
Kuranishi space, and TZy : Y Xz X ^ Y is a strong submersion. We will define 
co-gauge-fixing data h*{C) for {Y Xz X, Try), where h*{C) = (/, -.i £ I), 
with J = (/, {V\E\s\i[j'),rY : i G /,...). 

Let k = dimF — dimZ, and I — {i + k : i E I}. Then dimF* = i for 
each i £ I, and as /' : V"* ^ Z is a submersion i — dimV* ^ dimZ, so 
i + fc ^ dimF ^ 0. Thus / C N. For i G /, define iy^+'' , E'+'' , ,4^'+'') = 
(Y Xy^ zj^ 7i'\/i(^'*)i o ^^v^,h Xz ip^). This is a Kuranishi neighbourhood 
on Y Xhz.f X, with dimy*+'' — dimF* -f diniF — Z = i + k, as we want. Let 
TTp'^ : V^+'' ^ y be the projection from the fibre product. This is a submersion, 
as is, and represents Try. 

For i,j G / with j < i we have a triple {V^ , (j)'^ , 4>'^ ) . Define V(^+'')U+'') = 
t^y]{V^^), where tt^j : V^^^ is the projection from the fibre product. 

Define : ^ V'+^ by = ft*(0'^), mapping Fx^ 

V'^ ^YxzV\ Define : E3+^\y^^^^^^^^^^ -> (0(^+^)0"+^) )*(i^»+fc) by 

= h*{4>'^). Then i = {l,{V\E\s\i>'),n'y : i G I , {V'\ , ^'^) : 
J ^ i in /) is a very good coordinate system for {Y x z X, Try). 

Now for i £ I, define fji^k : Xz ^ ^ [0, 1] by ryi+A; = i]i ° '^x, aud for 
i,j €l define 77^+^' : V^+'' ^ [0, 1] by 77^+^' = r)i o Try.. Write i) = {f,, : i £ I , 
f/j : i, j € I). It is not difficult to check that (1,11) is a really good coordinate 
system, as (J, r/) is. In Definition [SUl^v) we can use the same M for (7, fj) as for 
{1,1]), and if T C Z is as in Definition [331; vi) for (/,t/) then f = h-^{T) C Y 
is compact as T is compact and h is proper, and satisfies Definition I3.4r vi) 
for (J, 77). 
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However, although (J, r]) is an excellent coordinate system, {I, rj) need not 
be, as taking fibre products i-^ Y x z V'^ = V^+^ may introduce unnec- 
essary connected components of V^+'' or 5'V^'+'^'. Let {I,fj) be the excellent 
coordinate system obtained from [1,^]) by applying Algorithm 13. 16[ where I = 

Let i £ /, so that i — k € I. Then V'^ is an open subset of V'^ = Y x^^ji-t 
and is the puUback of E^^'' V-'^ by the projection Tiyi-k : 

V^~''. Thus there is a natural projection Tr^ji-t : i?* E"^*^ between the 
total spaces of the bundles E\E'-''. Define & : E^ ^ P hy & = C''' otte-i-. 
We shall show that (7* x (tt^ o tt*) : P x F for i G / is globally finite. 

Definition EHvi) gives compact T <Z Z with /«-fe(y«-fe) c T. The map 
Z ^ N taking z i— > j Stab(z)| is upper semicontinuous, so as T is compact there 
exists L > 1 such that | Stab(z)| L for all z e T. As C'-'' x (f-^ o tt*-*^) : 
^ p X Z is globally finite, there exists ^ such that \ {C'-'' x {f'-'' o 
.j)! ^ ^ foj. all e P X Z. Let G P x F, and z = 

Now TT^i-k : -E* ^ £''~'^ restricts to a map 

: (C^ X {eyoe))-\p,y) [C^-^ X (f-'^ o n^-^))-\p, z). (36) 

Using E^ C y X;j^2j-i-fco^i-fc iJ*"*^ and the definition of fibre products of 
orbifolds, we see that each e on the right hand side of ([55)1 pulls back to a subset 
of/i*(Stab(y))\Stab(z)/(/*-'=o7r*-''-),(Stab(e)) on the left. Since | Stab(z)| L, 
at most L points on the left of (|36p project to each point on the right. But 
the right hand side of p6|) has at most A^ elements, so the left has at most 
LA" elements. Thus x (-TTy o tt*) is globally finite, with constant A — LN. 
Therefore h*{C) is co-gauge- fixing data for {Y xz A, Try). 

Note that the same construction does not work for gauge-fixing data, as 
if h is not globally finite then : E^ P globally finite does not imply 

o TT^i : Y Xz E^ ^ P is globally finite, so : E^ P may not be globally 
finite, and Definition 13.81 fails for h*{G). 

Remark 3.28. We suppose Y, Z are without boundary in Definition 13.271 in 
order that d{Y Xz X) = ±Y Xz dX. This will be needed in iJ4.4l to ensure 
that puUbacks h* on Kuranishi cochains satisfy d o ft,* = /i* o d. If dY ^ 
then diY Xz X) has an extra term dY Xz X, which would invalidate the proof 
of d o ft,* = ft* o d. Actually the assumption dZ = is unnecessary, since our 
definitions of (strong) submersions imply that f : X ~> Z and p : Z for 

i G / map to Z°, so dZ does not affect d(Y Xz X) or d{Y x^^zj' ^')- 

3.8 Fibre products of (co-) gauge-fixing data 

When (J, r]) and (J, r)) are really good coordinate systems for (A, /) and (X, /), 
where one of / : A y and / : A ^ Y" is a strong submersion, we shall 
define a really good coordinate system (/,?7) Xy (IiV) for ths fibre product 
(A Xy A,7ry). The construction is long and complicated. 
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Definition 3.29. Let X,X be compact Kuranishi spaces, Y be an orbifold, 
f : X ^ Y and f : X ^ Y he strongly smooth and {1,11), i^iV) be really 
good coordinate systems for {X, f) and {X, /). Suppose one of /, / is a strong 
submersion, and the corresponding /* : ^ Y or : Y in I , I are 

submersions. Then X Xy X is a compact Kuranishi space, as in ij2.6l As in 
(fTB|) , for i e / and i E I define a Kuranishi neighbourhood on X x y X by 

Let TTy'*-* : ^ y be the projection from the fibre product. If i,j G I 

and i,j € I with j ^ i and j ^ z we have open sets V^^ C and C 
and coordinate transformations {(j)^'^ and (<^*-', 0'^). Define c 

to be V'^ X/.,y,/5 Then {(j)'^,^^^) and {4>'K4>'') induce a coordinate 
transformation 

We want to build a really good coordinate system {I,r}) — {1,1^) Xy (/,»7) 
for (X Xy XjTTy) with Kuranishi neighbourhoods {V^ , . . . for k € I, us- 
ing the Kuranishi neighbourhoods ([57]) and maps TTy'*'. Since dimT/(*'') = 
dimT^* + dimy* — dimF = i + i — dimF, the obvious definition is = 
U.e/,fe/:.+5=fe+di.„y^^^'''> with s^ = and 

TTylvCi^j) = TTy'*'*. There are two main problems with this: 

(*) If i 7^ j e / and i =^ j £ I with i + i = j+ j= k + dim y and Im n 
Im^*^-''-') 7^ then ■0'^ is not injective, so {V'', . . . ,'0*'') is not a Kuranishi 
neighbourhood; and 

(**) Suppose i < j £ I and i > j E I with i + ? = k + dim y and j + J = 
I + dimy with I < k, and that Imi/;''^*^ n Imi/;'^^-') ^ 0. Then we expect 

to define an open V''^ C and a coordinate transformation (0*''' , 0'^' ) 
from (l/'=',i;'|^.,,s'|^.,,V;'|^.,) to (l/^...,0'=). This should include a 
transformation from a nonempty subset of V^^'^^ to However, since 

i < j we have no transformation from V^^ C V-* to to build this from. 

We shall deal with both these problems by making the smaller. That 

is, we shall define 

^' = U.e/,.e/:.+.=.+di,ny^^''^ (38) 

where is an open subset of . We shall choose these so that in (*) 
and above we always have Im V'*-*'''' ^Im ■(/'^■''^^ |y(3,j) = 0. But we cannot 
make the too small, as we need to ensure that X = Uie/ ^e/ I • 
To define the we will construct partitions of unity on X Xy X and on the 



57 



for all i,i using the data 77,77. We will also use these partitions of unity 
to construct rj in the really good coordinate system {I,r)) for {X Xy X,-ky)- 
For all and J G / we will define continuous functions 77(4^?) : X Xy 

X [0, 1] and ?7[f| : V'-^'^'^ [0, 1] satisfying the conditions: 

(a) E»e/,fe/'7(»,f) = l on Xxyl, and E,;e/, je/ = 1 on F^") for aU j,J. 

(b) I (sO.^))-i(0) = '7(«,i) ° V''-''^^ for all i, j £ / and J G /. 

(c) Let i, J, A: G / and J, fc G / with k ^ j and fc ^ J. Then ?7|f j)'' |y(3,j)(A;,fc) = 

(d) If j ^ I in /, J ^ I in / and q £ X Xy X with rni i){q) > 0, f]{j.j){Q) > 
and g G Im^(''*^ then q G Im^/;'^'-'^ 

(e) if i sC i in / and J «C ? in / then J)) is a closed subset 
of {v G : ?7(^ > 0}. If fc j i in / and fc J s; ? in / 

and V G with > 0, ?7q^j^^(w) > and w G then 

(f) Suppose i,j,k G / and i, J, fc G / and either i < j and % > j, or i > j and 
? < J. Then 77(,,f)r;(j- J) ee on X xy 1, and vllf)^vljj)^ = on l^C^'^). 
That is, the supports of 77(i j) and are disjoint, and the supports of 

'^{i}!}^ ^^'^ "^UJ) disjoint. 

(g) Suppose gGXxyX, setp = T^xiq) and p ^ ir-^q, and let z G / and i <E I 
be least with rii{p) > and f]i{p) > 0. Then ri(^i i'^{q) > and q G Imi/)^''*). 

With the exception of (f),(g) these are analogues of Definition 13. 4r i)-fiv): note 
that (d),(e) are partial analogues of the parts of Definition 13 .4r i) . fii V 
Suppose for the moment we have constructed such ?7(ij), vlti) ■ Define 

^{ve V'^'''^ : vfuliv) > 0} C V'^'''\ (39) 

Then is open, as '7(*',jj is continuous, and (b) with j = i, J = i implies that 

ImV(''^T|^(.,., ={qe 7r^i(Im^') n7r^i(Im^') : rJ^,r^){q) > 0} ^^^^ 
C {q e X Xy X : r]^is){q) > O}. 

Define / = {i + ^-dimF V-'^''^ 7^ 0}. Since one of /, / is a strong 

submersion, it follows that either i ^ dimF for all « G / or J ^ dimF for all 
I G /, and so / is a finite subset of N = {0, 1, 2, . . .}. For each fc G /, define V'^ by 
([38)) . Then is an orbifold with dimF*^ = k. Define an orbibundle E'' V^, 
a smooth section s*^ of , a continuous map ij)^ : (s'^)~^(0) X Xy X and 
a smooth map tt^ : 1/'= F by (/;'=, = (/;(*^*~), s(*'^\ , 

TTYlvCi.s) = ""y'*' Ivc^.^) for alii, I in 
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We claim that {V'^ , . . . , ip'^) is a Kuranishi neighbourhood on X Xy X. Since 
it is a disjoint union of open subsets of Kuranishi neighbourhoods l(37|) , the only 
thing to check is that ')p^ is injective, the problem identified in (*) above. It is 
enough to show that if i, j G / and i,j € I with ^ {j, j) and i + i = j + J = 
fc + dimF then Im V'^*'*-' n Im-0('''^^ — 0. But these conditions imply 
that either i < j and i > j, or i > j and t < j, so (f) implies that the supports 
of 77(j j) and are disjoint, and thus ImV'*-*'*''|y(i,i:),Im-0'^'''^^|y(j,j) are disjoint 
by (1301) ■ Hence {V^, . . . ,ip^) is a Kuranishi neighbourhood on X Xy X . 

Next, for j ^ j in / and J ^ « in / define 

For k,l £ I with Z ^ fc, define 

We claim that (|42p is a disjoint union, that is, distinct O j") in (gS]) do not 
intersect. Since is a disjoint union, it is enough to 

show that if i,i',i S / and ?, ?',J G / with 7^ J ^ j ^ J ^ *j 

J ^ i', = i'+l' = fc+dimF and j+] = Z+dimF then F^^'^^^^'^T nT/^'''^')^^^) = 
0. Now ?7[/!j > on V^''^'^ by and C by 

61]), and ?7(g|y(.,^)0.5) = ^(-^ ° 0^"'^^^'^^ by (c), so > on T/(^'^)(^'^), 

and similarly r/[f;^^,^ > on Hence v[i!)v[i:% > on n 

y(* ^« )0'J) But the conditions imply that either i < i' and 1 > V , or i > i' and 
z < so (f) gives v[if)V'ii'% = on y^^-^"). Thus n y(»'^*')0'J) = 0^ 

and (|^^ is a disjoint union. 

Define a coordinate transformation 

i^'^,^'') : (43) 

by = foralH,j,I,jm (gSl). This 

is well-defined as (j42|) is a disjoint union. Since each is a 

coordinate transformation, to check (j43| is a coordinate transformation it only 
remains to check that 0'^' in is injective. It is enough to show that if i, j, j' G 
/ and I, J, J' G / with ^ {j',f), j i, f ^ i, j ^ i, f ^ i, i + i = k + dimF 
andj+J== j'+J' = Z+dimF then</.('^*)(J'JT(T>(*'^)(J'J))n0(^'*)(j'''^")(^'''*'''^''^'^) = 
in This holds as by a similar argument 77[*'!.] > on J) 

and rj'^fl,^ > on J'))^ but ?7(^- jj?7(y'j/) = on F^^'^T. 

We claim that I = (/, (F^ . . . , V''^), tt^. : k G i ,{V^\4)^\l^^) : I k £ i) 
is a verj/ good coordinate system for (X Xy X, Try). Only two nontrivial things 
remain to check. Firstly, (g) implies that every q G X Xy X lies in Im^f^*'*^ |y(i,5) 
for some i,i and hence in Im-0'"' for some fc, so X Xy X = IJ^.^^ Im-0'"', as we 
need for / to be a good coordinate system. Secondly, we must show that V^^ is 
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an open neighbourhood of (■0')~^(lmt/''^) in whenever Z ^ fc in /. It is enough 
to show that if «, j € I and j S / with i + t = k + dim Y and j + J = I + dim Y 
then: 

(A) if j ^ i and then is an open neighbourhood of {ip^'''^^\y(j,j))~^ 
(Imi/'(*'')|,>(.,r)) in and 

(B) if either j > i and j < i, or j < i and j > i, then (Im?/'^*''^|y(i i)) 
(Imi^(")|^(„„) =0. 

Part (A) is immediate from ([1T|) and the fact that is an open neigh- 

bourhood of ('j/;(-''^')^^(Imi/'(''*)) in V'^^''^\ which follows from the corresponding 
statements for V^^ , , tp'^ in X and V'^^,ip^,ip^ in X. Part (B) is the problem 
identified in above. To prove it, note that (f) gives 'n(i,t)'n(j,3) = on XxyX, 
but (|iD|) yields 77(ij) > on ImV'*-*''''|y(i,i) and 77(j j) > on lm'0(^^-')|y(j,j). 
Therefore / is a very good coordinate system. 

Next we define the partition of unity data ?7 for I . For k,l G /, define 
continuous -qt ■ X Xy X ^ and : V^' ^ [0, 1] by 

and for all j ^ I, j E I with j + J = I + dim F , 

VklvUJ) — 'l2ieI,iei:i+i=k+diniY^'(i'Jy ('^^) 

All of Definition I3.4f i)-(iv) except the last sentence of (i) and the last two 
sentences of (ii) follow easily from (a)-(c) above, and these parts of (i),(ii) 
follow from (d),(e) respectively. If M, M,T,T are as in Definition I3.4r v).fvi) 
for (/, r]), {I, ri), it is easy to see that Definition 13 .4r v) . fvi) hold for (/, rj) with 
constant M = M + M and compact set T = T n T. Hence {I, r]) is a really good 
coordinate system, which we will also write as (/, f]) Xy {I, fj). 

It remains to define the continuous functions ?7(i,f) and rj^^j'^^ satisfying (a)- 
(g) above. The obvious definitions for these are 77(^.5) — {rji o ttx) ■ {fji^T^x) and 
'^^(il) ~ (^i ° ''^v^) ■ {fll ° TTyj), but these will not do as they satisfy (a)-(e) and 
(g) but not (f), which was crucial in solving problems (*) and (**) above. 

There may be many ways to define Jy^f j^'' satisfying (a)-(g). The defini- 
tion we give was chosen very carefully to ensure that Theorem l3. 301 below holds, 
so that fibre products of really good coordinate systems are commutative and 
associative. It seems remarkable that such a definition is possible. 

Before defining the ?7(i,i) , Jy^f we set up some notation. For each fc ^ 0, 
define the k-simplex to be 

Afc = {{xo,...,Xk) eR'''+^ : a:, ^ 0, xq + ■ ■ ■ + xu = l}, 

as in ([55)1 below. Write / ~ {zq, ii, . . . , «fe} with ^ < ii < ••• < ik 
and / = {?o, zi, . . . , ?/} with ^ < ii < • • • < i;, so that |/| = k + 1 and 
|/| = Z -|- I. For a = 0, . . . , fc and h — ... ,1 we will define continuous functions 
C!(^gl^ ■ Afc X A; ^ [0, 1] satisfying the conditions: 
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( ^^ r'^'^ = 



1 on Aj: X A;. 



(B) Cfalb) supported on {{{xq, . . . ,Xk), {yo, ■ ■ ■ ,yi)) G x A, : Xa > 0, 
j/fc > O}, for all a, b. 

(C) Suppose a, a' = 0, . . . ,k and &, 6' — 0, . . . ,1 and either a < a' and b > b' 
or a> a' and 6 < fe'. Then C^;[b)C{a' ,b') = on Afe x A;. 

(D) If = • ■ • = Xa-i ^ 0, Xa > and = • • ■ = 2/6-1 = 0, ?/6 > then 

C('a!b)((^o, ■ • ■,xk), ivo, ■ ■ ■,yi)) > 0. 

Then we define continuous r]{ic,h) '■ X XyX ~>[0,1] and vli'^l^) ■ V'-^-^^ — > [0, 1] by 



^jgj i^i = 1 on X and rji^ ^ for all a = 0, . . . , ^ as rji^ maps X ■— > [0, 1]. 
In the same way (ijig o ii j^{j)),fji^ o TTj^{p), ■ ■ ■ ,fij^ o TTj^{p)^ £ Aj, so pS)) is well- 
defined, and similarly (|47|) is well-defined. Part (a) above follows from (A) and 
dUll-dlTl). Parts (b),(c) are immediate from (gBJ-dlTl), Definition lOTiii) . fiv) 
and the identities nx o V^^'"'^ = o tt^, : (s(J'-'))-i(0) X, nj^ o ^j^^'^^ = 
V^J o TTy^ : (s(^J))-i(0) ^ X, TTv. o EE 0^'= o TTyfc ! T/Wj)^^^^) ^ \/J , and 

Part (d) follows from (B), the last sentence of Definition l3.4r i) for Imt/'* and 
Im^\ and ImV^*^*'*^ = (ttx X7rjj)~^(Im-0* xlm Part (e) follows from (B),the 
last two sentences of Definition [Oljii) for V'^ and V"*-' and ^ V'^ Xy 

V~'l Part (f) follows from (C) and For (g), suppose qeX XyX, set 

P = T^xiq) and p — TTxQ, and let ia & I and if, £ / be least with rji^ (p) > and 
mdp) > 0. Then by ^ we have ?y(j„j^)(g) = C(a|6)((2;o, ■ ■ -^Xk), {ya, ■ ■ ■,yi)) 
with Xc = rjiaip) and yd = Vidip)i so xo = ••• = Xa-i = 0, Xa > and 
J/o = • • • = 2/6-1 = 0, 2/6 > by choice of ia,%, and thus ?/(i„,i^)(g) > by (D), 
the first part of (g). For the second part, note that as X = IJje/ ImV'"' we have 
p G Im-f/;^ for some j G /, so ?/j(p) > by Definition l3.4r iV Therefore j ^ ia, 
as la is least with 77^^^ (p) > 0. The final part of Definition I3.4r i) now implies 
that p e lm'0*''. Similarly p e lm'0'''. Thus q G Tr^^{lmip^) n 7r^"'^(Imi/''), so 

equation implies that (7 e Im 

Finally we construct the functions C^^^-^ ■ A^ x A/ ^ [0,1]- To do this we 
first write down a triangulation of A^ x A; into (fc -f- /)-simplices Afe+;, and 
then define the ^-j on each simplex A^.^; to be the unique affine function with 
prescribed values at each vertex of Afc+j. For ^ a < fc and ^ 6 < /, define 
the wall Wa.b C A/c x A; to be the set of ((xq, . . . , x/c), (2/0, • ■ • , 2/0) ^'^^ which 



• °7r^ (<?))]: 




e Afc since Y.a=oVia 



(47) 
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xo + ■ ■ ■ + Xa = yo + ■ ■ ■ + yb- These walls Wa.b for all a, b cut A/j x A; into C^jJ"') 
regions afEne-isomorphic to the {k + l)-simplex A;;+;. 

Here is one way to describe these regions. Suppose {1, . . . ,k + 1} = AU B 
with 1^1 = k and \B\ = I. Write A = {ro,ri, . . . ,rk-i} with ro < ••• < rk-i 
and B = {sq, Si, . . . , Sk-i} with sq < ■ ■ ■ < s;_i. Define 

Ca,b = {{{xoi ■ ■ - .Xk), (j/o, • • ■,yi)) e Afe X A; : < ^2 < • • • ^ tk+i}, 
where tc = Xq -\ \- Xa ii c = ra, and U = yo -\ H J/a if c = «„• 

Then Ca,b for all such A, B are the closures of the regions into which the 
Wa,b divide the A;j x A;. Write po,. . . ,pk for the vertices of A^, where Pa = 
{Soa, Sia, • • • , ha), and qo,...,qi for the vertices of A;, where qb = {Sob, Sw)- 
Then each Ca.b is a (/c + Z)-simplex, with k + I + 1 vertices, all of the form 
(Pc Qd) for some c, d determined by A, B. 

For a = 0,...,k and b = 0,...,l, define C(a'b) : Afc x A; ^ M to be 
affine linear on the {k + Z)-simplcx Ca.b for all A, B as above, and to sat- 
isfy C(ai;) {Pc, qd) = SacSbd for all c — 0, . . . , and d ~ 0, . . . , k. This determines 
C'l^^b) uniquely on each Ca,b, since we have prescribed C(^a'(,) '^^ vertices 
{Pc, qd) of the {k + ?)-simplex Ca,b, and there is a unique afRne linear function 
taking any given values at the vertices. 

Each intersection Ca,b H Ca',b' in A^ x A; is empty or a simplex A^ for 
^ m ^ k + 1, whose vertices {pc, qd) are the common vertices of Ca,b, Ca',b'- 
The definitions of C^^b) C!a,b and Ca',b' both restrict to the unique afHne 
linear function on A„ = Ca,b n Ca',b' with (Pc, Qd) = hcSbd on the m + 1 
vertices {pc,qd) of Am- Thus the definitions of C^^i,) '-"^ ^A,b and Ca',b' agree 
on C/i.bHC/I'.b', so C'(^^\'j is well-defined. The maximum and minimum values of 
an affine linear function on a simplex are achieved at the vertices, and we have 
prescribed the values or 1 for each vertex. Thus, C'^ab) ^^aps A/j x A; — > [0, 1]. 

Also, C^ab) \ca,b is continuous as it is afRne linear, so since A^ x A; = Ua,b (^a,b 
and the Ca,b are closed, C^^\-^ is continuous. 

We must verify (A)-(D) above. We have Ea=o ELo Cfa^b) (Pc g<i) = Ea=o 
J2b=Q^acSbd = 1- Thus, Ea=oE6=oC('a'6)lc^,i5 IS the uuiquc affine linear func- 
tion which is 1 on each vertex {pc,qd) of Ca,b, so Eo=o ELo C(t|b) Ic^,b = f- 
This holds for all Ca,b, giving (A). For (B), each Ca,b has k + I + 1 vertices 
of the form {PcQd)- If {Pa,Qb) is not a vertex of Ca,b then C^^b) 
each vertex {Pcld) of Ca,b, so Q^^^b) = on Ca,b, and (B) holds trivially on 
Ca,b- If {Pa,qb) is a vertex of Ca,b then C(a'6) is 1 at this vertex and at all 
other vertices of Ca,b- Then the support of C^ab)\<^A,B, and the subset of Ca,b 
on which Xa > and yb > 0, are both the complement in Ca.b of the unique 
codimension one face of Ca,b not containing (j)a,qb)- This proves (B). 

For (C), suppose < a < a' < A; and ^ b' < b ^ I. Then {pa,Qb) lies 
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strictly on one side xq + ■ ■ ■ + Xa > Vo + ■ ■ ■ + yb' of the wall Wa,b' , and {pa> , Qb' ) 
lies strictly on the other side xq + ■ ■ ■ + Xa < yo + ■ ■ ■ + Vb' of the wall Wa,b'- 
Since each Ca,b lies on one or other side of Wa,b', it follows that for each Ca,b, 
at most one of (pa,Pb), iPa',Pb') can be a vertex of Ca,b, so at most one of 
C('a'b)'Cfa5.b') can be nonzero on Ca,b, and C'^a,b)^ia\b') = ^ on Ca,b- Therefore 
C(o b)C(a' 6') = on Afc X A;, as this holds for all A, B. The case ^ a' < a ^ fc 
and ^ & < 6' ^ Z follows in the same way using Wa',b- This proves (C). 

For (D), let xo = • • • = Xa-i = 0, Xa > and yo = • • • = 2/6-1 = 0, Vb > 0. 
For any ^ a' < fc and ^ 6' < by considering the cases a' < a, a' ^ a 
and b' < b, b' ^ b separately it is easy to see that ((xq, . . . ,Xk),{yo, ■ ■ ■ ,yi)) and 
{Pa, qb) cannot lie strictly on opposite sides of the wall Wa',b' in Afe x A;. Hence 
there is some (fc + ^)-simplex Ca,b containing both {{xq, . . . , Xk), {yo, ■ ■ ■ i Vi)) 
and [pa, qb)- Now C(^^'{,) is affine linear on Ca,b, and is 1 on the vertex (p^, 9b) , 
and on the Afe+;_i face of Ca,b opposite {pa,qb), and positive otherwise. As 
a;a > 0, j/b > we see that ((xq, . . . , Xk), (yo, ■ ■ ■ , yi)) cannot lie in the Ak+i~i 
opposite {pa, qb), so C^l^^) {{xo, Xk), (yo, • ■ ■ , yi)) > 0. This proves (D), and 
completes the construction of (/, 17) xy {I,fj), and Definition 13.291 

The construction of Definition l3.251 is commutative and associative. This will 
imply fibre products of (co-)gauge-fixing data are commutative and associative. 

Theorem 3.30. Let Y be an orbifold, and for i — 1,2,3 let Xi be a com- 
pact Kuranishi space, f ^ : Xi ^ Y a strong submersion, and {Ii,rii) a re- 
ally good coordinate system for (Xi^f.^). Then the really good coordinate sys- 
tems (Ii,r;i) xy {12,112) for {Xi xy X2,7ry) and {12,^2) Xy (-fi,^7i) for 
{X2 Xy Xi,ity) are identified by the natural strong diffeomorphism 

^fiXj^ X2 = X2 Xf2,Y,f^ Xi. (48) 

Also, the really good coordinate systems ((Ji,rj]^) Xy (72,772)) Xy [I^^t]^) for 
{{Xi Xy X2) Xy X3,7ry) and {Ii,Vi) {{12, V2) Xi- (-^3,%)) for {Xi Xy 
{X2 Xy J("3),7ry) are identified by the natural strong diffeomorphism 

(^1 >^fi,YJ2 ^2) y-n^,Y,f, X3 9i Xi Xf^^Y,n^ {X2 Xf^^yj, X3) . (49) 



Proof. In Definition 13. 29[ adapting notation in the obvious way, for ii e /i and 
1 2 G I2 we have Kuranishi neig hbourhoods {Vl2''''\ ■ ■ ■,i>i2'''^) 

on Xi Xy X2 

and {V^'^'-''\. . . , V'al''''^) on X2 xy Xi from §7^, with = V^' x ^ 

V?" and K'f '''^ = V;*" x ^ ,,1 Parallel to (gS]) we have a natural diffeo- 

morphism x^.^ ^^.^ K,*^ 9^ x^.^ ^ F/S that is, T//2'^''' = V^l^-''\ We 
also have functions r](i^^i.^) : Xi Xy X2 [0, 1] and rn^i^_i^) : X2 Xy Xi ^ [0, 1], 
and fl^^ : V^^'^^ ^'[0, 1] and rj^^ : l^f ^ [0,1] for n e h, 32 e h. 
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We claim that identifies r^^i^^i^) : Xi Xy X2 ^ [0, 1] and r](^i^^i^) : X2XY 
Xi [0,1], and the diffeomorphism vj^^'^'''^ = V^l'''''^ identifies r/j^^'J^^ and 
V(il'ily Following the definitions through, this is immediate since the C^^\) 
satisfy C(a|f,) ((^^o, • • ■,Xk), {yo, ■ ■ ■,yi)) = C[b% ((2/0, • • ■,yi), {xo, ■ ■ ■,Xk))- 

Equation (|39|) now shows that the open subsets Vl^''''^ C Vl^''''^ and 
V^f'"'^ C V^l'-'''^ are identified by the diffeomorphism = V^l'^^'K So by 

([55]) . for each fc we have a natural diffeomorphism between V12 and V21, which 
easily extends to an identification of the Kuranishi neighbourhoods {V12, ■ ■ ■ "012) 
in (/i,77i) Xy {I2,V2) and (V'a'i, • ■ • V'21) in (i'2,J72) Xy {Ii,Vi) under JUl). It 
is an exercise to show that all the rest of the data in {Ii,ri^) Xy {I2,ri2) and 
(12,112) Xy {IijTji) is compatible with these identifications for all k, which 
proves the first part of the theorem. 

For the second part, we follow a similar method, except that the conditions 
on the C(^^'f,') are more complicated. Let ie G le for e = 1, 2, 3, and define 

^(n,...3) ^ (^1 ^^^^^^^^^ ^^^^^^^ y^. 

These naturally extend to Kuranishi neighbourhoods (V(i2)3^'*^\ ■ • • , ^'(12)1'^^'') 
on (Xi XyX2)xyX^ and {V[l^^''''\ V'jJVs) '''^) OnXiXy {X2 Xy X^). As 
for (|^ . there is a natural diffeomorphism Vj^i2)3^"' ~ ^i(*237 which extends 
to identifications of the Kuranishi neig hbourhoods {Vl^lig'"'\ ^'(12^1'''^) and 

[V 1(^23) , • ■ • : V^i(23) j unacr 

Set / {ii + 12 + is : ii e /i, ^2 £ -^2, ^3 G 13}. Applying Definition 
13.291 twice, we have functions r/k : (Xi Xy X2) xy X3 — > [0,1] and -q-j^^ '^'^ '^'^^ 
^(12)3^ *^^ — > [0,1] for fc G / satisfying analogues of Definition I3.4f i)-fiv). and 
open subsets v}^''^^ = {v G v}^^'^^ : rl^^'^M > O} m vl;^-'^\ such 
that the Kuranishi neighbourhoods in ((Ji,J7j) Xy (12,772)) Xy (I^jfj^) are 

("^(12)3'--->a2)3) ^it^^ 



T/fe _ TT TV(n,i2,i3) 
"(12)3 — iine/i, i26-f2, i3e/3:n+i2+i3=fc (] 



, 426/2, i3G/3:n+i2+i3=fc (12)3 ' 

and CF*^ i/;*-' "ll ■ > — ( F^^i '*2:i3) (^1,^2,^3) i(iui2M)\\ . . , 

cuiu 1,-^/(12)3: *(12)3' V^(12)3''lv'j<j^'iyJ2,»3) — V-f^(i2)3 ' *(12)3 '^^(12)3 ' V-fi'aVa^"'^ 

The partition of unity data in ((Ji,r7i) Xy (72,772)) xy (13,773) is ?7fe as above 
and rff. given by ry[|v,(ii,i2,i3) = jy^*!'*^"'-') when + 12 + 13 = L We also have the 

"(12)3 

analogous functions, sets and Kuranishi neighbourhoods for Xi Xy {X2 Xy X3); 
for clarity, we denote the corresponding functions by VkjVk^'^^'^^Kvk- 

Write Ie — {iq, if, - ■ ■ , il^} with «o < *i < ' ' ' < *L for e = 1, 2, 3, and write 
{ii + i2 : ii e /i, 12 G -^2} ~ {*o,*i, • ■ • ,«fc} with iq < H < ■ ■ ■ < i^- Then 
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computing with Definition 13.291 shows that for k € I we have 



where Xc 



a=o,...,fe, 

a2=o,...,/c2: »i^+i^^=Jc {r]^i o^T^^2iv),...,l^.i o^^y^2{v))). 



(50) 



There is also an analogous expression for fj^^''^^'^^'> V^^s)'^'^^ [0, 1]. 

It is now easy to see that ((7i, ?7i) Xy {I2, 772)) xy (13,773) and {Ii,r]^) Xy 
((12,772) Xy (73,773)) are identified by ((49l) provided the functions ij^^'^^'"'^^ 
on V^i2)3^''^'' and ^^^^'^^'^^^ on T^^js)^ '^^ identified by the diffeomorphism 
'^{12)3'^^^ ~ '^i{23) '^^^ ^ ^'-'^ *!' *3 ^-nd fc. To prove this, we claim that 
Vt'''''^)= E^ C5;::i((r;5 o. (.),...,, J^o.^,(.)), 

(,| o.^. («),..., o.^.(.)), (51) 

Here Cjl^'ll'^^aa) ^ ^fei >^ ^^2 x ^ks ^ [0, 1] is defined by analogy with 
the functions C'^^^-^ of Definition 13.291 Write points of A^,^ x A^^ x Ak^ as 
{{xq, . . . ,XfcJ, (j/o, • ■ • ,2/fc2): (^0, • ■ • ,2/03))- Then we introduce three kinds of 
walls in Afe^ x A^^ x A^g , defined by the equations xq + ■ ■ ■ + Xa = J/o + • • • + J/fc, 
or xo + ■■■ + Xa = Zf) + ■■■ + Zc, or yo + ■■■ + Ub — zo + ■■■ + Zc, ior ^ a < ki, 
0^6<fc2,0<c<fc3. These walls triangulate A^, x A^^ x Ak,, into 
(fci + ^2 + fc3)-simplices Ca.b,c which have vertices of the form '{pa, Qb, rc], where 
Pa,qb,rc are vertices of A^^, Afe^, A^g respectively. Then we define Cfa^'^'oal'os) 
to be the unique function which is affine linear on each C'a.b.c s-nd satisfies 

C(a\'!'a2!'a3)(P°'9'"^'=) " ^o.ia5a2bSa3C for all a, 6, C. 

To prove (I5ip from ((50|) . we first show that on each simplex Ca,b,c on which 
the C^a^l'^as) l|5T|) are affine linear maps in ([50|) to some simplices Ca',b' and 
Ca" B" in the domains of C'^'^''^ ^ and (^^'^"^ in which d^'^^ \ ,Cf^''^^ ^ are affine 

■ ^(a,a3) '(01,02) ^(0,03) ' ^(ai ,02) 

linear. Since compositions of affine linear functions are affine linear, it follows 
that on each simplex Ca,b,Cj the functions in (|50p and (|5ip are affine linear. 
But it also quickly follows that (j50|l and (fSTjl coincide on the vertices (po, 96, ^c) 
of Afcj X Afej X Afc3 , since both are 1 if i;^ + = fc and otherwise. Therefore 

([501) (ED coincide on each CA,B,c^ and so on the whole of A^^ x A^^ x A^^. 

This proves (j5ip . In the same way we obtain an analogous expression for 
flj^''"^''''\v). Identifying V^'/a)'!'^^'^ and V'^aaf '^'^ using the natural diffeomor- 
phism, these expressions coincide, so jy^^^'*^'*-^-' and jy^*^'*^'*^-' are identified. This 
completes the proof of Theorem 13. 301 □ 
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Note that associativity in Theorcm l3. 301 worked because of special properties 
of the C(^^'b') in Definition l3.29i implying that ((50)) . ((5T|) are equivalent. We define 
fibre products of (co-) gauge- fixing data, and prove Property [3TlJh). As we want 
products on cohomology, not homology, we explain the co-gauge-fixing case. 

Definition 3.31. Let X,X be compact Kuranishi spaces, Y an orbifold, and 
f : X ^ Y , f : X ^ Y he strong submersions. Suppose C = (J, 77, CV i £ /) 
and C — (/, J7, (7* : i € I) are co-gauge-fixing data for {X, f) and {X, /). Let 
(7,77) Xy (/, T?) be the really good coordinate system for {X Xy X.-Ky) given 
in Definition 13.291 Write {{I,ri) Xy {I,fj)y for the excellent coordinate system 
for {X Xy X,7ry) constructed from (/,?7) Xy {ItV) by Algorithm 13.161 

In the notation of Definition 13.291 we have {1,^) Xy {I,fj) = (7, ''7), where 
/ = {iAV\E\s\^'^),n^y : fc e /,...), and V'^ ^ U.e/, .re/.+T^fe+dimr ^^^''^ 
by (IMl), with an open subset in V^''''> = V' x^.. y f^ V\ Also E^\yi^,i) = 

^^ere E^^^^^ = t:'{,,{E^) ® tt*^,{E') by Thus by Algorithm [3311 
we may write {{I,ri) Xy {Ijfi))' = {i,f)), where / = (/, (V"'', i?'', s*", i/j''), tt^ : 
fc e /,...) , with an open subset of for each k ^ I, and / = {fc G / : 7^ 
0}, and {E^,s'"A^) = (^;^ s^ t/''^)]^. , tt^ =7rf-|yfc for all fee/. 

For fee/, define : & ^ P hy C"=(e) = ^i{C' o ^:E^{e),& o 7r^,(e)) 
whenever e lies in i?*"' n {E''\vhf^v(i.i)) ^ E^^'^\ for alH G / and z e / with 
i ? A: + dimy, where tte^ ■ E'-'^^^ E^ and tt^, : £;(*^^) E' are the 
projections from E^'''^ = 7r^.(£'') ® tt^ ^ xy and ^ : P x P ^ P 
is as in We shall show x {f^ o t:^) : & ^ P xY is gZo&an?/ finite. 

Let i e / and i e / with i + l ^ k + diiaY . Then : -> P„> C P 
and C* : E^ — * P^jS C P for some n*,n* ^ 0. Definition I3.4r vi) gives compact 
T,f <ZY with f{V') C T and p{V') C f. The map Y ^ N taking y 
I Stab(?/)| is upper semicontinuous, so as T n T is compact there exists L ^ 1 
such that I Stab(y)| < L for all y G T n f. As C x (/' o n') : E' ^ P x Y 
and C' X (P o^') : E' ^ P xY are globally finite, there exist N\ N~' ^ such 
that \{C' X (r o7r'))-i(p,?/)| < N' and [(C* x {f o jr'))-^{p,y)\ /i/^ for all 
p,p € P and y G For p' E P and y G consider the projection 

TTE^XTT^-, : ((C^- X (/'=o7r^-))-i(p',y)) ni?(^'^) 

[J(p,p-)ePxP:(C^ X (r °7r^))"'(p,y) x {C' x (f o e))-' ip,y). (^2) 
/i(p,p)=p' 

Since C* maps i5* — > P„i, maps E'* ^ Pni, and /i maps P„i x Pff, 
Pn'+n'^ the only nonempty terms in ([52)) occur when p G P„i, p G P^j and 
p' G P,ii_|_fii. From ([55)) we see that each p' G Pn^+fi^ may be written as ^i{p,p) 
for at most (" ^i" ) pairs {p,p). Thus on the second line of ([5^ there are at 
most (" ) nonempty sets, each of which has at most iVW' elements, so the 
second line of ([52)) is a finite set of size at most (" ^" )iV*iV*. 

But e'' n e'-'''''^ is an open subset of i?* Xy E^ , so the definition ([T2)) of fibre 
products of orbifolds implies that if e G i?* and e G E'* with /* o 7r'(e) = y = 
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/' o jf^(e) then the set of e e H with {-k^^ x 'Kj^^){e) — (e, e) is a subset 
of (/* o 7r*)*(Stab(e))\ Stab(?/)/(/' o tt')* (Stab(e)), and so consists of at most L 
points, as | Stab(?/)| ^ L. Hence each point on the second hnc of (15211 pulls back 
to at most L points on the first line. Therefore for all {p' ,y) E P x Y we have 

Summing this over all i,i implies that C**^ x (J*^ o tt'^) is globally finite, with 
constant = E^S: ^+l=k+d^n.Y L(f:f)N'N\ Hence C ^ {I ,f,,& : k E I) 

is CO- gauge- fixing data for {X Xy X, Try), which we write as C Xy C . 

Now suppose that / : X ^ F is strongly smooth and G is gauge-fixing data 
for {X, /j , and / : X — > F is a strong submersion and C is co-gauge- fixing data 
for (X,/). Then the construction above, replacing C^,C'' by G^,^, yields 
gauge-fixing data G = G Xy C for (X Xy X,7ry). The proof that the & are 
globally finite is slightly different, but the definitions are unchanged. 

Proposition 3.32. Let Y be an orbifold without boundary, and for a — 1,2,3 
let Xa be a compact Kuranishi space, f^^ : Xa Y a strong submersion, and 
Ca CO- gauge- fixing data for {X a, fa)- Then: 

(a) The natural strong diffeomorphism a : Xi x y X2 X2 x y Xi extends to 
an isomorphism in the sense of Definition[ 



(a,b) : {Xi XyX2,7ry,Ci Xy C2) {X2 XyXi,7ry,C2 Xy Ci). (53) 

(b) The natural strong diffeomorphism a' : d{Xi Xy X2) dXi Xy X2 H 
Xi X y 8X2 extends to an isomorphism 

{a\b') : {d{Xi XyX2),7ry,(Ci Xy C2)|a(Xi x,x.)) (54) 
{dXi X y X2 , Try , (Ci I axi ) X y C2) n (Xi X y 8X2 , Try , Ci X y (C2 laXs )) ■ 

(c) The natural strong diffeomorphism a" : (Xi Xy X2) Xy X3 — > Xi Xy 
(X2 Xy X3) extends to an isomorphism 

(a",b") : ((Xi XyX2) XyX3,Try,(Ci XyCa) XyCs) ^ ^ ^ 

(55) 

(Xl Xy (X2 Xy X3),Try,Ci Xy (C2 Xy C3)). 

(d) // instead fi : Xi Y is strongly smooth and Gi is gauge-fixing data 
for {Xi,fi), then in (b),(c) above a', a" extend to isomorphisms 

{a',b') : (9(Xi XyX2),Try,(Gi Xy C2)|a(Xi x,x.)) (56) 
(9X1 XyX2, Try, (GilsxJ XyC2)n(Xi XyaX2, Try, Gi Xy (C2|axj), 
(a",b") : {{Xi XYX2) XyX3,Try,(Gi Xy C2) XyG3) 

(57) 

[Xi Xy {X2 XyX3),Try,Gi Xy (G2 Xy G3)), 
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Proof. By Theorem 13. 301 the strong diffeomorphism a identifies the really good 
coordinate systems {Ii,r]i) Xy {12,112) ^^'^ (^2,112) (IitIIi)- So apply- 
ing Algorithm 13.161 a also identifies {{Ii,t]^) Xy {12,112))' {{^2,112) 
{Ii,T]i)y. That is, there is a natural isomorphism b : ((Ji, jy^) Xy (72,772))" 
{{I2, 112) ^Y (IitVi))' compatible with a. Write the really good coordinate sys- 
tem in {{Ii,rij^) Xy (12,772))" as (/12, (V12, . . . , V'12) : k G /12, . . .) with functions 
C12 : £^12 ^ P, and similarly for ((/2, 772) x y {Ii,ili)y with /21, . . .. 

To show that (a, b) is an isomorphism in (j53p . it only remains to check that 
ob^ = for all k £ I12 = l2i- But this is obvious since C^2Ufcr,„(ii.i2) = 
/X o ((CJ^ o TT^ij ) X (C2^ o 7r^i2 )) for ii G /i, 12 £ ^2 with 11 + 12 — k + dimF, and 



TT^ii X 7r^i2 as maps fl ^ ^ _E2^, and /x in (f33|) is commutative. 

This proves part (a). 

For (b)"(d) we follow a similar method, using the fact that (i in ([55)1 is 
associative for and ([57|) . but there is one complication. The argument above 
proves that the excellent coordinate systems {{IiXyl2) XyJs)" and {IiXy{l2Xy 
73))" are isomorphic under a" . But we need to know that ((JiXyJ2)"xy/3)'' and 
{I I Xy{l2 Xy/3)")" are isomorphic. One can show that {{Ii Xy I2)' Xy I^)' = 

{{I I Xy I2) Xy Is)' a nd (f 1 Xy (J2 Xy 73)")" = (Ji Xy {I2 Xy J3))", that 

is, applying Algorithm 13.161 twice gives the same result as applying it once. 
Equations ^ and ^ follow. □ 

Products are also functorial for proper puUbacks, and pushforwards. The 
proof is similar to that of Proposition 13 . 32l so we leave it as an exercise. 

Proposition 3.33. Suppose h : Y ^ Z is a smooth, proper map of orbifolds. 

(a) Let Xi be a compact Kuranishi space, f^:Xi-^Za strong submersion, 
and Ci co-gauge-fixing data for {Xi,f^) for i = 1,2. Then the natural 
strong diffeomorphism a : Y x z {Xi Xz X2) — > {Y Xz Xi) Xy {Y Xz X2) 
extends to an isomorphism 



(b) Let Xi,X2 be compact Kuranishi spaces, fi : Xi — > Y strongly smooth, 
Gi gauge-fixing data for {Xi, f-^), j ^ '■ X2 Z a strong submersion, and 
C2 CO- gauge- fixing data for {Xi,f2). Then the natural strong diffeomor- 
phism a' : Xi Xhof^,zj^ X2 Xi Xf^ y^^^ {Y x^^zj^ X2) extends to an 
isomorphism 




(a,b) : (y Xz (Ai x^ A2), Try, /i*(Ci Xz C2)) 

{{Y XzXi) Xy {Y XzX2),7Vy,h*{Ci) Xy ^(Ca)). 



{a',b'):{Xi XzX2,TVz,K{Gi) XZC2)) 

(Ai Xy{YXzX2),hony,K{Gi Xyh*{C2))). 



68 



Remark 3.34. (a) The construction of fibre products C Xy C in Definition 
13.311 can actually be split into two stages. Given compact Kuranishi spaces 
X,X, orbifolds Y,Y, strongly smooth maps f . X ^ Y and / : X — > F, and 
co-gauge-fixing data C, C for {X, f) and {X, /), we can define product co-gauge- 
fixing data C X C for {X x X, f x f), that is, for the strongly smooth map 
fxf: XxX^YxY. To do this we simply replace fibre products over Y 
by ordinary products (fibre products over a point) throughout the construction 
of C Xy C. Note that the construction of C x C is still extremely complex. 
Products of gauge-fixing data C x C are commutative and associative, by an 
easy modification of Proposition 13.321 

Then to construct C Xy C, take Y = Y, and define A : F ^ F x F to be 
the diagonal map, A : y {y,y). Then C Xy C = A*(C x C), that is, CxyC 
is the puUback of C x C under A, as in ii3.7l 

li f : X ^ Y , f : X ^ Y are strongly smooth and G, G are gauge-fixing 
data for (X, f),{X, f), then the definition of C x C generalizes immediately to 
give product gauge-fixing data G x G for {X x X, f x f), where f x f : X x X ^ 
F X y is strongly smooth. 

(b) We can use products G x G in (a) and puUbacks to define generalizations 
of fibre products of co-gauge- fixing data to more than one orbifold F, which 
we leave as an exercise. For example, if Xi,X2 are compact Kuranishi spaces, 
F3,F4,F5 are orbifolds, /13 x /14 : Xi ^ Y3 x F4, x f^^ : X2 ^ F4 x F5 
strong submersions, and Gi,G2 are co-gauge-fixing data for {Xi,fi^ x f^^) 
and {X2,f24 X /25)i tJ^en we can define co-gauge-fixing data Gi Xy^ G2 for 

(^1 X/i4,n,/24 ^2, (/i3 o TTxJ X Try, X (/25 o TTxJ) ovcr F3 X F4 X F5. 

We will generalize these ideas on products of (co-)gauge-fixing data in our 
discussion of Kuranishi (co)homology as a bivariant theory in i i4.8l 

3.9 Effective gauge-fixing data and co-gauge-fixing data 

For reasons that will become clearer in Chapter 21 because we allow triples 
{X, f, G) or {X, f, G) to have finite automorphism groups, as in we can 
only use them to define Kuranishi (co)homology theories KH^,, KH* (Y; R) in 
which the coefficient ring i? is a Q- algebra, with the homology theory isomorphic 
to singular homology KH^,{Y; R) = i/J'(F;i?). Essentially this is because R 
must contain | A\it{X, /, G)|^^, to enable us to average over Aut{X, f, G). 

We will also define effective Kuranishi (co)homology KH^^ , KH*^{Y; R), 
which work for R any commutative ring, with KHf{Y;R) = H^^{Y;R) and 
(for F a manifold) KH*^{Y;R) ^ H*^{Y;R). To make this work, we need to 
ensure that (connected) triples {X, f,G) or {X, f,C) have only trivial automor- 
phism groups {1}. Our goal now is to define notions of effective (co-)gauge-fixing 
data G,C, and partially extend tj3.2| -i j3.^ to them. 

The basic idea is that we shall require the maps G*, C x (/^ott*) of Definitions 
i3.8l and r3.9i to be injective on {E^)° as well as globally finite, which easily implies 
that {X, f, G) and {X, f, G) have only trivial automorphisms. However, there 
are significant problems in carrying this out. Here are some of them: 
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(i) Let {X, f,G) be a triple, with G effective gauge-fixing data. Gauge-fixing 
data must restrict to boundaries, so we can consider {d^X, f\d^X7G\g2x). 
Let (T : d'^X d'^X be the natural involution of Definition 12.271 Then 
(T G A\it((P X , f\Q2 X , G\q'2 x) ■ This is incompatible with G\q2x being 
effective gauge-fixing data. Thus, restricting effective (co-)gauge-fixing 
data to boundaries will not yield effective (co-)gauge-fixing data. 

(ii) Even if we did define a homology theory KHf{Y; R) using some notion of 
effective gauge-fixing data, we could not prove KH'fiY-.R) = Hf{Y]R) 
for rings i? ^ Q unless we make some restriction on the stabilizer groups 
of Kuranishi spaces X in triples {X, f,G), because otherwise we cannot 
perturb X to a manifold or orbifold, and triangulate it by simplices. 

(iii) If o TT* : ^ Y , P o TT^ : — > y are submersions of orbifolds, the 
definition ^ oi E' Xy E' involving /4Stab(p))\ Stab(/(p))//^(Stab(p')) 
means that the projection TT^i x tt^^ : E'^ Xy E'^ — * i?' x E^ need not be 
injective, only finite, if Y is an orbifold, not a manifold. This can cause 
(jk ^ f^jk Q j^k^ . ^j^ky p x Y in fibre products of effective co-gauge- 
fixing data C,C in Definition (331] not to be injective, so that C Xy C is 
not effective co-gauge-fixing data. 

(iv) Here is a second problem with taking fibre products of effective co-gauge- 
fixing data. Let {X,f,C) be a triple, with C effective co-gauge-fixing 
data and f : X ^ Y a strong submersion. Consider the triple {X Xy 
X,-Ky,CxyC), with CxyC as in H3.8[ This has an obvious Z2-symmetry 
exchanging the two factors of X,C. So Aut{X xy X, Try, C xy C) may 
be nontrivial, and C x y C is not effective. 

To overcome each of these problems, we have to sacrifice one of the good prop- 
erties of our theory. 

Problems (i)-(iii) force us to restrict the Kuranishi spaces X and morphisms 
/ allowed in triples {X,f,G) or {X,f,C) in the theory. To solve (i) we re- 
quire the injectivity conditions to hold only for each connected component of 
{d^X, f\Qkx,G\gkx)- Then we can ensure that A\it{X,f,G) ~ {1} for con- 
nected triples {X,f,G), which is enough to make the theory work. If cr : 
d^X — *■ d^X acts freely on the connected components of {d'^X, f\g2x,G\o2x), 
there is then no contradiction in (i). This constrains the codimension k corners 
d^X for k — 2,3, . . .. To deal with (ii) we restrict to effective Kuranishi spaces 
X, defined below, which can always be perturbed to effective orbifolds. 

For (iii) we require the smooth maps o tt' : E^ ^ Y in triples {X, f,C) to 
be surjective on stabilizer groups, which makes Tr^i x Tr^i : E"^ xy E^ ^ E^ x E"^ 
injective. Thus, Propertv l3.1f a) will not hold: only some, not all, pairs {X,f) 
admit effective (co-)gauge-fixing data. This will limit the applications of the 
theory — for instance, in i j6.2l we cannot define Gromov-Witten type invariants 
in KHf{Y; Z) by taking X to be a moduli space Mg^m{J, P) of J-holomorphic 
curves in a symplectic manifold (M, w), since such A4g^m{J, P) rnay not be 
effective. 

Problem (iv) means that products Ci xy of effective co-gauge-fixing data 
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cannot be defined to be commutative, and therefore the cup product U on effective 
Kuranishi cochains KC*^(Y; R) will not be supercommutative. Thus, symmetry 
in Propertv l3.ir h1 fails. We will deal with this by replacing P = JJ^q / Sk in 
Definition [SH] by P — JJJ^q ^ , and taking effective (co-)gauge-fixing data G, C 
to include maps G^,C^ : P. The product iL'PxP^P corresponding to 

fj, in l[33|l is associative but not commutative, and ^ : R*^ x K' M'^"'"' is injective, 
which will be enough to preserve the injectivity conditions for effective co-gauge- 
fixing data. In Remark 14.331 we explain a reason from algebraic topology why 
U cannot be supercommutative for cohomology theories over R = Z. 
We define effective Kuranishi neighbourhoods and Kuranishi spaces. 

Definition 3.35. An orbifold Y is effective if for all orbifold charts (C/, F, 0) on 
Y in Definition 12 .91 with U C M", the representation of F on M" is effective. Here 
a representation is effective if every non- identity element of F acts nontrivially on 
R". Equivalently, an orbifold is effective if generic y & Y have Staby(?;) = {1}. 

A Kuranishi neighbourhood {y,E,s,ip) on X is called effective if V is an 
effective orbifold, and for each w G y, the stabilizer group Staby(w) acts trivially 
on the fibre E\y of E over v. That is, in the notation of Definition I2.13|, if 
{U,T,(j)) is an orbifold chart on V and {Eu,V,(t)) the associated orbifold chart 
on E, then for all u € U, the action of {7 G F : 7 • m = u} on Eij\u is trivial. 

If (V^, . . . , ipp), (Vq, . . . , ipq) are Kuranishi neighbourhoods on X, {4>pq, 4>pq) : 
(Vq, . . . , Ipq) — > {Vp, . . . , i)p) is a coordinate change, and {Vp, . . . , V'p) is effective, 
it is easy to show that {Vq, . . . ,^q) is also effective. 

A Kuranishi space X is called effective if for all p G X, all sufficiently small 
Kuranishi neighbourhoods {Vp, . . . , ipp) in the germ at p are effective. 

Here are the reasons for this definition: 

• For proving isomorphism of effective Kuranishi homology KHf(Y;R) 
with singular homology Hl^(Y; R), chains involving effective orbifolds are 
as good as chains involving manifolds. An effective orbifold can be trian- 
gulated by simplices to define a singular chain. 

• However, if K is a non-effective orbifold, then for generic y € Y , Stab(j/) 
is some nontrivial finite group F. When Y is triangulated by simplices to 
define a singular chain, they should be weighted by |F|~^. This only makes 
sense if |F|~^ lies in the coefficient ring R, that is, if i? is a Q-algebra. 

• If (V, E, s, V') is an effective Kuranishi neighbourhood, and s is a small 
generic perturbation of s, then s is transverse and s^^(O) is an effective 
orbifold. This is because the obstruction to deforming s to transverse is 
nontrivial actions of the stabilizer groups Stab('i;) on the fibres E\y of E, 
and s^^(O) is effective as V is effective. 

• If AT is a compact, effective Kuranishi space, then by choosing a finite cover 
of X by effective Kuranishi neighbourhoods [V^ , E"^ , s\ ip^), and perturb- 
ing the s', we can deform A to a compact, effective orbifold A, which we 
can then triangulate by simplices to get a singular chain. 
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We can now define effective gauge-fixing data. 

Definition 3.36. Modifying P,^i in Definition [HI define P = U^q '^'^ ^nd 
U,: P X P ^ Phy 

Ml{{xi, ■ ■ ■,Xk), {yi, ■ ■ ■,yi)) = {xi, ...,Xk,yi,-- ■,yi)- (58) 

Then ^ is associative, with identity (0), but is not commutative. The obvious 
projection II : P —> P mapping 11 : {xi, . . . , Xk) ^ Suixi-, ■ ■ ■ ,Xk) satisfies 
M(n(p), n(<7)) = Ii{ix{p, q)) for p, g G P. 

Let X be a compact, effective Kuranishi space, Y an orbifold, and / : 
X ^ Y strongly smooth. A set of effective gauge-fixing data for {X, f) is 
G = {I,ri,G^ : i £ I), where {I,ri) is an excellent coordinate system for (X, /) 
with I = (/, {V\E\s\^P'') : i e I, . . .), and : P for i e I, satisfying: 

(a) {V\ E'\s'\ i/;') is an effective Kuranishi neighbourhood for all i e /; and 

(b) Write d^X ^ X[U-- -RX^^i for the splitting of {d^X, f\o'x,I\d'x,v\d'x) 
into connected components in Lemma 13.71 for / ^ 0, and (-fl,T7a) = 
(JU. ,r/U, ), with I[ - {li, iVi'\ . . . , Vi'*) : z e /i, . . .). Then {E^^r £ 

g diE'-+', where {El;')° is the interior of E'^\ so we can consider 
G*+'|(^M)„ : [E'/y ^ P. We require that G*+'|(^M)„ should map 

{E^/)° to R''- C P for some fc^ ^ which depends on I, a but not on 
i e for alH 0, a = 1, . . . , n' and i G We also require that 
lJ.,e/< G'^'l^^;.,)., : Uiei'i^aT C P should be injective for aU 

Z ^ and a = 1 , . . . , . 

Here (a) implies X is effective, as for sufficiently small {Vp, . . . , 4'p) in the germ 

at p £ X we have (0^, : (V^, . . . , ■i/'p) ^ (^^% ■ • ■ , '0*) for some z S /, and 
, . . . , -0') effective implies {Vp, . . . , ipp) effective, as in Definition 13.351 
Define triples {X, f,G), splittings X = Xi 11 ■ • • H X„ of triples (X, f,G), 

connected triples {X,f,G), isomorphisms {a,b) : {X,f,G) {X,f,G), and 

automorphism groups Aut(X, /,G) as in Definition 13.81 

If G is effective gauge-fixing data for (X, /), we define the restriction G\dx 

as in Definition 13.91 Since the conditions in (a),(b) above are stable under 

taking boundaries, V^,E^ i—f dV^,dE\ G\dx is effective gauge-fixing data 

for (5X,/|9x). 

Let G = (J, rj, : i £ I) be effective gauge- fixing data for (X, /). We shall 
show that n o G" : P' — ^ P is a globally finite map, where H : P ^ P is as 
above. To see this, note that P* = lJi>o a=i n°-£;' '"V0 ''(^"^^'^ ' '^^^'^^ 
L : d^El El is the natural map, and G' maps (Pi''"0° ^ 1^''" C P, and 
n : R*^" — > M'^" / S^i pulls back one point to at most /c^! points. Hence if p G P 
then |(HoG'*)~^(p)| is at most points, where X — J2i>o a=i k^-b'-'^Vb 
As this is a finite sum, HoG" is globally finite, and so H(G') = G = {I, rj, HoG" : 
i G /) is gauge-fixing data for (X, /). This gives a natural map from effective 
gauge-fixing data to gauge-fixing data. 



72 



Here are analogues of Definitions 13.351 and 13.361 for co-gauge-fixing data. 



Definition 3.37. Let X be a topological space, (V, E, s, tp) a Kuranishi neigh- 
bourhood on X, Y an orbifold, and f : V ^ Y a submersion. We call the pair 
(V, E, Sjip), f coejfective if for all v in V with y — f{v) in Y, the morphism 
/* : Staby(w) — > StabY(y) is surjective, and the subgroup Ker/, C Staby(w) 
acts effectively on TyV, and Staby(w) acts trivially on the fibre E\^ of E at v. 

If (V, E, s,tp), f is coeffective and e £ E with 7r(e) —vinV and f{v) — y in 
Y then tt, : Stabs (e) Stabv(w) is an isomorphism as Staby(f) acts trivially 
on E\y, so (/ott), = ott^ : Stab£;(e) — > Stahyiy) is surjective. This will help 
us deal with problem (iii) above. 

Suppose Y is an effective orbifold. Then {V, E, Sjip), f is coeffective if and 
only if (y, E, s, ■0) is effective and f : V Y is surjective on stabilizer groups. 
The only nontrivial thing to prove is that (V, E, Sjip), f coeffective implies V is 
effective. If v is generic in V then y = f{v) is generic in 1" as / is a submersion, 
so Stahyiy) = {1} as Y is effective, giving Ker/* = Staby(u). Thus Staby(v) 
acts effectively on TyV, which implies that generic v' close to w in F have 
Staby(w') = {1}. Hence generic points in V have trivial stabilizers, and V is 
effective. When 1" is a manifold, f : V ^ Y is trivially surjective on stabilizer 
groups, so {V, E, s, f is coeffective if and only if {V, E, s, tp) is effective. 

If {Vp, . . . , ■i/'p), {Vq, . . . , ■i/'q) are Kuranishi neighbourhoods on X, {4>pqT4>pq) ■ 
(Vq, . . . , ipq) {Vp, . . . , tpp) is a coordinate change, fp-Vp^Y and fqiVq^Y 
are submersions with fq = fpO cjjpq and [Vp, . . . , fp is coeffective, it is easy 
to show that {Vq, . . . , ijjq), fq is also coeffective. 

Let X be a Kuranishi space, Y an orbifold, and f : X ^ Y a strong 
submersion. We call {X, f) coeffective if for all p G X and all sufficiently small 
Kuranishi neighbourhoods {Vp, . . . ,4'p) in the germ at p with fp : Vp ^ Y 
representing /, the pair {Vp, . . . , ipp),fp is coeffective. 

Definition 3.38. Now let X be a compact Kuranishi space, Y an orbifold, and 
f : X Y a strong submersion with {X, f) coeffective. A set of effective co- 
gauge-fixing data for {X, f) is C = {I, 'ri,C^ : i G /), where (/, rj) is an excellent 
coordinate system for {X,f) with I = (^I , {V^ , E^ , , ip^) , f^ : i G /,...), and 
: E^ ^ P are maps for i G /, satisfying 

(a) the pair {V^ , E^ , s'',tp^), is coeffective for all i E I; and 

(b) Write d^X = X[U---IIXl^i for the splitting of {d^X, f\oix,I\d'x.r]\oix) 
into connected components in Lemma 13.71 for 1^0, and (J^,J7^) = 
{I\xi,v\xO^ ^ith la = {C iVl'\ . . -.leli,...). Then (i?i^'r C 
El;' C d^E'+\ so we can consider C^+'I^^m^o : {E^;')" P. We require 

that C'^+'l^^,,,)^ should map to M'=" C P for some ^ which de- 

pends on I, a but not on i E I^, for all / ^ 0, a = 1, ... , n' and i & li- We 
also require that U^^J, x (/^+' o^*+0) | (^..^o : lJ,g,, {E^^r E^Y 

should be injective for all Z ^ and a = 1, . . . ,nK 
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Here (a) implies {X,f) is coeffective, as for sufficiently small {Vp, . . . jipp), fp 
in the germ at p £ X we have (0p, : {Vp, . . . , ipp) — > (F*, . . . , i/'') for some 
i G / with /p = /* o and (V*, . . . , coeffective implies {Vp, . . . , ipp),fp 

coeffective as in Definition 13.371 

As in Definition 13 .361 we define triples {X, f,C), splittings X — XiU- ■ -UXn 
of {X,f,C), connected {X,f,C), isomorphisms {a,b) : {X,f,C) {X,f,C), 
automorphism groups Aut(X, f ,C), restrictions C\qx, and a natural map C i— *■ 
11(0) from effective co-gauge-fixing data to co-gauge-fixing data. 

Here are partial analogues of Theorems 13 . f 8[ [3 . 201 and [3 . 251 which show that 
versions of Propertv 13 . f f a) . f bl and (e) hold for effective (co-)gauge-fixing data. 

Theorem 3.39. (a) Let X be a compact, effective Kuranishi space with d^X = 
%, Y an orhifold, and f . X —> Y a strongly smooth map. Then (X, f) admits 
effective gauge-fixing data G. 

(b) // G is effective gauge-fixing data for {X,f) and {X,f,G) is connected 
then Aut{X,f,G) = {f}. 

(c) Suppose X is a compact, effective Kuranishi space with corners, Y an orh- 
ifold, f : X ^ Y a strongly smooth map, and H is effective gauge-fixing data 
for (dXjfldx) with corners. Let cr : d^X d^X be the involution of Def- 
inition 12.271 Then there exists effective gauge-fixing data G for {X, f) with 
corners with G\dx — H if and only if H\g2x is cr-invariant. 

Parts (a)-(c) also hold for effective co-gauge-fixing dataC,D, taking f to 
be a strong submersion and {X, f) to be coeffective rather than X effective. 

Proof. For (a), we modify the proof of Theorem l3.f 81 In the first part, since X is 
effective and d^X = 0, in Proposition 13 . f 31 we can choose the very good coordi- 
nate system I = {l,{V\E\s\i!^), f^ -.ie I),...) for {X,f) with {V\...,Tp^) 
effective and d^V^ — for all i e /. Then Definition 13 . 36r a) holds. In Theorem 
[XT51 we choose the G' : P such that U»e/ • U^e/ ^ W'' C P is 

injective, for some fc » 0. As ff^V^ = we have d^E^ — 0, so the immer- 
sion b : dE^ E^ is injective, rather than merely finite. Hence Uj^jG^lasi : 
U^gj dE"" Pis injective. As d^E' = for / ^ 2, Definition [Smb) follows. 

Part (b) is a simplification of the proof of Theorem 13.201 for (a, b) in 
Aut(X, /,G), as 0*1(^4)0 : [E^)° P is injective, the diffeomorphisms : 
E' E' with G' oU = G' : E^ ^ P must be the identity on {E^)° , so ¥ 
is the identity by continuity. Therefore : is the identity, as V 

lifts U. Since (6*, 6') determines a on Imi/)' and X — IJ -g^Im?/;* this gives 
a = idx, so Aut(A', /,G') — {!}. Part (c) is also a simple modification of 
Theorem l3.25l for the 'if part, if H\g2x is cr-invariant, then H prescribes con- 
sistent values for : E'^ —t P on \ for all i e /, satisfying Definition 
KW( \y\ for Z > 1. We then choose G^\{eT ■ i^T ^ P tor i e L such that 
Uiei^'liE^" ■■ U^eIi^')° ^ R'' C P is injective for some /c> 0. □ 

Remark 3.40. In Theorem I3.39r a) we omit the parts on finite groups F in 
Property [3T]Ja), since Theorem I3.39r b) shows that we cannot have nontrivial 
symmetry groups F of {X,f,G) for connected X. We also suppose d^X = 0. 
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This can be weakened, but some assumption on d^X is necessary for effective 
gauge- fixing data to exist on (X, /), as the following argument shows. 

Suppose that G is effective gauge-fixing data for (X, /) with X oriented, 
and that d^X is nonempty, and connected as a topological space. Restrict 
G to dX and d^X to get effective gauge-fixing data G\q2x for {d^X, f\Q2x)- 
Then {d'^X, f\Q2x,G\Q2x) is a connected triple, as d'^X is a connected topo- 
logical space, so Aut(9^X, f\d^XTG\d2x) = {1} by Theorem 13. SOr bl. However, 
the natural involution cr : d^X d^X clearly preserves G\g2x and lies in 
Aut{d'^X, f\Q2x,G\D2x) = {!}, a contradiction, as cr is orientation-reversing. 

Following Definitions 13.261 and 13.271 we can define pushforwards (G) and 
puUbacks h*{C) of effective (co-)gauge-fixing data G,C. 

Definition 3.41. Let Y, Z be orbifolds and h : Y ^ Z a smooth map. Suppose 
X is a compact, effective Kuranishi space, f : X Y is strongly smooth, 
and G = {I,ri,G^ : i G I) is effective gauge-fixing data for {X, /), where I = 
(/, [V\E\s\i!'),p -.ie I,...). Then/io/ : X Z is strongly smooth. Define 
K{G) to be h,{G) = {h,{I),r],G : i e I), where h,{I) = (/, {V\E\s\i^'), ho 
P : i € I , . . .) . Then h^,{G) is effective gauge-fixing data for {X, ho f). 

Definition 3.42. Let y, Z be orbifolds without boundary and h : Y ^ Z a. 
smooth, proper map. Suppose X is a compact Kuranishi space, f . X Y a 
strong submersion with {X, f) coeffective, and C = (I,ri,C^ : i ^ I) is effective 
co-gauge-fixing data for {X,f), where I = (/, (F*, i?*, s% /' • * ^ ^;---)- 
Then Y Xh,z,f X is a compact Kuranishi space, and Try : Y Xz X ^ Y is a 
strong submersion. 

Define an excellent coordinate system (/, fj) for (Yx zX, Try) as in Definition 
13.271 Then I C {i + k : i G I}, where k = dimF — dimZ, and for each 
i G I, is an open subset of Y Xf^ zj^-'' V^^^ , and E"^ an open subset of 
y Xh,z,/-'=o7r-'= E^~^. Define & : & P by & = C'~'' o ^TE^-k. We claim 
that h*{C) = (J, 17,6" : i G /) is effective co- gauge- fixing data for {Y XzX, Try). 

We must verify Definition 13. 38r a).(b) hold. For (a), as the pair {V^~^ , . . . , 
^i-k^^p-k jg coeffective and V"' C Y X/j ^,/— V^*"*", C Y Xh^zji-f'o-ni-i' 
E'^~^, one can show directly that the pair {V^, . . . ,?/''), TTy is coeffective. This 
then implies that {Y xz X, Try) is coeffective, as in Definition 13.381 

For (b), ff d'X = Ur=i and d'{YxzX)^ UbUiY x z X)[ are the split- 
tings of {d''X,f\gix,I\d^x,v\a'x) and {d^{Y Xz X),TVY\d^(YxzX)J\d^{YxzX), 
vld'iYxzX)) iiito connected components in Lemma 13.71 then for each b = 
(Y Xz X)l is a connected component of (Y Xz (X^), Try jy^^x' j 
IlYxzXl^iVWxzXi) for some a = l,...,m'. If (V"b -E^'", 4''- '^6 ') is a Ku- 
ranishi neighbourhood on {Y XzX)\ in i{, then {E^^^y C Y x z {E^d''^^)° , and 
= C'-''+^ o TT^^M-.^.,. As C'*-'=+' maps {E^^'^'^y ^ R'^» c P, it 

follows that C"+' maps {eI'')° M*'" C P, giving the first part of Definition 
KM h). For the second, since U^-keI'S^'~''^^ ^ ^f-k+i „ ^«-fe+i)) |^^^^_^^^ . 
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Ui-keil (Ea'~'')° -^PxZis injective by Definition[S3Si;b), and U^e^i T C 
y xz (U^-kei'S^'a'-'r), it follows that U^ei'S^'^' >< ° ^'+')) l(fi^.^)o : 

Uig/' P X Y is injective, as we want. 

This last part is a little more subtle than it appears. The important point 
is this: suppose {V,E,s,ip) is a Kuranishi neighbourhood on X, f : V ^ Z 
a submersion with {V, E, s,tp), f coeffective, and C : E ^ P is a map with 
C X {f o tt) : E ^ P X Z injective. As (V, E, s,ip), f is coeffective, / o tt : 
£■ ^ Z is surjective on stabilizer groups. Therefore the biquotient terms 
/,(Stab(p))\Stab(/(p))//^(Stab(p')) in the definition ^ of the orbifold fi- 
bre product Y Xh,z,foTT E are all points, so that it e x ny '■ Y x z E ^ E x Y is 
injective. Combining this with Cx {f on) injective implies that {C otte) x Try : 
YxzE^PxY is injective. Thus, we need the coeffective assumptions for C 
in Definition I3.38f a) to prove the injectivity for h*{C) in Definition 13. 38f b). 

Pushforwards and puUbacks are functorial, that is, {g o h)^,{G) = 5* °h^,{G), 
and {goh)*{C) — h*og*{C), as for (co-)gauge-fixing data. We modify Definition 
l3.31l to define fibre products CxyC, GxyC of effective (co-)gauge-fixing data. 

Definition 3.43. Let X,X be compact Kuranishi spaces, Y an orbifold, and 
f : X ^ Y , f : X Y he strong submersions with {X, /), {X, f) coeffective. 
Suppose C = {I,r],C'' : i E I) and Q = {I,ri,C^ : i € I) are effective co- 
gauge-fixing data for {X,f) and {X,f). Let {I,t]) Xy {I,fj) be the really 
good coordinate system for {X Xy X, Try) given in Definition 13. 29[ and (7, 17) = 
((/, f]) xy{I, fjjy the excellent coordinate system for {X xyX, Try) constructed 
from (J, 77) Xy {I,fi) by Algorithm 13.161 In the notation of Definitions 13.291 
and[3l3T]we have / = (/, i?*^, s*-', t/-*^), Tff. : fc e /,...), with V^,E^ open 
sets in IJ.e/,Je/:»+fcfc+dimy^^'''^ ]l^^I,^ei■.^+~^=k+din,Y where V^''"'^ = 

Xf^-yj, and E^^^') = E'^ x^.„^. E\ 

For fee/, define C'' : E^ ^ P hy C^{e) = ii{C' o nE^{e),C'' o 7r^r(e)) 
whenever e lies in E^ n E^'^''^\ for all z £ / and i & I with i + i = k + dimF, 
where tt^;; : — > E^ and tt^j : are the projections from = 

Xy 1;% and : P X P ^ P is as in We shall show that C Xy C = C ^ 

{i,'ii,C^ : i € I) is effective co-gauge-fixing data for {X Xy X,iTy). 

We must verify Definition I3.38r a') . fb) hold. The proof is similar to that for 
h*{C) in Definition [322 For (a), as . . . , i/'O, /' and (f*, . . . , tA^), are 
coeffective one can show directly that . . . , -i/;'*'*)), TTy''' in ([57]) is coeffec- 

tive. Therefore {V'' ^ . . . , ■0'^), tt^ is coeffective over the open set fl in 
y(*''\ and as this holds for all i, i with i = fc -t- dimF, (V^*^', . . . , 4'^), ny is 
coeffective. This proves (a). 

For Definition 13. 38r b). first consider the case I = 0, and suppose (X, f,C), 

(X, f,C) are connected. Then DefinitionlSSUb) imphes that C" maps {E')° 

. ^ 
R 1 C P for some ^ independent of i and all i E I, and C** maps 

{E')° ^ M*^! C P for some fc° ^ independent of i and all i e /. As 
(E^r ^ U^eL lei-.+iMimviEr xy {E^ : it follows from m that & maps 
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(£;fc)o ^ ^kl+k" ^ p ^ g ^j^g^g ^0 _^ ^0 jg independent of fc G /. This 

proves the first part of Definition I3.38r b) in this case. 

k 

For the second part, observe that ]Jj.g/(C' x (/^^ ° '^*')) is the composition 



kei 



UiET) 



ixidy 



X y. 



Here the first arrow is an inclusion of open sets, and so injective. The second 
arrow is injective as Uieii^' ^ (/' ° '^')) ■ 1J»g/(^')° ^ x F C P x F 
is injective, and lJjg/(C'' x (f o n')) : JJieii^'T ^ x F c £ x F is 
injective, and Tr^i x tt^,- : Xy ^ E"^ x W is injective as /* o tt* : i?' ^ Y , 
p o TT^ : E^ ^ Y are surjective on stabilizer groups. The third arrow is injective 
as M : K''" X R'^'i m'=?+'=? in dHH]) is injective. 

Therefore the composition IJfce/(^'' ^ (/'^ ° '''*')) injective, and Definition 
I3.38r b) holds in the case when I — and (X, f,C),{X, f,C) are connected. 
For the general case, we apply the argument above with connected components 
of {d'X,f\g,x,C\g,x) and , C|^5) of {d^Xj\g,^, 

C\gjji) in place of {X, f,C), {X, f,C), with j + J ~ I- This proves Definition 
I3.38r b) , so C" X y C" is effective co- gauge- fixing data. 

Now let X be a compact, effective Kuranishi space, Y an orbifold, / : 
X ^Y strongly smooth, G effective gauge-fixing data for (X, f), X a, compact 
Kuranishi space, f : X ^ Y a. strong submersion with {X, f) coeffective, and C 
be effective co-gauge-fixing data for {X, /). Then we can modify Definition 13. 3 II 
in the same way to define effective gauge-fixing data G Xy C for {X Xy X, Try), 
defining & : E'' ^ P hy &{e) = o TrE^{e),& o 7r^j(e)). The proof that 
G Xy C satisfies Definition 13.361 is similar to the above. 

The maps G i— > n(G), C i— > 11(0) from effective (co-)gauge-fixing data to 
(co-)gauge-fixing data in Definitions 13.361 and 13.381 are compatible with fibre 
products, that is, n{C Xy C) = n(C) Xy n(C) and Il{G xy C) = n[G) Xy 
11(0), because ^(n(p), Tl{q)) = Tl{u,{p, q)) for p,q e P. 

From Propositions 13.3^ and with proofs almost unchanged, we deduce: 

Proposition 3.44. Effective (co-)gauge-fixing data satisfies analogues of Propo- 
sitions \J^n\ h) . fc) . fd) and \'S.'S'S\ taking X a effective or{Xa,fa) coeffective where 
appropriate. However, the analogue of Provosition [?.32f a) does not apply, that 
is, fibre products of effective co- gauge- fixing data are not commutative, since ^ 
in (I58p is not commutative. 

Problem (iv) at the beginning of ij3.9l implies that it is necessary for fibre 
products C Xy C oi effective co-gauge-fixing data not to be commutative. We 
give another reason, involving Steenrod squares, in Remark 14.331 
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4 Kuranishi homology and cohomology 



We now define two slightly different homology theories of an orbifold Y: Kuran- 
ishi homology KH^{Y\ R), which is defined when i? is a Q-algebra, and effective 
Kuranishi homology KH°^{Y;R), which is defined when i? is a commutative 
ring. Both of them are isomorphic to singular homology Hf^{Y; R). They are 
variations of the same idea, which is to define a homology theory using as chains 
strongly smooth maps f : X ^ Y from a compact Kuranishi space X. 

However, we show in i j4.9l that just using isomorphism classes [X, f] of pairs 
{X,f) as chains would make KH^{Y; R) = for all Y,R. The problems are 
caused by pairs (X, /) whose automorphism groups are infinite. To avoid them, 
we include {effective) gauge- fixing data G on X, as in Chapter [31 and take chains 
to be generated by isomorphism classes [X, f, G] of triples {X, f, G). 

We also define Poincare dual cohomology theories, Kuranishi cohomology 
KH*{Y; R) for R a Q-algebra, and effective Kuranishi cohomology KH*^{Y; R) 
for R a commutative ring. Here KH*(Y; R) is always isomorphic to compactly 
supported cohomology H*g(Y; R), and KH*^{Y; R) = H*g(Y;R) if 1" is a man- 
ifold. The main point of introducing them is as a tool to use in areas where 
Kuranishi spaces naturally arise, such as closed or open Gromov-Witten theory, 
or Lagrangian Floer cohomology. 

Kuranishi (co)homology KH^,, KH*{Y; R) is better behaved at the (co)chain 
level than effective Kuranishi (co)homology K , K H*^{Y ; R) . For example, 
the cup product U on Kuranishi cochains KC*(Y; R) is supercommutative, but 
the cup product U on effective Kuranishi cochains KC*^{Y; R) is not. Also, we 
can form chains [X,f,G] in KC^,{Y; R) for X an arbitrary compact oriented 
Kuranishi space, but for KCf{Y; i?), X must satisfy restrictions on its stabilizer 
groups and corners. 

The advantage of effective Kuranishi (co)homology KH°^, KH*^{Y; R) is 
that they work over any commutative ring R, such as Z, not just over Q-algebras. 
This will be important in the author's approach to the integrality conjecture 
for Gopakumar-Vafa invariants, to be discussed in Chapter [6l We will also use 
effective Kuranishi homology in showing Kuranishi homology is isomorphic to 
singular homology, as we will first prove that KHf{Y; R) = Hl^{Y; R) for R a 
commutative ring, and then that KH^,(Y; R) = KH^^{Y; R) for R a Q-algebra. 

4.1 Classical homology and cohomology 

Let y be a topological space and R a commutative ring. Then there are many 
ways of defining homology groups Hk(Y;R) of Y with coefficients in R, for 
k = 0,1,2,..., for example, singular homology, cellular homology (of a CW- 
complex), and Borel-Moore homology. A general feature of all these theories 
is that if Y is suflBciently well-behaved, for instance, if F is a manifold, then 
the homology groups obtained from any two homology theories are canonically 
isomorphic. fTheorems 14.81 and 14.91 below are results of this kind.) So for many 
purposes, it does not matter which homology theory one uses. 

There are also many ways of defining cohomology groups H^{Y]R) and 
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compactly-supported cohomology groups H^g{Y;R), for example, singular coho- 
mology, Cech cohomology, and de Rham cohomology (of a smooth manifold, 
over R). Again, if y is sufficiently well-behaved, then the (compactly-supported) 
cohomology groups obtained from any two cohomology theories are isomorphic. 
We briefly recall the definition of singular homology, from Bredon [10, §IV]. 

Definition 4.1. For fc = 0, 1, . . ., the k-simplex is 

Ak = {{xo,...,Xk) -.x.^O, xo + --- + Xk = l}. (59) 

It is a compact, oriented fc-manifold, with boundary and corners. 

Let F be a topological space, and R a commutative ring. Define Cl^{Y;R) 
to be the i?-module spanned by singular simplices, which are continuous maps 
a : Afc — > Y. Elements of Cl^{Y; R), which are called singular chains, arc finite 
sums J2aeA Pa (^a, whcrc A is a finite indexing set, pa £ R, and a a : F is 

continuous for a Cz A. 

The boundary operator d : Cl'iY;R) Cf_.^{Y;R) is [10, §IV.l]: 

d ■■ EaeAPa^Ta ^ E.e A E '=0 K o J^'=) , (60) 

where for j = 0, . . . , /c the map Fj : Ak-i A^ is given by Fj{xo, . . . , x^-i) = 
{xq, . . . , Xj^i, 0,Xj, . . . , Xfe_i). As a manifold with boundary, we have dAk = 
Ylj^oAj, where A^ is the connected component of dAk on which xj = 0, so 
that Fj : A^-i Aj is a diffeomorphism. The orientation on A^ induces one 
on dAk, and so induces orientations on A*^ for j = 0, . . . , k. It is easy to show 
that under F^ : Ak-i — > A*^, the orientations of Ak-i and A*^ differ by a factor 
(— 1)-', which is why this appears in ([60]) . So d in (|60p basically restricts from 
Ak to dAk, as oriented manifolds with boundary and corners. 

From ([SO)) we find that dod = 0, since each codimension 2 face Ak^2 of A^ 
contributes twice to dod, once with sign 1 and once with sign —1. Thus we 
may define the singular homology group 

jj^uy. ^ Ker{d:Ct{Y;R)^Ct,{Y;R)) 
' ^ Im{d:Cl\,iY;R)^CtiY;R)) " 

If F is a smooth manifold or orbifold, we can instead define C^'(F; R), H^{Y; R) 
using smooth maps a : Ak Y, as in [10, §V.5], which we call smooth singular 
simplices, and this gives the same homology groups. We shall always take 
Cl^{Y; R) and Hl^{Y; R) to be defined using smooth singular simphces. 

We will not choose a particular cohomology theory. We will only be inter- 
ested in compactly-supported cohomology of manifolds or orbifolds, and this 
can be characterized in terms of (singular) homology by Poincare duality iso- 
morphisms, as in (pT|) below. So when we prove that (effective) Kuranishi 
cohomology is isomorphic to compactly-supported cohomology, we will go via 
singular homology using Poincare duality. 

Here are some general properties of homology and cohomology, which can 
mostly be found in Bredon [10]. 
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Let Y, Z be topological spaces, h : Y ^ Z a. continuous map, and R a 
commutative ring. Then there is a pushforward map : H^(Y;R) — > 
H^,{Z;R). On singular homology, this is induced by /i, : Cf{Y;R) 
Cl\Z\R) mapping K ■ J2aeAPa^a ^ Y,aeA P^i^^ ° ^^a)- Pushforwards 
are functorial, (50/1)* =5* o h^. 

Let y, Z be topological spaces, ft : y — > Z a continuous map, and R 
a commutative ring. Then there is a pullhack map h* : H*{Z\R) —>■ 
H*{Y; R) on cohomology. Fullbacks are functorial, {g o h)* — h* o g*. 

For compactly- supported cohomology, we can only define puUbacks h* : 
H*^{Z;R) H*J(Y;R) if ft : F ^ Z is proper, that is, if h-\S) C 
Y is compact in Y whenever S* C Z is compact in Z. This is be- 
cause ft* must pull compactly-supported cochains in Z back to compactly- 
supported cochains in Y . 

There is a natural morphism H*^{Y; R) H*{Y; R). If Y is compact this 
is an isomorphism, H*^{Y; R) = H*{Y; R). 

There are associative, supercommutative, graded multiplications on both 
cohomology and compactly-supported cohomology, the cup product U : 
H^{Y\R) X H\Y-R) H^+\Y\R). There is an identity 1 e H"{Y;R), 
and if Y is compact there is an identity in H^g{Y; R). 

There are also cap products n : Hk{Y]R) x H\Y;R) Hk-i(Y;R) and 
n : Hk{Y;R) x H^^,{Y;R) ^ Hk-i{Y-R), which make H^(Y;R) into a 
module over H*{Y; R) and H*^{Y; R). 

Suppose Y is an oriented manifold, of dimension n, without boundary, and 
not necessarily compact. Then there are Poincare duality isomorphisms 

Fd : H^^iY; R) H,,_k{Y; R) (61) 

between compactly-supported cohomology, and homology. 

If Y is also compact then it has a fundamental class [Y] £ H„{Y] R), 
and we can write the Foincare duality map Fd of (j6ip in terms of the 
cap product by Fd(a) = [F] n a for a G If Y is noncompact 

and not too badly behaved, a similar interpretation is possible, but the 
fundamental class [Y] exists not in Hn{Y;R) but in the 'non-compactly- 
supported homology group' H^^{Y; R) which is Hn(Y, {00}; R) in relative 
homology, where Y ^Y U {00} is the one-point compactification of Y. 

Foincare duality for manifolds Y with boundary and (g-)corners will be 
discussed in i )4.5l 

If Y is an oriented n-manifold without boundary then Foincare duality 
and the cup product on H*g(Y;R) induce an associative, supercommu- 
tative intersection product • : Hk{Y;R) x Hi{Y;R) Hk+i-n{Y; R) on 
homology H^{Y; R). This can be described geometrically at the chain level 
in singular homology, as in Bredon [10, VI. 11] and Lefschetz [46, §IV]. 
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• Fulton and MacPherson [27] define the formalism of bivariant theories, 
which simultaneously generalize homology and cohomology. In we 
will explain this, and show how (effective) Kuranishi (co)homology can be 
extended to a bivariant theory, at the level of (co)chains. 

• Here is an important point: by the homology or cohomology of an orbifold 
Y, we will always mean the (co)homology of the underlying topological 
space. However, there are other ways to define (co)homology of an orbifold, 
which also use the orbifold structure of Y , and even additional data. 

Behrend [7] defines versions of de Rham cohomology _ff*j,(F;M), singu- 
lar homology H^''{Y;R) and singular cohomology H*^{Y;R) of an orb- 
ifold, regarded as a stack. In Behrend's notation, the underlying topo- 
logical space Y of an orbifold Y is called the coarse moduli space of Y. 
Behr_end shows [7, Prop. 36] that H^^(Y; R) ^ H^'(Y; R) and H*SY; R) = 
H*(Y;R) when i? is a Q-algebra, but for general R such as i? = Z the 
(co)homology of Y and Y may differ. 

Also, if Y is an orbifold with an almost complex structure, Chen and 
Ruan [13] define the orbifold cohomology H*^{Y; R), which appears to 
be natural in Gromov-Witten theory and String Theory of orbifolds. In 
general H*^ {Y; R) is different from both H*{Y; R) and H*SY; R). 

We shall be interested in how Poincare duality for manifolds extends to 
orbifolds Y. Satake [66, Th. 3] showed that Poincare duality isomorphisms (|6ip 
exist when Y is an oriented orbifold and i? is a Q-algebra. However, Poincare 
duality need not hold for orbifolds for general R. (Here, as in the last remark 
above, we are discussing Poincare duality for the (co)homology of the underlying 
topological space.) Poincare duality can fail at two levels. 

Let Y be an oriented n-orbifold, and suppose for simplicity that Y is com- 
pact. Firstly, if y is a non-effective orbifold, then one can in general define the 
fundamental class [Y] £ Hn{Y;R) only if i? is a Q-algebra. This is because 
generic points in Y have non-trivial stabilizer group F, so working say in singu- 
lar homology, when we triangulate Y by simplices to define a cycle representing 
[Y] we must weight each simplex by ±|F|~^, so we need |F|^^ G R, and Q Q R. 
Since Pd in (pT|) is defined using [Y], for non-effective Y and general R the 
Poincare duality map Pd is undefined. 

Secondly, if Y is an effective orbifold, we can define [Y] and Pd in (161]) . but 
Pd may not be an isomorphism. Here is an example of a compact, oriented, 
effective orbifold for which Pd is not an isomorphism over Z. 

Example 4.2. Let Y = (CP^ xCP^)/Z2, where the Za-action is generated by a : 
X ^ X mappings : {[x„,xi],[yo,yi]) ^ ([xq, -xi], [yo, -yi])- 
It is a compact 4-orbifold, with an orientation induced by the complex structure, 
that has four orbifold points {[1,0], [0, 1]} x {[1, 0], [0, 1]} modelled on R''/{±1}. 

Let a, (3 in H2{Y; Z) C H2{Y; Q) be the homology classes of the suborbifolds 
(CP^ x {[1,0]})/Z2 and ({[1,0]} x CP^)/Z2. Since Poincare duality holds over 
Q, there is an intersection product • : H2{Y; Q) x H2{Y; Q) ^ Ho{Y; Q) = Q. 
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As (CP^ X {[1,0]})/Z2, ({[1,0]} X CP^)/Z2 intersect transversely in one point 
([1, 0], [1, 0]), which has stabiHzer group Z2, it foUows that a • P = ^ £ Q. 

If Poincare duahty (|6ip were an isomorphism for R — Z then there would 
exist an intersection product • : H2{Y-, Z) x H2{Y; Z) Ho{Y; Z) = Z agreeing 
with that on H^,{Y;Q) under the morphism H^{Y;Z) — > iJ*(y;Q) induced by 
Z Q. However, this contradicts a,P € H2{Y; Z) but a • /3 = i ^ Ho{Y; Z) C 
Hq{Y;<Q). This means that a,/3 do not he in the image of Pd (though 2a, 2/3 
do). Thus Pd in (|6ip is not surjective, and so not an isomorphism. 

4.2 (Effective) Kuranishi homology 

We now define the (effective) Kuranishi homology groups of an orbifold. 

Definition 4.3. Let Y be an orbifold. Consider triples {X,f,G), where X is 
a compact oriented Kuranishi space, f : X ^ Y is strongly smooth, and G 
is gauge- fixing data for {X,f). Write [X,f,G] for the isomorphism class of 
{X, f, G) under isomorphisms (a, b) : {X, f, G) {X, f, G) as in Definition 
13. 8[ where in addition we require a to identify the orientations of X,X. 

Let i? be a Q-algebra, for instance Q, M or C. For each fc G Z, define 
KCk{Y; R) to be the i?-module of finite i?-lincar combinations of isomorphism 
classes [X, f, G] for which vdimX = k, with the relations: 

(i) Let [X, f, G] be an isomorphism class, and write —X for X with the 
opposite orientation. Then in KCk(Y; R) we have 

[X,f,G] + [^X,f,G]^0. (62) 

(ii) Let [X, /, G] be an isomorphism class, and suppose there exists an iso- 
morphism (a, b) : {X, f, G) (X, /, G) in the sense of Definition 13.81 
such that a reverses the orientation of X . Then 

[X,/,G]=0 inKCk{Y-R). (63) 

(iii) Let [X, f, G] be an isomorphism class, and let X = Xi JI X2 U ■ ■ ■ U X^ 
be a splitting of (X, f,G), in the sense of Definition 13.81 Then 

[X,f,G]^j:2=i{XaJ\x^,G\xJ inKCk{Y;R). (64) 

(iv) Let [X, f, G] be an isomorphism class, F a finite group, and p an action 
of F on {X, /, G) by orientation-preserving automorphisms. That is, p : 
F Aut{X,f,G) is a group morphism, and if p{-y) — {a,b) for 7 e F 
then (a, b) : {X, f, G) {X, f, G) is an isomorphism with a : X ^ X 
orientation-preserving. Note that we do not require p to be injective, so 
we cannot regard F as a subgroup of Aut{X, f,G). Then F acts on X, 
and X — X/T is a compact oriented Kuranishi space, with a projection 
TV : X ^ X. As in Property [Xljc), Definition 13.211 gives strongly smooth 
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7r*(/) = f : X ^ Y and gauge-fixing data 7r*(G) — G for {X, /). Thus 
[X/r, 7r*(/), 7r*(G)] is an isomorphism class. We impose the relation 

[X/r,7r,(/),7r,(G)] = p [X,/,G] \nKCk{Y-R). (65) 

Elements of KCk{Y; R) will be called Kuranishi chains. We require i? to be a 
Q-algebra so that the factor ^ in ([65)1 makes sense. 

Define the boundary operator d : KCk{Y; R) KCk-i{Y; R) by 

9 ■ T.aeAPa[Xa,fa^Ga] ' > Y.aeA P^id^a, f a\dX^ , G a\dxj , (66) 

where A is a finite indexing set and pa & R for a & A. This is a morphism 
of i?-modules. Clearly, d takes each relation in KCk{Y;R) to the 

corresponding relation in KCk-i{Y; R), and so d is well-defined. 

Recall from Definition 12.271 that if X is an oriented Kuranishi space then 
there is a natural orientation-reversing strong diffeomorphism cr : d^X — > ff^X, 
with = '\dQ2x- If [X, f, G] is an isomorphism class then this cr extends to an 
isomorphism (cr, r) of {d'^X, f\d^x^G\92x), where J is the indexing set of 71^2 
and for each j e J, {t^ ,t^) is the automorphism of (9^F-'+^, . . . , V'-'+^|a2yj+2) 
induced by the orientation-reversing involution a : d'^V^^'^ — > d'^V^^'^ described 
in Definitions [2J] and [231 So part (ii) in KCk-2iY;R) yields 

[d^X, f\92x, G\92x] = in KCk-2iY; R). 

Clearly this impHes that 9 o 9 = as a map KCk{Y; R) KCk-2{Y: R). 
Define the Kuranishi homology group KHk{Y; R) of Y for fc G Z to be 

^ Kerjd ■.KCkiY;R)^KCk-AY;R)) 
Im{d:KCk+i{Y;R)-^KCkiY;R)) 

This is a well-defined i?-module, as 9 o 9 = 0. 

Note that if 2 is invertible in i?, as it is when i? is a Q-algebra, then Definition 
I4.3r ii) follows from Defimtion l4.3f i). since (a, 6) in (ii) implies the isomorphism 
classes [X,f,G] and [—X,f,G] are equal, so ([5^ gives 2[X,f,G] — 0, and 
multiplying by ^ gives (|63l) . But we state it as a separate axiom as we shall 
re-use it in our next definition, in which 2 need not be invertible in R. 

Definition 4.4. Let Y be an orbifold. Consider triples {X, f,G), where X is a 
compact, oriented, effective Kuranishi space, f : X ^Y is strongly smooth, and 
G is effective gauge-fixing data for {X, /). Write [X, f,G] for the isomorphism 
class of {X,f,G) under isomorphisms {a,b) : {X,f,G) {X,f,G), where a 
identifies the orientations of X,X. 

Let i? be a commutative ring, for instance R — Z, Zp,(Q),M or C. For each 
/c G Z, define KC'^^{Y; R) to be the i?-module of finite _R-linear combinations 
of isomorphism classes [X,f,G] as above for which vdiniX = fc, with the 



83 



analogues of relations Defimtion l4.3r i')-(iii) ■ but not Definition l4.3f ivl. Elements 
of KC^^ {Y; R) will be called effective Kuranishi chains. 

Define the boundary operator d : i^Cf (F; R) KC^l^{Y; R) by 

as in (|66p . Then d o d — 0. Define the effective Kuranishi homology group 



Remark 4.5. (a) We define KCk,KHk,KCf ,KHf{Y;R) for aU fc e Z, 
not just for k ^ Q. This is because nontrivial Kuranishi spaces X can have 
vdimX = k for any k E Z. Theorem 14.81 and Corollary 14.101 will show that 
KHk{Y; R) = KHf{Y; i?) = when fc < 0, so we may as well restrict to A; ^ 
when considering homology. However, at the chain level we need to allow fc < 0, 
as KCk, KCf{Y- R) can be nonzero for any fc e Z. To define KH^, KHf{Y; R) 
we use d : KCq{Y;R) KC-i{Y]R) and d : KC^^(Y;R) KCl\{Y;R), so 
we need to consider — 1-chains. Also, the inductive proofs in Appendices IB] and 
[C]can implicitly involve Kuranishi chains of arbitrarily negative degree. 

(b) The relation Definition I4.3r iv) in KC\{Y; R) is not necessary to get a well- 
behaved homology theory, and we omit it in the definition of KC°^{Y; R). We 
include it because it will be useful in some of our applications, in particular, 
the open Gromov-Witten invariants to be discussed in §6.71 and [39] , for which 
we need it to prove equation (|170p of Corollarv l6.30l The author believes that 
Theorem 14 . 91 below would still hold if we defined KC^,{Y; R) omitting Definition 
I4.3r iv) , and in Remark IC.lf a) we sketch how to modify the proof in this case. 

Note that if we omit Definition I4.3f iv) then the definitions of KC^,{Y; R) 
and KH^(Y; R) make sense for R an arbitrary commutative ring, rather than 
a Q-algebra, since we no longer need R to contain the factors |r|^^ in ([55]) . 
However, as discussed in Remark lClT b). we would still need R a Q-algebra to 
prove Theorem 14.91 In fact the author has an outline proof that if we defined 
KC^:{Y; R), KH^{Y; R) omitting Definition l4.3r iv) for R a general commutative 
ring, then KH^iY; R) ^ H^'iY; i? ®z Q). 

(c) One could probably weaken the condition that X is effective in effective 
Kuranishi chains [X, /, G], and still get a homology theory with KHf{Y; R) = 
Hf{Y;R) for all commutative rings R, including i? = Z. In i )5.6l we will define 
the orhifold strata X^'f of a Kuranishi space X , and in Remark l5.20l we will show 
that if X is an oriented, effective Kuranishi space then vdimX'"''' ^ vdimX — 2 
for all nonempty orbifold strata X^'f with F ^ {!}. 

For a compact, oriented Kuranishi space X without boundary, the condition 
that YdimX^'P ^ vdimX - 2 for all X^^p ^ with F ^ {1} is enough to ensure 
that the virtual class of X can be defined in homology over Z, not just over 
Q. This holds because if we take a generic (single-valued) perturbation X of 




(F; R) of y for yfc e Z to be 



KHf{Y-R) 



Ker(9 : KCf{Y- R) KCf_^{Y; R)) 
Im(a : KCf^^iY; R) ^ KCf{Y; R)) 
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such a Kuranishi space X, although X may not be a manifold or orbifold, the 
singularities of X due to the orbifold strata X^-p occur in codimension at least 
2, so X is a pseudo-manifold^ and thus has an integral fundamental class. This 
is the important fact underlying the definition of Gromov-Witten invariants in 
integral homology for semi-positive symplectic manifolds, as discussed briefly in 
N6.31 and proved in McDuff and Salamon [56, §7]. 

It seems likely that one could define some modification of KHf{Y; R) iso- 
morphic to Hf(Y;R) for all commutative rings R, with chains [X,f,G] in 
which we require vdimX^'P ^ vdimX - 2 for aU X^^p ^ with T ^ {1}, 
instead of requiring X to be effective. This modification might then have inter- 
esting applications, for instance in defining Lagrangian Floer cohomology over 
Z for semi-positive symplectic manifolds. But we will not attempt this here. 

4.3 Morphisms between singular and Kuranishi homology 

There is a natural projection H^.^ from effective Kuranishi chains and homol- 
ogy to Kuranishi chains and homology. Also, (effective) Kuranishi chains and 
homology have functorial pushforwards ft.* by smooth maps h : Y ^ Z. 

Definition 4.6. Let Y be an orbifold, and R a commutative ring. Define 

Ufl^:KCf{Y;R)^KCk{Y;R®^Q) by ^^^^ 

nff'' : T,aeAPo.[Xa,fa,Ga\ ' > T, aeA^iPa)[Xa, f a^'^iS a)] , 

for A: g Z, where tt : R ^ R ®i Q is the natural ring morphism, and n(Gjj) is 
as in Definition 13. 361 If i? is a Q-algebra then R®z Q = R and tt is the identity. 
The n^f^ map relations in if Cf (F; R) to relations in KCk{Y; i? (g)^ Q), and so 
are well-defined. They satisfy 11^'^ o d = d o H^^, so they induce morphisms 

nf^ : KHf{Y; R) KHk{Y; R ®z Q). (68) 

Let Y, Z be orbifolds, and h : Y Z a. smooth map. Using the notation of 
Definitions 13.261 and I3.41i define the pushforwards 

K ■■ KCk{Y- R) — ^ KCk{Z- i?), K ■■ KCf{Y- R) — ^ KCf{Z- R) 

by K : EaeA Pa [Xa. fa. Ga] ^ EaeA Pa [Xa, h O K{Ga)] (69) 
and K ■■J^aeAPaiXaJa.G^] I > T, aeA Pa[Xa, h O f ^, h^G ^)] . 

These take relations (i)-(iv) or (i)-(iii) in KCk, KCf{Y; R) to relations (i)-(iv) 
or (i)-(iii) in KCk, KC^^ {Z; R), and so are well-defined. They satisfy o d = 
d o h^, so they induce morphisms of homology groups 

K ■■ KHk{Y; R) — > KHk{Z; R) and K : KHf{Y; R) — > KHf{Z; R). 

Pushforward is functorial, that is, {g o h)^ — g* ° h*, on chains and homology. 
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Definition 4.7. Let Y be an orbifold, be the fc-simplex of ([55]) . and a : 

Afc — y be a smooth map. Then is a compact oriented manifold with 
corners, so we may regard it as an oriented Kuranishi space, and cr as a strongly 
smooth map. 

Define an excellent coordinate system (lAk^VA,) fo'^ (Afe,cr) to have in- 
dexing set /Afc = {k}, Kuranishi neighbourhood [V^^, E'^^, s'^^,ip'^^) — (A^, 
Afe,0, idAfc), and map cr'^ : V^^ Y representing a given by cr'^ = a. Here 
-^Afc ~^ ^Afc vector bundle, so that as manifolds = V^^ = Afc. 

Set T]^^ = {Vk,Ak^Vk,Aj' ""^^"^^ '^fc.^fc = 1 and r]^^^^ = 1 on V^^. Define 

Gk --^k^P and Gi^, : £^1, - P by 

Gifc ((a;o, ■ • ■ , a^fc)) = 5*;+! • (yo, yo + 2/i, • • ■ , yo + yi H + yi), ^^^^ 

Gk{i^o,---,Xk)) = (yo,yo + yi,...,yo + yiH ^Vi), 

where yo,yi, . ■ . ,yi are those xq, xi, . . . , Xk which are nonzero, in the same order, 
so that (xq, . . . , Xk) is {yo, yi, . . . ,yi) with k — I zeros inserted in the list. Then 

GkoF^'^Gi-\, GkoF^'^Gi-ljorj=0,...,k, (71) 

with Fj^ as in t |4.1l Also, for {xq, . . . ,Xk) G A^ we have Xj > for all j, so that 

(yo, ■■■,yi) = (xo, ■ ■ ■,Xk), and G^^ : (xq, . . . , Xfc) S'fe+r(a;o, . . . ,xoH ha;fe), 

and GX^ : (xo,...,a:fc) i-^ (a;o,...,a;o H hxfe). Since a;o,2:o +xi,...,a::o + 

■ ■ ■ + Xk are arranged in strictly increasing order, Sk+i ■ {xq, . . . ,xo + ■ ■ ■ + Xk) 
determines xo,xo + xi, . . . ,xo + ■ ■ ■ + Xk and hence xq, . . . ,Xk- Thus G^^ |a° is 
injective. Similarly, Ga^|a°, maps A^ 'EI'^^ C P, and is injective. It is now 
easy to check that Definitions 13.81 and 13.361 hold, so that Gaj. is gauge-fixing 
data, and Ga^. is effective gauge- fixing data, for (Afc,(T). 
Taking i? to be a Q-algebra in ((72|) , define maps 

nf':Gt{Y-R)^KGk{Y-R), IVf^ : Pa'Ja ^ E Pa [A,., a„ GaJ , (72) 

aeA aeA 

Wj:Gl}{Y;R)^KGf{Y;R), : ^ p^aa ^ E Pa [A^, a,,, Ga J ■ (73) 

a£A aeA 

As aAfc==Uj=i(-l)^-P'/(^fe-i) in oriented (fc - l)-manifolds, jTl]) gives 

5[Afc,a„GAj =E-=o(-l)-'[Afc-i,(^aoFf),GA._J (74) 

in KGk-i{Y;R). Comparing ([501), dUl) and ([71 shows that doUf' = n^'^o^. 
Similarly d o Ilgf = Ilgf o d. Therefore ([7^ - ((75|) induce projections 

n^i^ : HiiY; R) KHk{Y; R), (75) 

: HtiY; R) KHf{Y- R), (76) 

requiring i? to be a Q-algebra in ([75]) . The morphisms (p7)) . ([7^ . ([75]) on chains, 
and dSS]), dTS]), dZni) on homology, satisfy 

nKhon^f = nKh. (77) 
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Our next two theorems, the most important of the book, will be proved in 
Appendices |B] and [C] respectively, after preparatory work in Appendix \X[ 

Theorem 4.8. Let Y be an orbifold and R a commutative ring. Then the 
morphism Il^f : H^{Y] R) KHf{Y; R) in (ffS)) is an isomorphism, for k 0, 
with KHf{Y; i?) = when k <0. 

Theorem 4.9. Let Y be an orbifold and R a Q-algebra. Then the morphism 
nf^' : L<Hf(Y; R) -> L<Hk{Y; R) in §SI is an isomorphism for k e Z. 

These and equation (|77p imply: 

Corollary 4.10. Let Y be an orbifold and R a Q-algebra. Then the morphism 
: Hl^(Y;R) KHk{Y-R) in ^ is an isomorphism for fc > 0, with 
KHk{Y;R) = when k <0. 

Remark 4.11. (a) Theorems 14 . 81 and 14 . 91 are our substitute for results of Fukaya 
and Ono on multisections and virtual cycles [25, §3, §6], [24, §A1]. If X is a 
compact Kuranishi space, Y an orbifold, and f : X ^ Y is strongly smooth, 
then by choosing an abstract, multivalued perturbation of X called a multisec- 
tion which locally turns X into a (non-Hausdorff) smooth manifold X^'^'^, with 
weights in Q, and then triangulating XP°'' by simplices, Fukaya and Ono produce 
a singular chain C{X, f) G C'vdimx(^' 'Q) called the virtual chain, depending on 
many choices, li dX = $ then dC{X,f) = 0, and [C(X, /)] e i?vdimx(^; ^) 
is independent of choices. 

The relation of this to Theorems Sj] and SH] and Corollary 14.101 is that if 
dX = then choosing any gauge-fixing data G for {X,f), we have a class 
[[X,f,G]\ G KH^dimxiY;Q), and H^h ; [C{X,f)] ^ [[X,f,G]\. That is, 
in proving 11^'^ is invertible we construct an inverse (H^'^)^^ : KH^,{Y;<Q) 
H^^'iY;Q). Very roughly speaking, at the chain level (n^h)-i takes [X,f,G] 
to C{X, /), Fukaya and Ono's virtual chain for {X, f). 

In proving Theorems 14.81 and 14.91 in Appendices [B] and [Cl we encounter 
most of the problems Fukaya and Ono were tackling with their virtual cycle 
technology, and we freely borrow their ideas for our proof, in particular, good 
coordinate systems, and inductive choices of small perturbations. But we do not 
use multisections: instead we use Definition 14. 3f iv) to represent each Kuranishi 
homology class by a sum of chains [X, f,G] in which X has trivial stabilizer 
groups, so that we can lift to effective Kuranishi homology, and then we can 
perturb each X to a manifold using single-valued perturbations, 
(b) The proofs of Theorems 14.81 and 14.91 use almost no properties of the target 
space Y. In the proofs, given some [X,f,G] or [X,f,G], we have a cover of 
X by Kuranishi neighbourhoods , £^*, s*, V') with maps f^ : ^ Y and 
G^ : ^ P OT : ^ P. All we require of these maps is that they 
satisfy f-'\v'^ = ° when j ^ i in I. The proofs involve cutting into 
pieces, changing G^jG^, and deforming s', which changes X a.s X = (s')^^(O), 
but we never change the maps 

Because of this, Theorems 14.81 and 14.91 and their proofs would still hold, es- 
sentially unchanged, if we took Y to be an arbitrary topological space, rather 
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than an orbifold, and maps f : X ^ Y in chains [X,f,G] or [X,f,G] to 
be strongly continuous, rather than strongly smooth. We wiU need Y an orb- 
ifold and / strongly smooth or a strong submersion in ij4.7l to define products 
U, n, • on Kuranishi (co)homology, but to establish isomorphism with singular 
homology, this is unnecessary. 

In the same way, Theorems 14.81 and 14.91 and their proofs will still hold, 
essentially unchanged, if we take Y to be an infinite- dimensional manifold or 
orbifold, such as a loop space CM of smooth maps A : 5^ ^ M for M a finite- 
dimensional manifold, and f : X —t Y tohe strongly smooth in the appropriate 
sense. (That is, we prove that KH^,, KHf{Y; R) are isomorphic to singular 
homology Hf{Y; R) defined using smooth singular simplices in Y.) This will be 
important in [40], when we apply Kuranishi (co)homology to the String Topology 
programme of Chas and Sullivan [11]. 

We will define a homology theory which computes Hf{CM, M; Q), the sin- 
gular homology of CM relative to constant loops M C CM, and on which Chas 
and Sullivan's String Topology operations are defined at the chain level, without 
any transversality assumptions, and satisfy the desired identities exactly at the 
chain level, not just up to homotopy. We will use this to prove results sketched 
by Fukaya [23, §6], which use moduli spaces of J-holomorphic discs in a sym- 
plectic manifold (M, w) with boundary in a Lagrangian L to define chains in 
our homology theory of the loop space of L satisfying identities involving String 
Topology operations. 

4.4 Kuranishi cohomology and Poincare duality for dY = 

Here is our dual notion of Kuranishi cohomology of an orbifold Y . The differ- 
ences with Kuranishi homology are that we replace strongly smooth maps by 
strong submersions, and orientations by coorientations, and gauge- fixing data by 
CO- gauge-fixing data, and we grade [X, f,C] by codimension dimK — vdimX 
rather than by dimension vdimX. In this section we restrict to Y without 
boundary. The extension to dY ^ will be explained in §4.51 

Definition 4.12. Let Y be an orbifold without boundary. Consider triples 
{X,f,C), where X is a compact Kuranishi space, f : X ^ Y is, & strong 
submersion with {X,f) cooriented, and C is co-gauge-fixing data for {X,f). 
Write [X,f,C] for the isomorphism class of {X,f,C) under isomorphisms 
{a,b) : {X,f,C) {X,f,C) as in Definition 13. 9[ where a must identify the 
coorientations of {X, /), {X, /). 

Let i? be a Q-algebra. For k e Z, define KC^{Y; R) to be the i?-module of fi- 
nite i?-linear combinations of isomorphism classes [X, f, C] for which vdimX = 
dimF — fc, with the analogues of relations Definition l4.3r i)"(iv) . replacing gauge- 
fixing data G by co-gauge-fixing data C. Elements of KC^{Y;R) are called 
Kuranishi cochams. Define d : KC^{Y;R) KC''+^{Y;R) by 

d ■ J2aeAPa[^a,fa,Ca] ' > Y^aeA Pai^Xa, f JdXa , C aldxj ■ (78) 

As in Definition 14.31 we have dod = 0. Define the Kuranishi cohomology groups 
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KH'' 



{Y; R) of y for fc G Z to be 



KH''(Y;R) 



Kcr(d : KC^{Y;R) KC^+^{Y;R)) 
lm{d: KC^'^{Y]R) ^ KC^{Y]R)) 



Let Y, Z be orbifolds without boundary, and h : Y ^ Z he d. smooth, 
proper map. Using the notation of Definition 13.271 define the pullback h* : 



KC''{Z; R) KC^{Y- R) by 



Here the coorientation for (X^, /^) pulls back to a coorientation for {Y y-h.zj 
Xa,7rY), as follows. Let p G Xa and {Vp, Ep, Spjipp) be a sufficiently small 
Kuranishi neighbourhood in the germ at p, with submersion fp:Vp—>Z rep- 
resenting /. Then the coorientation for (X, f) gives orientations on the fibres 
of the orbibundle (Kerd/p ® Ep) — > Vp. As in (fT6|) . we hft [Vp, . . . , V'p) to a 
Kuranishi neighbourhood 

{V^ ,-4'p) = {y ^h,zj^ Vp,TTy^{Ep),Sp oTrv^,nY x {ipp o ttvJ x x) 

onFx^Xa. Then the orbibundle (Kerd7ry©iJ^) is naturally isomorphic 

to TTy ((Ker dfp(BEp) — > Vp) , so the orientations on the fibres of (Ker dfp(BEp) — s- 
Vp lift to orientations on the fibres of (KerdTry © E^) — > V^ , which define a 
coorientation for (F x^ Xa,7ry). 

These h* : KC''{Z; R) KC''(Y; R) satisfy /i* o d d o /i*, so they induce 
morphisms of cohomology groups h* : KH^{Z;R) KH^{Y]R). Fullbacks 
are functorial, that is, {g o h)* = h* o g*, on both cochains and cohomology. 

Remark 4.13. In Kuranishi cochains [X,f,C] we assume X is compact, so 
that f{X) C y is also compact. Thus, our cochains are compactly- supported, 
and KH*{Y; R) is a form of compactly-supported cohomology. 

One could also try to define versions of Kuranishi cohomology analogous to 
ordinary cohomology. The chains should be [X, /, C] for X a not necessarily 
compact Kuranishi space, and f . X ^ Y a proper strong submersion. The no- 
tion of co-gauge-fixing data C for {X, f) when X is noncompact would certainly 
need revision. Working with noncompact X raises important issues to do with 
finiteness — finiteness of indexing sets for good coordinate systems, finiteness 
of Aut{X,f,G) in Theorem 13.201 (this relies on Proposition 13.191 which uses 
the compactness of X), and so on. As we do not need noncompact Kuranishi 
spaces in any of our applications [4,39-41], we will not develop this. 

We shall prove Poincare duality for Kuranishi (co)homology. We do not 
assume Y is compact. 

Definition 4.14. Let Y be an orbifold which is oriented, without boundary, and 
of dimension n, and R a Q-algebra. Then for / : X — > F a strong submersion, 
as in Definition 12.321 there is a 1-1 correspondence between coorientations for 
{X, f) and orientations for X. Choose an injective map Gy : Y — > Pm C P, 
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which is possible for to » 0. li C — {I,r],C^ : i £ I) is co-gauge-fixing data for 
{X, f) with I = (/, iV\...,r),r -.lel,...), define Gc - [I, r],G^:i£l), 
where G' : ^ P is given by = ^ o ((Gy o o n') x G'), for ^ in ([M]). 
Definition 13.81 for C says that G' maps — > P„ C P for some n 3> 0, and 
C" X {P o tt') : E^ P X Y is globaUy finite. Together with Gy : Y ^ P^ 
injective and : Pm x P„ — > Pm+n globally finite this implies that G* maps 
E'^ —>■ Pm+n and is globally finite, so that Gc is gauge-fixing data for {X, /). 

Define i?-module morphisms U^"^^ : KC^{Y-R) KCn-k{Y;R) for A; G 
Z by n^J?jj : [X, /,C] ^ [X, f ,Gc], using the coorientation for {X,f) from 
[X, /,C] e KC''{Y;R) to determine the orientation on X for [X, /, Gc] e 
KCn-k{Y]R). Then n|^^jj takes Definitions I4.3r i)-fiv) to the same relations, 
so they are well-defined, and d o — H^^j^ o d, so they induce morphisms of 
(co)homology groups 

n^^h : KH\Y- R) KHn-kiY; R). (80) 

We will now construct an inverse li^i^ for ([50]) . On the (co)chain level, we 
cannot just define ■ [X, f, G] i-^ [X, f, Cg], turning gauge-fixing data G 

into co-gauge-fixing data Cg , since / may not be a strong submersion. Instead, 
we modify the Kuranishi structure of X to make / a strong submersion. 

Write TT : rr ^ y for the tangent orbibundle of y, and z : y ^ TY 
for the zero section. Choose an orbifold Riemannian metric g on Y . Then we 
can define the exponential map exp : y — > y, a smooth submersion from an 
open neighbourhood V of z{Y) in TY , such that for t; e y with 7r(i;) = y we 
have exp(t)) = 7(1), where 7 : [0, 1] — > y is the unique geodesic interval with 
7(0) = y, 7(0) = V and V^(t)7(i) = for t G [0, 1]. Choose V such that exp 
extends to the closure y of y in TY , and tt : ^ y is a proper map. This is 
possible provided V is small enough. 

Define a new Kuranishi structure Ky on Y by the single Kuranishi neigh- 
bourhood (y, i?, s,i/') = (V", 7r*(Ty),idTy,z"^). Here s = idry is just the 
identity map on TY , restricted to V and regarded as a section of the bundle 
E = 7r*(Ty) V. Thus 3-^(0) is z{Y), so ip ^ z'^ : z(Y) Y makes sense. 
This induces Ky by taking the germ of Ky at each p G y to be the equiva- 
lence class of {V, E, s, regarded as a Kuranishi neighbourhood at p, and the 
coordinate changes between such neighbourhoods to be the identity. 

Define strong submersions tt : {Y,ky) Y and exp : (y, Ky) Y by 
TT : y — > y and exp : y ^ y on the Kuranishi neighbourhood {V, E, s, -0). The 
continuous maps induced by tt and exp are both the identity map id : y — > y, 
but nonetheless tt and exp are different as strongly smooth maps, provided that 
dimy > 0. Also, z : Y V induces an embedding z -.Y ~* {Y,ky) inducing 
the identity id : y ^ y. Choose an injective map Gy : E Pm' C P for some 
to', which is possible for to' » 0. 

Suppose X is a compact oriented Kuranishi space, / : X — > y is strongly 
smooth, and G is gauge- fixing data for {X,f). We will define modifications 
X^ , f^, Cg oiX, /, G such that X^ is a compact Kuranishi space, : X"^ 
y is a strong submersion with (X^, f^) cooriented, and is co-gauge-fixing 
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data for (X^,/^). Define to be the fibre product {Y,ky) x-K,Y,f X. The 
underlying topological space of X^ is X, so X^ is really X with a new Kuranishi 
structure. Define a strong submersion : X^ Y hy — exp o TTj-y^^-). 
There is a natural coorientation on ((y, Ky),7r), and combining this with the 
orientation on X gives an orientation on X^ , as in Convention l2.33r cV As 
Y, X^ are oriented and : X^ ^ y is a strong submersion, as in Definition 
12.321 we obtain a coorientation for {X^ , f^). 

Write G = iI,V,G' : i £ I) with I = {l,{V\ . . . ,^p'), f : i e /,...). 
Define — {i + n : i £ I}. Following (|16p. for each i G / define a Kuranishi 
neighbourhood on X^ to be 

,E^+''''' ,.3^+^^'' ,^'+^''') ^ {V x^^yj,V\n*y{E) ®K^{E'), 

Define : V'+'''^ ^ by f+'''^ = expoTry. Define rjl^^ : X'^ ^ [0, 1] 

by ril^„ = r]„ identifying X^ ^ X. For i.j £ /, define 4tn^ ■ ^^'+"''^ [0, 1] 
by ?7^+^'^ = ??■ o Tiy,. When j < i in /, define c to 

be V x^^Y.p V'^, and let ; ^ ^ ^ ^ ^ 

V'^+"''^|y(.+„)(,+„),v-) (F'+"''*",...,V''+"''^) be induced by the identity on 
{V,E,s,^), and (0*^<^^^). 

As (/jT;) is a really good coordinate system for {X,f ), it is easy to show 

: k G ,..),rg,rl^^ : k,l e I^) is a really good 
coordinate system for (X^,/^). To verify Definition I3.4r vi) . let T C y be the 
compact subset for (/, jy) in Definition l3.4r viV Then 7r~^(T) n F is compact 
as 77 : F — » F is proper, so = exp(7r^^(T) r\V) C F is well-defined as exp 
extends to V, and compact as 7r^^(r) n F is compact. Since f^-n^yk-n-^ ^ j, 
we find that fk,Y(Yk,Y-^ g j^y f^j. ^ ^ /^^ proving Definition [321; vi) . 

Let {I^,fi^) be the excellent coordinate system for {X^,f^) constructed 
from this by Algorithm KW\ with = (/^, (F'^^'^, . . . , i^''^^) : k £ . . .). 
For each k £ define (7'=^'*' : i^'^-'^ P by C''^^ ^ ^lo ((Cy o ttb) x (G*^- 
Trgfe-n)). Since Cy maps ^ P„i' C P, and G''~" maps p^, p 

for some n' ^ 0, and /x maps P„i' x P„/ — » P^z+n/, it follows that C**^'^ maps 
'+„', one of the conditions of Definition [3^ 

We will prove G'^'^ is globally finite. Observe that C'''^ is the composition 
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^k^c^ExY ^fc-" ^''"^'°r s X ^fc-" ^^^^ . P„,, X P„, ^ P™.+„. . (82) 

We shall show that each morphism in ([5^ is globally finite, in the sense of 
Definition 13. 81 The first map in ((82)l is an inclusion of open sets, and so globally 
finite with = 1. For the second, let T C F be as above. The map F ^ N 
taking y i— > | Stab(y)| is upper semicontinuous, so as T is compact there exists 
L ^ 1 such that |Stab(y)| L for all y e T. As /^-"(v^fc-") c T, in the 
formula (|12p for the orbifold fibre product E x^ y.f'-^oTr''-" E^^^ the biquotient 
term /,(Stab(p))\Stab(/(p))//^(Stab(p')) is at most L points, so tie x 7:^^--^ 
is globally finite with N = L. 
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The third morphism Cy x G'^ "in (|82p is globally finite as Cy is injective and 
Qk-n -g globally finite. For the last, ((33)) implies that /i : Pm' x P„' — > P^'+n' is 
globally finite with N = (™^/" ) ■ Thus the composition C'^'^ is globally finite, 
and = (7^,17^, C**^^^ : fc G /^) is co- gauge- fixing data for (X^, /^). 

Define i?-module morphisms n^j^i^ : KCn-k{Y\R) KC''{Y-R) by ngj^'^ : 
[X, /, G] ^ [X^, Z'^, Cg]. These are well-defined, and d o = o d, so 
they induce morphisms of (co)homology groups 

n^f : KH^_u{Y- R) KH\Y- R). (83) 



Theorem 4.15. Let Y be an oriented n-orhifold without boundary. Then n^^Jj*^ 
in (j83p is the inverse of n^^^j^ in (I80p . so t/ie?/ are both isomorphisms. Also (j80p . 
are independent of choices in their constructions. 



Proof. If dimF = then taking Gy = (0), Gy = (0) we see that is inverse 
to n^|i?jj at the chain level, and the theorem is trivial. So suppose n = dimF > 0. 
Define a Kuranishi structure k' on [0, 1] x F as follows. On [0, 5) x F this comes 
from the orbifold structure on [0,1] x Y. On [5,1] xY it comes from the 
product Kuranishi structure on [0, 1] x (Y, Ky). Near {i} x F we glue these two 
Kuranishi structures together using z : Y ^ (Y, Ky) in Definition 14. 141 Define 
strong submersions 7r,exp : ([0, 1] X Y, k') ^ r to be induced by idy : F ^ F 
on [0, ^)xY and by tt, exp : {Y, Ky) ^ F on [i, 1] x y. Using the orientation on 
[0, 1] we can construct a natural coorientation for (([0, 1] xY, k'), n) , independent 
of the orientation on Y. 

We shall define an excellent coordinate system ( Jy, Cy) for (([0, 1] xY, k', tt) . 
The indexing set is Jy = {n + 1, 2n + 1}, with Kuranishi neighbourhoods 

(T/^+i, . . . , ^j+i) = ([0, i) X y, [0, i) X y, 0, id[o, i),y), 

(F^"+\...,^^"+i) = ((i,l]xl/,(i,l]x£;,so7ri,,id(.,i]XV'). ^^^^ 

Here Vy^^ is the zero vector bundle, so Ey'^^ = Vy~^^ as mani- 

folds. Define v^2«+i)(n+i) ^ (i i) ^ y c V^+\ with coordinate change 

/'J,(2"+l)(n+l) 7(2n+l)(ri+l)N . .(2n+l)(«+l) x (^r2n+l 

Wy i0y ) ■ ,---,Wy |y(2n+i)(„+i) j ^ (Vy , 

. . . ,ijj'^~^^) given by 0^"+^)^"+-'^) — jd^i i-j x z, where z : y ^ y is the zero 
section z : y — > TY, recalling that 1^ is a neighbourhood of z{Y) in TY, and 
^(2n+i)(n+i) _ j^^^ x{ze o z), whcrc zb : F ^ i? is the zero section of E. 

These Kuranishi neighbourhoods ([84]) are compatible with the Kuranishi 
structure k' on [0, 1] x Y, since for each point p in Im V'y^^ or Imi/)^""''^, there is 
a sufficiently small (V^, . . . , ipp) in the germ of k' at p and a coordinate change 
from {Vp, . . . , V'p) to iV^'+\ . . . , 7/;^+^) or . . . , Vy +^)- Also tt, exp are 

represented by n^+^ = exp'^^+i = Try : [0, i) x y ^ y on (F^+S . . . , 1/^^+^) and 
by = ^o7ry,exp^"+i = expoTTv. : (i, 1] x V ^ y on . . . , Vy +')• 

Let C : [0, 1] — *■ [0, 1] be continuous with ^ = on [0, -j] and C = 1 on 
[1,1]. Define Q.y : [0, 1] x y ^ [0,1] for j e Jy by Cn+i.y{t,y) = 1 - C{t) 
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and C2n+i,y(i,y) = C(0- Define C/,y : ^ [0,1] for i,j 6 Jy by Cl^^ y = 
1 — Q o 7r[o,i] and C2n+i y = C ° ''''[0,1] • This data defines an excellent coordinate 
system {JyXy) for (([OjI] ^ ^;«'):'^)- 

Choose maps Cy : i?y Pm C P for j E Jy and m ;2> such that 
CJ+i|{o}xy = (0) and |{i}xB = /io(CyX (GyoTT)), identifying {l}x£; = 

i?, and Cy|(£3 jo : — *■ P is injective. Then Cy x Try is globally finite, and 
Cy = (Jy, Cyj C*]^ • j G Jy) is co-gauge-fixing data for (([0, 1] x F, k'), tt). 

Define P-module morphisms 2^= : KC''{Y; R) KC'^-^Y; R) by 

S^- : [X,/,C] ^ [([0,1] xy,K') x^,y,_fX,expo7r([o,i]xY,K'),£>c], (85) 

where (([0, 1] x Y, k') x^ yj^ X, exp o 7r[o.i]xy) has a coorientation constructed 
from that of {X,f), and the co-gauge-fixing data Dc is defined as follows. 
We form co-gauge-fixing data Cy Xy C for (([0,1] x Y, n') y<-K,Y.f ^t'^y) as 
in Definition 13.311 Then we take Dc to be the same as Cy 'Xy C, except 
that the maps TTy '■ V'' ^ Y ior k E I, representing Try, are replaced by 
exp*^ = exp^ oTT^j on V'' fl {Vy Xy V), representing exp o 7r([o,i]xy,K')- 

To verify Dc is co-gauge-fixing data, there is one nontrivial thing to check. 
The proof that Cy Xy C is co-gauge- fixing data shows that C'' x {TTy o -fr^) : 
jTjk p X Y is a. globally finite map, but we have replaced TTy by exp*^, so 
we must prove that C'^ x (exp'^ o tt*^) : E''"' P x F is globally finite. Write 
j^k ^ £;fe/ jj E'"', where lies over Vy^'^ and E'"' lies over Fy"+\ As 
7ry+^ = expy+^ on Vy^^, TTy and exp'' coincide on i?'", so C'' x (exp'' o fr'') 
is globally finite on E'" as C'' x (77^ o tt'') is. On E'"' we use the fact that 
Cy"+^ : £;y"+^ ^ P„ C P is globally finite to deduce that C'' : £^'=" ^ P 
is globally finite, following the proof that G Xy C is gauge-fixing data, and 
temporarily treating Cy as gauge-fixing data. But C'' : &" — > P globally 
finite implies & x (exp'' o tt'') : £''"' ^ P x F is globally finite, as we want. 

From (|23l) we find that in cooriented Kuranishi spaces we have 

9(([0, 1] X y, k') x^^yj X, exp o 7r[o,i]xy) = -({0} xX,f)U 
n ({1} X X^,/^) - (([0,1] X Y,K,') x^^yji^^ aX,expo7r[o,i]xy). 

Adding co-gauge- fixing data to this, in KC''{Y; R) we have 

d[([0,l] xr,«') x^,y,/X,expo7r[04]xY,r>c] =-[X,/,C] ^^^^ 

where Gc is the gauge-fixing data for {X, f) constructed from C in Definition 
14.141 and Cq^ is the co-gauge-fixing data for {X^ , f^) constructed from Gc in 
Definition l4.14l The first term on the r.h.s. of ([55)1 holds because Cy^^ restricts 
to (0) on {0} X Y, where (0) is the identity for /i. The second term holds because 
Cy"^^ restricts on {1} x E to fio (Cy x (Gy o tt)), which combines the extra 
factor Gy o tt in going from C to Gc with the extra factor Cy in going from 
Gc to C , and using associativity of fj,. 
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Combining ^E^, and Definition 14. 141 shows that 

d o S'^ = - id +n|^;^'^ o n^l?!^ - S'^+i o d : KC''{Y; R) — > KC''{Y: R). (87) 

Passing to cohomology, this imphes U.^^^ ° nj^ch ■ KH^{Y]R) KH''{Y;R) 
is the identity. An almost identical proof yields T"^*^ : KCn-k{Y; R) 
KCn~k+i{Y;R) satisfying 

d o T"-'^ = - id +nK|?h ° n^h' - T"-'=-i o d : KCn-k{Y; R) ^ if C„-fe(r; R). 

In defining T"^''' we replace the condition on Cy"^^ above by Cy''^^\{i}xe = 
M° ((Gy oexp oTTy) X Cy) , identifying {1} X = i?. Passing to homology shows 
that ngj^h o n^'^ : KHn-kiY;R) KHn-k{Y;R) is the identity. Therefore 
(|55)) is the inverse of pi)l . 

For the final part of the theorem, by the first part it is enough to show 
that ([50]) is independent of choices, and the only choice in its construction is 
that of Gy '■ Y Pjn C P. If Gy , G'y are possible choices inducing operators 
nKch'nKcii on (co)chains, then choose globally finite G[o,i]xy ■ [0, 1] x y ^ 
Pm" C P for to" » with G[o,i]xy |{o}xy = Gy, G[o,i]xy |{i}xy = G'y- 

Let / : X — > y be a cooriented strong submersion and C be co-gauge-fixing 
data for {X, /), where C = (/, rj, G^ : i e /) with I = (/, {V\ . . . ,ip'), f : i G 
/,...). Set i = {i + 1 : i e I}. For i e /, define {V'+^ , E'+\ , 4;'+^) = 
([0,1] X V\[0,1] X £;%s' o 7ry.,id[04] ^V^')' /'^^ = /* ° ^rv. : V'+'^ Y, and 
77,+i : [0, 1] xX ^ [0, 1] by = t^^ottx, and ii*+i : E'+^ ^ P by e) = 

m(G[o,i]xy(", /' o 7ry.(e)), G*(e)). 

For i,j e /, define v('+^)U+^') = [0,1] x V^*^ ^ id[o i] x<?!)'J, 

^ id[o,i] X0*J' and : V^+^ [0,1] by iil+l = 77^' oTTy,. Write 
J = : i e /,...), = : i e i, ff, : i,j e /), and 

He = {I, fjyH^ : i G I). Then He is gauge-fixing data for ([0, 1] x X, / o nx) ■ 
Define i?-module morphisms 6'^' : KC^{Y;R) ^ KCn-k-iiY; R) by 



A similar proof to ^ using G[o,i]xy|{o}xy = Gy, G[o,i]xy|{i}xy G'y gives 



a o = -n^l^h + n^!?!; - e^+i o d : xG^iY; r) ^ KG^-kiY-, r). 

Passing to (co)homology yields H^J^i^ = nj^J?^ ; KH''{Y;R) KHn-k{Y;R). 



We show Kuranishi and compactly-supported cohomology are isomorphic. 

Definition 4.16. Let Y be an rt-orbifold without boundary, and R a Q-algebra. 
We wiU define i?-module morphisms Xl^f" : Hl:^{Y;R) KH^{Y-R) for all 
A: ^ 0. First suppose Y is orientable, and choose an orientation. Define 11^'^*^ 
to be the composition 



H^,{Y- R) H-Lk{y\ R) ^ KHn-k{Y- R) KH''{Y; R), 



: [X,f,C] 




This completes the proof. 



□ 
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where Pd, 11^'', n|^^'> are as in (HID, ([73, ^ respectively. Changing the ori- 
entation of Y changes the signs of Pd,n||5;'^. Thus n^/i^ is independent of the 
choice of orientation on Y. 

Even if Y is not orientable, it has an orientation bundle, a principal Z2- 
bundle O — > F. The argument above still works if we replace H^^{Y;R) and 
KH^{Y; R) by the twisted homology groups Hl\ KH^{Y\ O y-{±i} R)- Geomet- 
rically, Hf{Y;0 y-{±i} R) is defined using chains (a, o) where ct : — * F 
is a smooth map and o is an orientation of the fibres of f*{TY) A^, with 
(tj, — o) = — (ct, o), and KH^(Y;0 X{±i} R) is defined using chains [X,f,G] 
with (X, /) cooriented, rather than X oriented. (One can still make sense of 
coorientations for {X, f) even if / is only strongly smooth) . 

Poincare duality for orbifolds Y without boundary when i? is a Q-algebra 
as discussed in HA.li Corollarv l4.101 and Theorem 14.151 implv : 

Corollary 4.17. Let Y be an orbifold without boundary, and R a Q-algebra. 
Then n^/^ ; H^JY;R) KH^{Y]R) is an isomorphism for fc ^ 0, with 
KH^{Y-R) = when k <0. 

4.5 The case dY 7^ 0, and relative Kuranishi (co) homology 

We now generalize i i4.4l to define Kuranishi cohomology KH*{Y; R) for orbifolds 
Y with dY ^ 0. To show that KH*(Y; R) H*^{Y; R) using Poincare duality 
involves relative Kuranishi homology and cohomology, so we define these as well. 
We will be brief, and give proofs only in the case d^Y = 0. 

We first explain the parts of classical (relative) (co)homology theory we will 
need. In §4. II we discussed Poincare duality isomorphisms (|61|) for manifolds and 
orbifolds Y without boundary. Here is how to extend this to manifolds with 
boundary and g-corners. Suppose Y is an oriented manifold with g-corners, 
of dimension n, not necessarily compact. Write t : dY Y for the natural 
immersion, and L{dY) for its image as a subset of Y. Then equation (|6ip 
extends to two families of Poincare duality isomorphisms: 

Pd' : H^,{Y, LidY); R) Hr,-k{Y; R), (88) 
Pd" : H^^{Y; R) H^-k {Y, iidY); R) , (89) 

where H*g{Y, L{dY); R) is the compactly-supported relative cohomology and 
H^,(Y, L{dY); R^ the relative homology of {Y,l{Y)). The usual form in which 
Poincare duality is stated, as in Bredon [10, §VI.9] for instance, is ([89|) for 
compact Y, with H*{Y; R) in place of H*g{Y; R). 

The interior Y° is a manifold without boundary, and there are natural iso- 
morphisms H*^{Y, L{dY); R) ^ H*^{Y°;R), H^{Y;R) ^ H^{Y°;R) which iden- 
tify Pd' in jlHl) with Pd in §^ for Y°. Thus, ([88]) follows trivially from (|6T|). 

If d^Y ^ then l : dY Y is not injective, and its image t,{dY) is not a 
manifold. However, if d^Y — then l is injective and L{dY) is a submanifold 
of Y. Relative singular homology when d^Y = is the homology of the chain 
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complex {Cf{Y, i{dY)-R), d) , where 

Ct{Y,iidYy,R) = ClKY;R)/>,,{Cl\dY;R)), 

and t, : C|'(9y; R) Cl}{Y; R) is as in This gives a short exact sequence 
of chain complexes: 



0' 



■ CfidY; R) ^ Cf(Y; R) ^ Cf{Y, L{dY)-R) 0, 



(90) 



where tt is the projection Cf{Y\ R) ^ Cl'{Y- R) / l^CI' {dY ; R)). Equation ^ 
induces a long exact sequence of (relative) homology groups: 

■ ■■^Hl\dY; R) ^ Ht{Y; R) ^ Hf}{Y, i.{dYy,R) Hf}^,{dY; R)^---. (91) 
Similarly, when d^Y = we have a long exact sequence of cohomology groups: 



' H'^-\dY- R) ^ (y, i(dY)-R) ^ Hi{Y; R) ^ Hi{dY; R) ■ 



(92) 



Now dY is an oriented (n — l)-manifold without boundary as d^Y = 0, 
so Poincare duality isomorphisms (pT|) hold for dY. These combine with the 
isomorphisms and sequences in a commutative diagram 



■Hi{Y;R) 

^ Pd" 



H^r\dY; R) ^ H^,{Y, L{dY);R) 



Pd 



Pd' 



Htk{dY;R) 



HtkiY;R) 



Htk{Y,i{dY);R) 



As in tj4.H the Poincare duality isomorphisms also hold for orbifolds 

Y provided i? is a Q-algebra. We now define relative Kuranishi homology. 

Definition 4.18. Let Y,Z be orbifolds, h : Y Z a, smooth map, and R 
a Q-algebra. Then Definition HH gives K : KCk{Y]R) KCk{Z;R) with 
d o h:^ = h<t o d. Define the relative Kuranishi chains KCk{Z, h{Y)] R) to be 

KCk {Z, h{Y) ; R) = KCk [Z; R)/K {KCk {Y; R)) . 

Then d : KCk{Z;R) KCk-i{Z-R) descends to d : KCk{Z, h{Y); R) 
KCk^i{Z,h{Y);R) with = 0. Define relative Kuranishi homology KH^,{^Z, 
h{Y)-R) to be the homology of {KC.,{Z,h{Y)\R),d). 

Suppose now that /i : Z — > y is an embedding. Then h.^, : KC^{Y] R) — > 
KC^:{Z;R) and ft.* : Cl^{Y-R) Cf[Z\R) are injective, so we have a commu- 
tative diagram of chain complexes with exact rows: 



■Cf{Y-R) 



■Cf{Z-R)' 



■Ct{Z,h{Y)-R) 



KC^Y; R) KC^Z; R) ^ KC^ (Z, h{Y)-R) 0, 



(93) 
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where Hl^^ is the projection from relative singular chains to relative Kuranishi 
chains defined as for n^*^ in Definition 14.61 

Equation (j93p induces a commutative diagram of homology groups 



Ht{Y; R) Ht{Z- R) ^ Ht{Z, h{Y)- R) mU(Y; R) 



KHk{Y- R) X KHkiz- R) ^ KHk {Z, h{Y); R) ^ KH^-iiY; R) 



(94) 



with long exact rows. Corollarv l4.10l implies that the columns in ([94|) are 
isomorphisms. Since the rows are exact, properties of long exact sequences then 
imply that the remaining column HI^^ is an isomorphism. This implies: 

Corollary 4.19. Suppose h : Y ^ Z is a smooth embedding of orbifolds, and 
R is a Q-algebra. Then W^f^ : Hf{Z,h{Y)-R) KHk{Z,h{Y); R) is an 
isomorphism for all fc ^ 0, with KHk{Z, hiY)-.R) = for k <0. 

The author expects that the assumption h is an embedding is unnecessary in 
Corollarv [4T9l Note that if Y is an orbifold with d^Y = then l : dY Y is a.n 
embedding, so HJ^h . fjsij^y, i{dY);R) KHk{Y, L{dY); R) is an isomorphism. 
Next we define KH*(Y;R) and KH*(Y, L{dY); R) when Y is an orbifold with 
g-corners, allowing dY ^ 0. 

Definition 4.20. Let X be a Kuranishi space, Y an orbifold with g-corners, 
and f : X ^ Y a strong submersion. Then if dY 7^ 0, as for submersions of 
manifolds in Definition 12.51 we have a decomposition dX ~ d^X U d^X and 
strong submersions : d^X Y and /_ : d^X dY, where f_^_ — f\d^x- 
In particular, ii d^X ^ then f\dx is not a strong submersion, but only 
strongly smooth. 

Let Y be an orbifold and R a Q-algebra. When dY — 0, Definition |4T2] de- 
fined the Kuranishi cochains KC*{Y; R), with d : KC''{Y; R) ^ KC''+'^{Y; R) 
given by ([75)1 . If dY ^ 0, equation ([75)1 is no longer valid, since fJdXa ™ay not 
be a strong submersion. Instead, when dY 7^ we define KC*{Y; R) exactly as 
in Definition 1131 but we define d : KC''{Y; R) KC''+^{Y; R) by 

Since the natural orientation-reversing involution cr : d^Xa — * d^Xa restricts 
to an involution of d^"^'^ [d^"^ Xa) , relation Definition I4.3f ii) still implies that 
d^ = 0. We then define Kuranishi cohomology KH*{Y; R) to be the cohomology 
of {KC*{Y;R),d). 

Define a morphism l* : KC''{Y; R) KC''{dY; R) by 

■■i:aeAPa[XaJa,Ca]^{~lYYaeAPa[dl^Xa,f,,_,Ca\sf_.xl (95) 
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where „ : d_Xa dY is a strong submersion as above. Then t* takes rela- 
tions Definition |431^i)-(iv) in KC''{Y;R) to the same relations in KC''{dY; R), 
and so is well-defined. We think of l* as the pullback under l : dY Y. 

If X is an oriented Kuranishi space and f : X ^ Y a strong submersion, 
then the natural orientation-reversing involution cr : d^X d^X restricts to 
an orientation-reversing isomorphism cr : [d^X) d^^ (d^X). Using this 
we see that d o i* = o d as maps KC^(Y; R) KC''+\dY; R). The purpose 
of the factor (—!)'"' in ([95]) is to make d o /,* = 6* o d, so that l* is a chain map; 
without it we would get do l* = —l* o d, since cr is orientation-reversing. Since 
t* is a chain map it induces morphisms t* : KH^{Y; R) KH^{dY\ R). 

Define the relative Kuranishi cochains KC'^iY, l{Y); R) to be the kernel of 
i* : KC^{Y;R) KC''{dY;R). Then d : KC''(Y;R) KC^+'^{Y-R) re- 
stricts to d : KC^(Y,i{Y)-R) KC^+^{Y,l* {Y)-R), since d o i* = i* o d. 
Define relative Kuranishi cohomology KH*{Y,l{Y)]R) to be the cohomology 
of (XC"=^(y,i(r);i?),d). 

For the rest of this section we restrict to the case that d^Y = 0, so that 
L : dY ^ y is an embedding. Then one can show that l* : KC^{Y;R) — + 
KC^{dY\ R) is surjective; one way to do this is to identify Y = [0, e] x dY near 
dY for small e > 0, and then for each [X,f,C] £ KC^{dY]R), to construct 
explicit [[0,e]xX,/',C'] C KC^{Y;R) with l* : [[0, e] x X, /', C'] ^[XJ,C]. 
Thus we have a short exact sequence of cochain complexes 

— ^ KG* (y, i{Y)-R) KC* {Y- R) KC* {dY; R) — ^ 0, 

where 'inc' is the inclusion. This induces a long exact sequence in cohomology, 
the analogue of ([92]) : 

• --^ KH'^-^dY; R) ^ KH'' {¥, i{dY);R) KH''{Y; R) ^ KH''{dY; R)^-- - ■ 

Our goal is to prove that KH*{Y;R) ^ H;^{Y;R) and KH*{Y,i{Y);R) ^ 
i?*g(y, i?), generalizing CoroUarv 14.171 To do this we need analogues of 
the Poincare duality morphisms nj^chinKh'' of Definition 14. 141 for KH*{Y]R) 
and KH*{Y, l{Y); R). That is, we wish to define chain maps 

n^g'ch : KC^y, i(dY);R) KC^^k{Y; R), (96) 

n*^h : KCn-k{Y;R) KC^Y, i{dY):, R), (97) 

njfch : KC^Y; R) KCn-k{Y, i{dY);R), (98) 

n^ch : KCn-k{Y, L{dY);R) - - ^ KCHY; R), (99) 

which should induce the analogues of Pd',Pd" and their inverses. 

We define n^h^h^nifeh in (ED, dMl) to map [X,f,C] ^ [X,f,Gc] exactly 
as for nj:^^h in Definition |4Tl The proof that doU]^^ = U^^^od then becomes 
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nontrivial: we have 




so this difference lies in L^(^KCk{dY; R)) , and is zero in KCn-k-i{y, t-{dY)] R), 
giving d o njKh = njKh o d. To prove that d o Uf^^^ = Uf^^^ o d, we show that 
d o nf^^^^ - n^^i^ o d = o L* , and then note that KC''{Y, i.{dY); R) is the 

kernel of l* . Hence nJ^^j^jH^'j^ are well-defined chain maps, and induce mor- 
phisms nKh^ : KH''{Y,LidY);R) ^ KH^^u{Y;R) and : KH^{Y-R) ^ 

KHr,-k{Y,i{dY);R). 

We can also define Hj^j'^'' in ((97|) generalizing Ifj^jj'^ in Dcfinition l4.141 though 
this is a little more complicated, since one must also add in a correction term 
over dY to ensure that Xl^jf' maps to Keri* in KC'^iY] R). It is a chain map, 
and induces li"^^^ : KHn-k(Y;R) — > KH''(Y, i{dY); R). We can then prove 
the analogue of Theoremgini that nf^^^^ : KH''(Y, i{dY);R) KHn-kiY; R) 
and n]^^^ : KH„_k{Y;R) — > KH\Y,i{dY)-R) are inverse, and so are both 
isomorphisms. This is not surprising, since we expect KH* (Y, L{dY); R) = 
KH*(Y°;R) and KH^{Y;R) = KH^{Y°;R) as for jM]) above, and this ana- 
logue would follow immediately from Theorem l4.15l 

However, the author does not have a good definition for Hj^Jj in ([M]) . on 
the (co)chain level. Instead, we consider the commutative diagram 

^ KH''-\dY; R) KH''{Y, BY; R) KH''{Y; R) 



^ KH„^k{dY; R) KH„.k{Y- R) KH^^k{Y, OY-R)-^--- , 



with exact rows. Here the left hand column is an isomorphism by Theorem l4.15( 
as dY is an oriented (n — l)-manifold without boundary, and the right hand 
column is an isomorphism by the analogue of Theorem 14.151 discussed above. 
Thus the central column is also an isomorphism, by properties of long exact 
sequences. Therefore we have proved: 

Theorem 4.21. Suppose Y is an oriented n-orbifold with d^Y = 0, and R 
is a Q-algebra. Then we have isomorphisms H^^j^ : KH^{Y^L{dY)]K) 
KH^_kiY;R) and UfJ^ : KH''{Y-R) KCn-k{Y, iidY): R). 

The author expects the theorem holds without assuming d^Y — 0. The proof 
for nj^^j^ looks straightforward, but for H^Jj the long exact sequence argument 
in (jlOOp will need modification. Here is the analogue of Definition 14.161 

Definition 4.22. Let Y be an n-orbifold, and R a Q-algebra. We will define 
i?-module morphisms Ulf^'=^ : H^^{Y, i{dY)-R) KH^{Y, i{dY)-R) and li^f" : 
H^^(Y;R) KH^{Y;R) for aU fc ^ 0. First suppose Y is orientable, and 




Kh 

-Kch 





-rKh 
Kch 



(100) 
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choose an orientation. Define HJ!^ and H^g to be the compositions 

H^^iY, i{dY);R) ^ R) KH^-kiY: R) KH\Y, i{dY);R), 

Bl,{Y- R) ^ i{dY)-R) ^ KH^-k{Y, i{dY)-R) ^ KH^{Y- R). 

Changing the orientation of Y changes the signs of Pd' Pd", Hj^'^'^ nji^jj. Thus 
njj^'^'' and njj^'^'' are independent of the choice of orientation on Y . If Y is not 
orientable, we define IIj]^'^'' , njj^'^'^ using twisted (relative) homology groups, by 
the method of Definition 14.161 

Poincare duality, Corollaries 14.101 and 14.191 and Theorem 14.211 imply: 

Corollary 4.23. Let Y he an orbifold with d^Y = 0, and R a Q-algebra. 
Then n*ch . H^^{Y,iidY);R) ^ KH''{Y, tidY); R) and n^^*^ : H:,iY;R) 
KH*(Y; R) are isomorphisms. 

The author expects the corollary holds without assuming d^Y = 0. 

The other material we give on Kuranishi cochains KC*{Y; R) and Kuranishi 
cohomology KH*{Y;R) when dY = 0, such as puUbacks h* in H4.41 effective 
Kuranishi cohomology in MM and cup and cap products in ^4.7[ all has gener- 
alizations to the case dY ^ using the ideas of this section. We leave this as 
an exercise for the reader. 



4.6 Effective Kuranishi cohomology 

We extend ij4.4l to effective Kuranishi cohomology. 

Definition 4.24. Let Y be an orbifold without boundary. Consider triples 
(-'^i/jC'), where X is a compact Kuranishi space, / : X ^ y is a strong 
submersion with {X, f) coeffective and cooriented, and C is effective co-gauge- 
fixing data for {X,f). Write [X,f,C] for the isomorphism class of {X,f,C) 
under coorientation-preserving isomorphisms {a,b) : {X,f,C) {X,f,C). 

Let i? be a commutative ring. For each fc G Z, define KCl^^{Y; R) to be the 
i?-module of finite i?- linear combinations of isomorphism classes [X,f,C] as 
above for which vdimX — dimy — k, with the analogues of relations Definition 
I4.3f i)-fiii). replacing gauge-fixing data G by effective co-gauge- fixing data C. 
Elements of KC^^(Y; R) are called effective Kuranishi cochains. Define d : 
KC^^{Y-R) KC^+^{Y-R) by replacing Ca by C^. Then d o d = 0. 

Define the effective Kuranishi cohomology groups KH^^{Y\ R) of Y to be 

. , ^ Ker(d : KC^JY; R) KC^+\Y; R)) 

KHUY;R) = } ' °" ^ V 

\x^{A:K&,^^{Y-R)^KC^^{Y-R)) 

for k G Z. Arguably one should call this 'coeffective Kuranishi cohomology', as 
it is defined using [X, /, C] with {X, f) coeffective, but we choose not to. 
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As for n^'^ in Definition 14.61 define 

Ul^'^:KC^,iY;R)^KC''iY;R®^Q) by 

Then 11^'^'^ o d = d o H^^^ , so they induce morphisms of cohomology groups 

n;^,'^^ : KH^^{Y; R) KH^{Y; R (g)^ Q). (102) 

Let Y, Z be orbifolds without boundary, and : y — > Z be a smooth, proper 
map. As in Definition HH define the pullback h* : KC^^{Z; R) KC^^{Y; R) 
by ([75]) . with in place of Ca- These satisfy h* o d = do h* , and so induce 
morphisms h* : KH^^{Z;R) KH^^{Y-R). We have [g o h)* = h* o g* and 
n^'^'^ oh* — h* o n^'^'^, on both cochains and cohomology. 

We can also try to extend Definition 14.141 and Theorem 14.151 to effective 
Kuranishi (co)homology. However, as in t j4.1l Poincare duality fails for gen- 
eral orbifolds Y and commutative rings i?, so something must go wrong. The 
problem is in generalizing the morphisms H^^h ■ KC^{Y;R) — > KCn-k{Y; R) 
and U^^ : KCn-k{Y;R) ^ KC^{Y-R) to the effective case. We can define 
: KC^^{Y;R) KC^J;_^^{Y]R) only if Y is an effective orbifold, as oth- 
erwise (y*, . . . , ■)/''), /* coeffective does not imply (y*, . . . , -0') effective. This 
corresponds to the observation in i j4.1l that if Y is not effective then we cannot 
define the Poincare duality map Pd in (pTj) . which is the analogue of 11°^. 

Worse stih, we can define : KCj^f^iY; R) KC^^(Y;R) only if Y 
is a manifold, since otherwise the Kuranishi neighbourhoods (|8ip may not be 
coeffective, as the stabilizer groups of V can act nontrivially on the fibres of E. 
This corresponds to the observation in H4.ll that if Y is an effective orbifold, 
but not a manifold, then Pd in (j6ip is defined but may not be invertible, so we 
cannot define its inverse Pd~^, which is the analogue of 11°^. 

Definition 4.25. Let Y be an effective orbifold without boundary, which is 
oriented of dimension n, and R a commutative ring. Choose an injective map 
Gy ■ Y — > R™ C P for some m ^ 0. Suppose X is a compact, oriented 
Kuranishi space, / : X ^ F is a strong submersion, {X, f) is coeffective and 
cooriented, and C is efl^ective co-gauge-fixing data for {X,f). Define effective 
gauge-fixing data Gfj for {X, f) as for Gc in Definition 14.141 but with = 
M ° ( (Gy o o TT* ) X ) , for ^ as in ([58]) . A similar proof to those for h*{C) and 
CxyC in Definitions 13 . 421 and 13 . 43l shows that Gq is effective gauge-fixing data. 
To verify Definition I3.36r a) . note that as {V^, ...,?/'*),/* in C is coeffective and 
Y is effective, (V^, . . . , -0*) is effective as in Definition 13.371 

Define i?-module morphisms H°l : KC^^(Y; R) KC^_^{Y- R) for fc G Z by 
: [X, f,C] ^ [X, f,G(j], using the coorientation for {X, f) and orientation 
on Y to determine the orientation on X. Then d o = IIJ;^ o d, so they induce 
morphisms of (co)homology groups 

: KH^,,{Y- R) KHtkiY; R). (103) 
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Now suppose y is a manifold, without boundary. Let X be a compact, 
effective, oriented Kuranishi space, f : X ^ Y a, strongly smooth map, and G 
be effective gauge-fixing data for {X, /). Define X^ , as in Definition 14.141 
As y is a manifold, one can show from ([81]) that {X^ , f^) is coeffective. Define 
Cg for {X^,f^) as for in Definition [Hll except that we set C*-''^ = 

M° {{Qy ° t^e) X (G''"" o TTEk-^)), where Cy : £; ^ R™' C P is injective for 
some m' 3> 0. Again, we can check that is effective co-gauge-fixing data. 

Define i?-module morphisms : KC^_^^{Y;R) KC^^{Y;R) by HJif : 
[X, f,G] ^ [X^, Cg]. Then d o = H^^ o d, so they induce morphisms 
of (co)homology groups 

: KHtkiY; R) KHt{Y- R). (104) 



Theorem 14. 151 Definition 14. 161 and CoroUarv 14. 171 then generalize as follows. 

Theorem 4.26. Let Y be an oriented n-manifold without boundary, and R a 
commutative ring. Then 11°^ in (jl04p is the inverse of IIJj^ in (I103p . so they are 
both isomorphisms. Also (|103p - (|104p are independent of choices. 

Definition 4.27. Let Y be an n-manifold without boundary, and R a commu- 
tative ring. We wiU define i?-module morphisms Uf^ : H^JY; R) KH^^{Y\ R) 
for all fc ^ 0. First suppose Y is oriented. Define to be the composition 

HUY; R) W^-kiy-^ R) KH^J_,{Y; R) KH!^,{Y; i?), 

where Pd, n^f,n^^ are as in ([75]) . (|104p . Independence of the orientation 

of Y, and extension to non-orientable Y, are as in Definition 14. 161 

Corollary 4.28. Let Y be a manifold without boundary, and R a commutative 
ring. Then n°g : L[*g(Y;R) K H*^(Y; R) is an isomorphism. 

This stiU leaves the question of whether H*^(Y;R) ^ KH*^{Y;R) for Y 
a general orbifold without boundary, and R a commutative ring. The author 
expects this is true, even though our proof via homology and Poincare duality 
fails in this case. When i? is a Q-algebra, one approach might be to generalize 
the proof of Theorem HH in Appendix [C] to show that Uf^^ : KH^^{Y;R) 
KH^{Y: R) in (|102p is an isomorphism, and then use Corollarv l4.17l 

4.7 Products on (effective) Kuranishi (co) homology 

There are cup products U, cap products H and intersection products • on (effec- 
tive) Kuranishi (co)chains and (co)homology. 

Definition 4.29. Let Y be an orbifold without boundary, and R a Q-algebra. 
Define the cup product U : KC^{Y-R) x KC\Y;R) KC^+\Y;R) by 

[X, /, C] U [1, /, C] = [Xx^ yjX,TTY,C xyC], (105) 



102 



extended i?-bilinearly. Here Try : X x f.yj X ^ Y is the projection from the 
fibre product, which is a strong submersion as both /, / are strong submersions, 
and C Xy C is as in Definition 13.311 As for d, it is easy to show U takes 
relations (i)-(iv) in both KC''{Y; R) and KC\Y; R) to the same relations in 
KC''+^{Y; R). Thus U is well-defined. 

Proposition [S3i;a)-(c) and (I131)-(I2SD imply that for 7 e KC^{Y]R), S € 
KC\Y- R) and e G KC^^Y; R) we have 

7U(5 ^ (-1)"(5U7, (106) 
d(7 U 5) = (d7) \J5+ {-ifl U (d(5) and (7 U (5) U e = 7 U (5 U e). (107) 

Therefore in the usual way U induces an associative, supercommutative product 
U : KH^{Y-R) x KH\Y-R) KH''+\Y-R) given for 7 e KC^{Y-R) and 
5 e KC\Y] R) with d7 = d(5 = by 

(7 + lmdfc_i) U ((5 + lmd,_i) = (7 U (5) + lmdfc+;_i. 

Now suppose Y is compact, and of dimension n. Then idy : Y ^ Y is, 
a (strong) submersion, with a trivial coorientation giving the positive sign to 
the zero vector bundle over Y. Define co-gauge-fixing data Cy for (y, idy) 
by / = {n}, (F",£;",s",V'") = (F,r,0,idy), idy = idy : -> F, and 
7y„ : y ^ [0, 1], r/;j : ^ [0, 1] and C" : W P given by ?7„ = 1, ry,'J = 1 
and C" = (0), where (0) G P is the identity for /i, as in Definition 13.81 Then 
[y,idy,Cy] e KC^{Y;R), with d[y,idy,Cy] = 0. Following the definitions 
through shows that for [X, /, C] e KC^{Y; R) we have 

[Y, idy , Cy] U [X, /, C] = [X, /, C] U [r, idy , Cy] = [X, /, C]. 

Thus [F, idy,Cy] is the identity for U, at the cochain level. Passing to coho- 
mology, [[F,idy,Cy]] G KH°(Y;R) is the identity for U in KH*{Y;R). We 
call [[Y, idy, Cy]] the fundamental class of Y. 

Define the cap product n : KCkiY; R) x /<i:C'(r; i?) ^ KCk-i{Y; R) by 

[X, /, G] n [1, /, C] = [X X_^^y _^-X,7ry,GXy C], (108) 

extended i?-bilinearly, with G Xy C as in Definition 13.311 For 7 G KCkiY \R) 
and 5, e G ii'C*(y; i?), the analogue of p07|) . using Proposition [3^ d). is 

9(70(5) = (^7) n5 + (-i)^™^-Su (d(5), (7 n (5) n e = 7 n ((5 U e). (109) 

If also Y is compact then 70 [y, idy, Cy] = 7. Thus fl induces a cap product n : 
KHk{Y;R) X KH\Y;R) KHk-i{Y;R). These products n make Kuranishi 
chains and homology into modules over Kuranishi cochains and cohomology. 

Let Y, Z be orbifolds without boundary, and h : Y Z sl smooth, proper 
map. Then Proposition 13 . 33l implies that puUbacks h* and pushforwards /i» are 
compatible with U, n on (co)chains, in the sense that if a G KC^{Y; R) and 
/3,7 G KC*{Z-R) then 

/i*(/?U7) = /i*(/3) U/i*(7) and K{a f] h* {P)) = K{a) ^ (3 . (110) 
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Since U, fl, /i*, /i, are compatible with d, 9, passing to (co)homology shows that 
(fnOl) also holds for a S KH^Y; R) and 7 G KH*{Z; R). li Z is compact then 
y is, with h*{[Z,idz,Cz]) = [Y,idY,CY] mKC°{Y;R) and h* {[[Z, id z,C z]]) 
= [[Y,idY,CY]] in KH"{Y;R). 

To summarize: Kuranishi cochains KC*{Y; R) form a supercommutative, as- 
sociative, differential graded R-algebra, and Kuranishi cohomology KH*{Y; R) 
is a supercommutative, associative, graded R-algebra. These algebras are with 
identity if Y is compact without boundary, and without identity otherwise. Pull- 
backs h* induce algebra morphisms on both cochains and cohomology. Kuranishi 
chains KC^^iY; R) are a graded module over KC*{Y;R), and Kuranishi homol- 
ogy KHf:{Y; R) is a graded module over KH*{Y; R). 

Let Y be oriented, of dimension n. Then Poincare duality. Theorem 14.151 
and the cup product U on Kuranishi cohomology induce an intersection product 
• : KHk{Y]R) X KHi{Y;R) KHk+i-n{Y; R) on Kuranishi homology It 
is supercommutative (with degrees shifted by n) and associative, with identity 
in KHn(Y] R) if Y is compact. Intersection products are not preserved by 
pushforwards /i* : KH^iY; R) KH^{Z; R), the degrees of /i*(a) • and 
ft,* (a • /?) differ by dimy — dim Z. 

On chains we can define • : KCk{Y- R) x KCi{Y; R) KCk+i-n{Y- R) by 

a.p^Ii^,^{lilt{c^)^I^lt{P)), (111) 

where nj^^j^ , li^^ are as in Definition 14.141 Then • on chains induces • on 
homology, and • on chains is supercommutative, but not associative, and does 
not have an identity. Thus, the intersection product • is not as well-behaved on 
Kuranishi chains as the cup and cap products U, n. 

Remark 4.30. It is an attractive and unusual feature of our theory of Kuranishi 
(co)homology that the products U, H are everywhere defined, and supercommu- 
tative, and associative, at the (co) chain level, as well as on (co)homology. Fur- 
thermore, pushforwards and puUbacks are functorial and compatible with U, H 
at the (co)chain level, and for compact Y there is an identity [F, idy,Cy] for 
U, n at the cochain level. There are few homology or cohomology theories for 
which this holds — it works for de Rham cohomology, for instance, but fails for 
singular and simplicial (co)homology. 

The fact that products U, H are everywhere defined on (co)chains, rather than 
only under some transversality assumptions such as transverse intersection of 
chains in Y , is a feature of working with Kuranishi spaces rather than manifolds 
or orbifolds. If X is a manifold or orbifold then submersions f : X ^ Y only 
exist if dimX ^ dimF. So for defining (co)homology using pairs {X,f ) as 
(co)chains with X a manifold or orbifold (for example, singular homology, with 
X = Afe), making / a submersion is too strong an assumption, and this leads 
to transversality problems when defining products. But for Kuranishi spaces X 
we can have strong submersions f . X Y with vdimX < dimF, since the 
obstruction bundles on X decrease vdimX. Thus we can use pairs {X, f) with 
/ a strong submersion as cochains, and U, fl are everywhere defined. 
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A lot of work in Chapter [3] went into defining (co-) gauge- fixing data with 
associative, supercommutative products. This good behaviour of Kuranishi 
cochains will be very important, and lead to huge simplifications, in the se- 
quels [4,39,40], where we have to work at the cochain level. 

Deflnition 4.31. Let Y be an orbifold without boundary, and R a commu- 
tative ring. For cup and cap products on effective Kuranishi (co)chains and 
(co)homology, we follow Definition I4.29i except that we use the fibre products 
CxyC, GxyC of effective (co-)gauge-fixing data from Definition 13.431 Thus 
we define U : KC^^{Y; R) x KCi^{Y- R) KC^+\Y- R) by 

[X, f, C] U [X, f, C]=[Xx ^ yj X,7vr,CxrC]. 

Then U satisfies pU7|) by Propositions \^^ h].(c] and but it does not 

satisfy (|106p , since fibre products of effective co-gauge-fixing data are not com- 
mutative. Hence U induces an associative cup product 

U : KH^,{Y; R) x KHUY; R) KH^+\Y; R). (112) 

Suppose Y is compact of dimension n. As for Cy in Definition I4.29i define 
effective co-gauge-fixing data Cy for {Y,idy) by I — {n}, (T^", i?", s", i/'") = 
(r,r,0,idy), id^ = idy : 1/" ^ r, and r,n : Y ^ [0,1], r/^J : ^ [0,1] 
and C" : E"- ^ P given by ?7„ ee 1, 7^;^ = 1 and C" ee (0), where (0) G P is 
the identity for ^i, as in Definition 231 Then [y,idy,Cy] S KC°^(Y;R), with 
d[Y,idy,C'y] — 0, and [F, idyjCy] is the identity for U, at the cochain level. 
Passing to cohomology, [[5^, idy, Cy]] G KH^^{Y;R) is the identity for U in 
KH*^{Y;R). We call [[Y, idy, Cy]] the fundamental class of Y. 

Define the cap product n : KCf{Y;R) x KCl^{Y-R) KCf_i{Y;R) by 

[X, f, G] n [X, /, C]=[Xx ^ yj 1, Try , G X y C] . 

It satisfies (|109p . by Propositions l3.32T d) and l3.44[ Thus fl induces a cap product 

n : KHf{Y- R) X KHI{Y; R) KHf_,{Y; R). (113) 

If Y is compact then a D [F, idy,C'y] = a for all a in KCf{Y;R), and /3 fl 
[[y,idy,Cy]] = P for aU (3 in KHfiY;R). 

Let y, Z be orbifolds without boundary, and h : Y ^ Z a, smooth, proper 
map. Then Propositions [333] and [334] imply (fTTOl) holds for a G KCf{Y;R) 
and /3, 7 G KC*^{Z; R), and hence for a G KHf{Y; R) and /3, 7 G KH*^{Z- R). 
If Z is compact then Y is, with h*{[ZMz,Cz\) = [y,idy,Cy] in KC'^^{Y\R) 
and h*{[[Z,idz,Cz]]) - [[r,idy,Cy]] in K H^^^{Y ■ R) . 

Let Y be an oriented n-manifold without boundary. Then Poincare duality. 
Theorem 14.261 and U in (|112p induce an associative intersection product • : 
KHf{Y; R) X KHf(Y; R) KHf^i^,^{Y; R) on effective Kuranishi homology. 
On chains we can define • : KC^^Y; R) x KCf{Y; R) i^C^f_;_„(r; R) by 

a./3 = n°f(n^^(a)unC^(/3)). (114) 
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This is neither associative nor supercommutative, at the chain level. 

Since ^ : P x P ^ P, ^ : P x P ^ P and U : P P in Definitions [STSl 
and 13.361 satisfy n(^(p, g)) = /i(n(p), n(q)) for all p,q E P, it easily follows 
that the morphisms 11^'^, ^^c^ from effective Kuranishi (co)chains to Kuranishi 
(co)chains in ([67]) and (I101|) satisfy 

u iif,^\S) = nl^\j u S), nfl^ia) n ul^'^ij) = iif^{a n 7) 

and U^^ {a).Ilf^if3)^ 

(115) 

for all a, /3 e iiTCf (F; i?) and 7, ^ G KC*c{Y; i?), supposing F oriented for the 
third equation. Passing to (co)hoinology, the morphisms n^'^,nj^'^^ in ([68]) and 
(fna also satisfy dSD for aU a, /3 £ KHf{Y; R) and 7, ,5 £ KH*^{Y; R). 

Although U on KC*^{Y; R) is not supercommutative, it is up to homotopy, 
and so U on KH*^{Y; R) is supercommutative. 

Proposition 4.32. Let Y be an orbifold without boundary and R a commuta- 
tive ring. Then U on KH*^{Y; R) in pi2p satisfies (jl06p . that is, U is super- 
commutative. If Y is an oriented manifold without boundary then • is super- 
commutative on KH'f{Y\ R). 

Proof. Let X, X be compact Kuranishi spaces, f . X Y , f : X Y coef- 
fective, cooriented strong submersions, and C,C effective co-gauge-fixing data 
for {X,f),{X,f). Then Definition 13.431 defines effective co-gauge-fixing data 
C Xy C, C Xy C for {X Xy X^TTy) and {X Xy X,'Ky). Our problem is 
that the natural isomorphism X xy X X xy X does not identify C xy C 
with C xy C, because in the definition C''{e) ~ Ia{C^ ° '^E'{^)jQ^ ° ''^Ei{(^)) of 
Qk ■ e'' ^ P in C Xy C , the function ^ in ([55]) is not commutative. 

As in Definition 13.311 write (/, fj) for the excellent coordinate system for 
{X Xy X,'!Zy) in C Xy where J = (/, i?^ s^ V^*=), tt^ : k e /,...). 
Define an excellent coordinate system (J, C) for ([0, 1] x {X Xy X), Try) to have 
indexing set J=={fc + l:fcG/}, Kuranishi neighbourhoods 

(^fc+i^^fc+i^ ^ ([0^^] ^ V\[0,1] X i?^id[o,l] xs^id[o,l] x^'^) 

for fc e /, maps : V''+^ Y, Cfc+i : [0,1] x {X Xy X) [0,1] and 

ClX\ ■■ V'+^ ^ [0, 1] given by 4+^ = ^ o iTy, , (fc+i = V,. ott^.^^^ and C^tl = 
fiioTTy,, and triples given by = 

[0, 1] X F", = id[o 1] x<^" and = id[o_i] xt^'^''. 

Define : [0, 1] x £ x P 4 P by 

{{xi,...,xk,yi,...,yi), i = 0, 
(t,a;i,...,a;fe,?;i,...,yO: ^€(0, 1), (116) 
(yi, . . . . . . ,Xfc), i=l. 
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Then u{0,p,q) = ii{p,q) and v{l,p,q) = uiq^p). Define D^+'^ : E''+'^ P for 
fc e / and w e [0, 1], e G n by 

D''+\u,e) = !^{u,C' o7rE^ie),C' on^r{e)). (117) 

A similar proof to those for h*{C) and CxyC in Definitions l3.42l and l3.43l shows 
that ^ =^ {{J;C)tJ2'' ■ j ^ J) is effective co-gauge-fixing data for ([0,1] x 

{XxyXItty). 

Using (|23|) we see that in cooriented Kuranishi spaces we have 

a([0,l] X {X Xy l),7ry) ^ -({0} X {X XyX),7Ty) 

n ({1} X {X Xy l),7ry) n-([0, 1] X {dX Xy X),7Ty) (118) 
n-(-l)^''*""-^-^™^([0,l] X {X XYdX),TVY). 

Let us add co-gauge- fixing data to (jllSp . The restriction of ^ to the first 

term on the r.h.s. is isomorphic to CxyC under {0}x (XxyX) = XxyX, since 
D^+^ : [0, 1] X ^ P in pT7| restricts on {0} x & 9^ to C'' : E'^ ^ P 
in the definition of C Xy C, by the case t = in pi6p . The restriction of 
Df~, g to the second term is isomorphic to C Xy C under {1} x [X Xy X) = 

X Xy X, since D''^^ restricts on {1} x £'''' ^ i?'^ to C'^ with the roles of 
QiQ reversed, by the case i = 1 in (|116p . In cooriented Kuranishi spaces we 

have ({1} X {X XyX),7ry) = (_l)(vdimX-dimy)(vdimX-dimy) XyX,7ry) 

by ((24|) . The restrictions of D(j ^ to the third and fourth terms are Dfj^^^ ^ 
and . . Putting all this together, in KC%J^\ R) we have 



d[[G,l] X {X Xy X),TVY,D^^^] = -[X xy X,tvy,C xy C] 

_^ (_-^~)(vdimX-dimy)(vdimX-dimy)^^ X,7ry,C' X y C] 

r ~ T (119) 

-[[G,l]x(9XXyX),7ry,D^|^^_^] 

- (-l)-dimx-dimy ^] ^ 9l), Try, r»c,c|,^] ■ 

Define i?-bilinear S'='' : KC^^{Y; R) x KCUY; R) KC^+'-^{Y; R) by 
S"'' : {[XJ,C],[XJ,C]) ^ [[0,1] X (X xyl),7ry,^^^^]. 
Using (|119p and putting vdim X = dimK — A:, vdimX = dimK — / yields 
d o S'=^'(a, /5) = -a U /3+(-l)'='/5 U a-S''^+i''(da, /3) - (-l)'=S'^^'+i (da, d/3) 

for a £ KC'^^{Y] R) and /3 G KC^^^{Y; R). Passing to cohomology, this gives 
7 U (5 = (-1)'='5 U 7 for 7 G KH^JY; R), S G KHl^{Y; R), that is, U is super- 
commutative on KH*^{Y; R). The last part is immediate as U, • are identified 
by Wj^ in (UnSl). □ 
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Remark 4.33. We have now defined Kuranishi cohomology KH*{Y; R), which 
has the advantage of a cup product U which is supercommutative and associative 
on cochains, but the disadvantage that it works only for R a Q-algebra. We 
have also defined effective Kuranishi cohomology KH*^{Y; R), which has the 
advantage that it works for R any commutative ring, but the disadvantage that 
the cup product U is not supercommutative on cochains. 

In fact this dichotomy is necessary: it should not be possible to define a 
cohomology theory which both works when R = X, and has a cup product U 
on cochains that is everywhere defined and supercommutative. This because of 
Steenrod squares [10, §VI.15-§VI.16], which are cohomology operations defined 
using the failure of U to be supercommutative at the cochain level. Since Steen- 
rod squares are known to be nontrivial when i? = Z (though they are trivial for 
R — Q), they are an obstruction to defining such a cohomology theory. 

To make our theories of effective Kuranishi (co)homology work over = Z 
and compute Hl^{Y; R) and H*g{Y; R), we had to sacrifice some good properties 
of Kuranishi (co)homology, including supercommutativity of U on cochains. The 
argument above suggests these sacrifices were unavoidable. 

The next theorem, proved in Appendix [Dl shows that (at least for mani- 
folds Y) the isomorphisms 11^^'^ , Iljig , n^'\ Ilgf identify the products U,n,» on 
H*^, Hf{Y; R) with those on KH*,KH^{Y- R) and KH;^, KHf{Y; R). 

Theorem 4.34. Let Y be a manifold without boundary, and R a commutative 
ring (for KHf, KH*^{Y; R)) or Q-algebra {for KH^, KH*{Y; R)). Then 

(a) The isomorphisms H^/h ; H*^{Y;R) KH*{Y;R) and HJ;^ : H*^{Y;R) 
—>■ KH*^{Y; R) identify the cup product U on H*g{Y;R) with those on 
KH*,KH*^{Y; R). That is, for all a, l3 £ H^^iY; R) we have 

Ul'^\aUP) = {Ul^\a))u{Ul'^\/3)), n-(aU/3) = (n-(a)) U (n-(/3)) . 

(b) nKh,n°[,n;:^^<=h^nj;^ identify the cap product n : H^KY;R) x H*^{Y;R) 
Hl'^(Y;R) with those on {effective) Kuranishi {co)homology. 

(c) // Y is oriented then n^*^,!!"? identify the intersection product • on 
Hf{Y\R) with those on K H^, K Hf{Y; R). 

(d) // Y is compact then n^'^'^,n^g take the identity 1 in H^g{Y;R) to the 
identities [[F, idy, Cy]] , [[F, idy, C^.]] in KH°, K H°^{Y; R). 

4.8 Kuranishi (co)homology as a bivariant theory, at the 
(co) chain level 

For manifolds, because of Poincare duality, homology and cohomology can be 
identified into a single theory with products (cup, cap and intersection products), 
pushforwards (covariant functoriality) , and pullbacks (contravariant functorial- 
ity). Fulton and MacPherson [27] defined bivariant theories, a way of naturally 
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integrating pairs of a homology theory and a cohomology theory into a single 
larger theory, which works for singular spaces. 

We now summarize the notion of a bivariant theory, following [27, §1.1]. Let 
C be a category. A bivariant theory from C to abelian groups (or graded vector 
spaces, etc.) associates a group T(/ : X ^ Y) to each morphism f : X ^ Y in 
C. It also has three operations: 

• Products. If / : X — > y and g : Y ^ Z are morphisms in C, and 
a e T{f : X ^ Y), 13 G T{Y Z), we can form the product (3 ■ a G 

T{gof:X^Z). 

• Pushforwards. For a certain class of morphisms f : X ^ Y m. C called 
confined morphisms, if 5 : y — > Z is a morphism in C and a G T{g o / : 
X ^ Z) we can form the pushforward /*(a) G T{g lY-^Z). 

• Pullbacks. For a certain class of commutative squares in C called inde- 
pendent squares, if 

X' ; — ^X 

/'I ' \f (120) 
Y' -^Y, 

is an independent square then for each a € T{f : X ^ Y), we can form 
the puUback g*{a) e T(/' : X' Y'). 

All this data must satisfy a number of compatibility axioms. 

The following example, taken from [27, §3.1] modified as in [27, §3.3.2], com- 
bines homology and compactly-supported cohomology into a bivariant theory. 

ExEimple 4.35. Let Top be the category of topological spaces X which admit 
an embedding as a closed subspace of M" for some n » (in particular, X 
must be Hausdorff and paracompact), and morphisms are continuous maps. 
Let i? be a commutative ring. Suppose / : X ^ F is a morphism in Top 
with X compact. Choose an embedding : X — > for some n » 0, and 
define //"'=(/ : X ^ Y-R) ^ H''+"{Y x M",y x M" \ (/ x <?!))(X);i?), using 
relative cohomology. Then H*{f : X — > F; i?) is a graded i?-module, which 
turns out to be independent of the choice of cj) up to canonical isomorphism. 
For general morphisms in Top, we define H*{f : X Y;R) to be the direct 
limit limif*(/ o p : K ^ Y;R) over all p : K X in Top with K compact. 

If X is a topological space in Top, we can associate two natural mor- 
phisms in Top to X: the projection to a point tt : X ^ {0}, and the iden- 
tity map idx : X ^ X. By standard algebraic topology one can show that 
H'^iw : X {0};R) ^ H_k{X;R) and i?'=(idjf : X ^ X;R) ^ H^^{X;R). 
Thus, the bivariant theory H* specializes to homology and compactly-supported 
cohomology over R. 

Products are defined as in [27, §3.1.7]; the product H''{idx : X ^ X;R) x 
F'(idx :X^X;R)^ iJ'=+'(idx : X ^ X; R) is U : H^,{X; R) x H'^,{X; R) 
H^+^{X;R), and the product H'^iir : X {0}; R) x H^idx : X ^ X;R) 
H''+\'K : X -> {0}; i?) is n : H_k{X; R) x i?^,(X; R) ^ H_k-i{X; R). 
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All morphisms in Top arc confined, and pushforwards are defined as in [27, 
§3.1.8]. For f : X Y a. morphism in Top, the pushforward /* : H^{'k : X 
{0}; R) ^ H'^iTT : Y ^ {0}; R) is U ■ H^k{X; R) ^ 7?_fc(F; R) on homology. 

We define independent squares to be squares (jl20l) which are Cartesian, so 
that X' = X X fx',g and with g proper, so that g' is also proper. Fullbacks 
are defined as in [27, §3.1.6]. li g : Y' ^ Y is & proper morphism in Top 
then g* : H^iidy :Y^Y;R)^ H^iiAy : Y' ~> Y';R) is g* : H^JY;R) 
H^^{Y']R) on compactly-supported cohomology. 

Let Man be the category of manifolds, with morphisms smooth maps. Ap- 
plying the natural functor Man — > Top taking a manifold to its underlying 
topological space, the bivariant theory H* of Example 14.351 induces a bivariant 
theory on Man. However, because of Poincare duality the picture simplifies, 
and we can write H* on Man more directly. The following is an equivalent way 
of defining the bivariant theory of Example 14.351 on the category Man. 

Example 4.36. Let Man be the category of manifolds, with morphisms smooth 
maps, and i? be a commutative ring. Suppose f : X Y is & morphism in 
Man, with dimX — m and diml" — n. Define 

H\f : X ^Y;R) = Hi+"^--iX;Ox nOy) X{±i}i?) 

-i7„_fc(X;r(Oy) X{±iji?), 

where as in Definition 14. 16[ Ox, Oy are the orientation bundles of X, Y, which 
are principal Z2-bundles over X, Y, so that Ox®f*{Oy) is a principal Z2-bundle 
over X, and H*^{X; Ox® f*{Oy) X{±i} R) is compactly-supported cohomology 
oiX with coefficients in R twisted by Ox®f*{Oy), and H^{X; }*{Oy)x{±i}R) 
is homology of X with coefficients in R twisted by f*{Oy), and the groups on 
the r.h.s. of (|12ip are isomorphic by Poincare duality. 

li f : X ^ Y is n : X ^ {0} then Oy and f*{Oy) are trivial and n = 0, 
so H'^i-K : X -> {0};R) ^ H_k{X;R). If f : X ^ Y is idx : X ^ X 
then f*{Oy) ^ Ox and Ox ^ ,f*{Oy) is the trivial Z2-bundle over X, so that 
H''{idx : X ^ X;R) ^ H^^{X;R). Thus, CUD specializes to homology and 
compactly-supported cohomology. 

To define products, note that the cup product generalizes to twisted cohomol- 
ogy as follows: if P —> X and Q ^ X are principal Z2 -bundles then there is a cup 
product U : H^,{X; Px^^.y R) x HUX; Q X{±ij R) ^ H^+'{X; (P® Q) X{±ij 
R). Suppose f : X ^ Y and g : Y ^ Z are smooth with dimX = rn, dimK = n 
and dimZ = o. For a e H^{f : X ^ Y; R) und P € H\g : Y Z-R), de- 
fine /3 • a = /*(/?) U a. Here a £ iJ^^+"'-"(X; Ox ® f*{Oy) X{±i} R) and 
/*(/?) e H'+"-°iX; r(,Oy®g*{Oz)) X{±i} i?), and (Ox ® f*{Oy)) ® f* {Oy ® 
9*{Oz)) = Ox ® {9° f)*iPz) as principal Z2-bundlcs over X, so that /*(/?) U a 
lies in Ox® {90 fYiOz) X{±i} R) = H''+'{g of -.X^ Z-R). 

All morphisms in Man are confined. Pushforwards : H^{g o f : X ^ 
Z;R) H^{9 : Y ^ Z;R) are given by pushforwards /, : Ho-k{X\{g o 
f)*{Oz) X{±i} R) Ho-k{Y;g*{Oz) X{±i} R) in twisted homology. Indepen- 
dent squares are Cartesian squares (|120p in Man with g proper, and hence g' 
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proper. Then with dimX = m, diiaY ^n, dirnX'^m', dimy' = 71', the Carte- 
sian property gives {g')* {Ox<E)f* (Oy)) =Ox'<E){f')* (Oy') and m -n = m' - n'. 
So we define g* : : X Y;R)^H''{f : X' Y'-R) to be 

{g'Y :i/e';+"-"(X;Ox®r(Oy) X{±i}i?) 

H^+"^--iX'; {gTiOx ® /^lOy)) X{±i} R) - 
Hi+"^'--\x';Ox' ® if'nOY') X{±i} R), 
using proper puUbacks on twisted compactly-supported cohomology. 

For oriented manifolds X,Y, with Ox,Oy trivial, equation (|12ip becomes 
H'^if -.X ^Y;R) = Hi+'^-^{X;R) = H,,^k{X;R), 

and we lose the dependence on /, Y entirely. Thus, for oriented manifolds 
and smooth maps, the bivariant theories of Examples 14.351 and 14.361 reduce 
to homology, compactly-supported cohomology, and Poincare duality. That is, 
bivariant (co)homology theories really give us nothing new for manifolds, they 
are of interest only for singular spaces. 

As our Kuranishi (co)homology theories are defined only for manifolds and 
orbifolds, and bivariant (co)homology theories give nothing new for manifolds, 
one might expect that there is nothing to be gained from recasting Kuranishi 
(co)homology as a bivariant theory. However, as we have already emphasized, 
Kuranishi (co)homology is particularly well behaved at the (co)chain level, with 
pushforwards, puUbacks, and cup and cap products on (co)chains all well-defined 
and with all the properties one would wish. 

We will now explain how to formulate (effective) Kuranishi (co)homology as 
a bivariant theory at the ( co) chain level. The author does not know of any other 
(co)homology theories for which this can be done. This bivariant framework is 
likely to be valuable in situations in which one is forced to work with (co)chains 
rather than just with (co)homology, for example, in defining ^00-algebras in 
Lagrangian Floer cohomology, as in [4] and sketched in ij6.6l 

Definition 4.37. Let Orb be the category of orbifolds without boundary, with 
morphisms smooth maps, and i? be a commutative ring. Roughly speaking, we 
will define a bivariant theory from Orb to the category of differential graded 
i?-modules, generalizing Kuranishi (co)chains. However, we will define KC*{g : 
Y —>■ Z; R) only when g : Y Z is a submersion of orbifolds Y, Z. 

Let y, Z be orbifolds without boundary and g : Y —> Z he a submersion. 
Consider triples {X, f, B), where X is a compact Kuranishi space, f : X ^ Y 
is a strongly smooth map such that g o / : X — > Z is a strong submersion, and 
we are given a coorientation for {X,g o /), and B — {I,ri, : i G I), where 
(J, J7) is an excellent coordinate system for {X, f) with / = (/, {V^, . . . , V''), : 
i G /,...) , and g o f ^ : V'^ Z are submersions representing g o f for all i G I, 
and B'^ : E'^ ^ P for i G / are maps such that each maps ^ Pi C P 
for / :s> 0, and B^ x {g o f^ o n^) : E^ ^ P x Y is a globally finite map for all 
i G I. Such B generalize the notions of (co-)gauge-fixing data in i i3.11 since 
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if g : Y ^ Z is TT : Y ^ {0} then B is gauge-fixing data for {X, /), and if 
g : Y ^ Z is idy : Y ^ Y then B is co-gauge-fixing data for {X, /). We call B 
bi- gauge- fixing data. 

Define isomorphisms (a, b) of such triples {X, f, B) as for (co-)gauge-fixing 
data in ' i'i.W Write [X, /, B] for the isomorphism class of (X, /, .B) under 
isomorphisms (a, h) : {X, f, B) {X, f, B) which identify the coorientations 
of (X,ffo/) and (X,5o/). 

For each fc £ Z, define KC''{g : F — + Z; i?) to be the i?-module of finite 
i?-linear combinations of isomorphism classes [X,f,G] for which vdimX = 
dim Z — k, with the analogues of relations Definition 14. 3r i)-(ivV Then KC^(tv : 
Y {0}; R) = KC-k{Y; R) and ifC"=(idy -.Y ^Y;R) = KC^{Y; i?), so this 
generalizes the definitions of Kuranishi (co)chains in i i4.2l and i |4.4l Elements of 
KC*{g : Y —f Z; R) will be called Kuranishi bichains. 

Define d : KC'^ig -.Y ^ Z;R)-^ KC''+\g -.Y ^ Z;R) by 

as in dSni and dZHl). Then d o d = 0. Define KH*{g : Y ^ Z;R) to be the 
cohomology of {KC*{g : Y Z;R),d). Then KH'^iir ; Y {0};i?) = 
KH^k{Y;R) and KH^iidy : Y ~> Y-R) ^ KH^{Y-R). Combining the 
proofs of Corollary 14. 101 and Theorem [4. 151 shows that KH^{g : Y Z;R) = 
^fdimz-fc(^;ff*(0z) X{±i} i?), as in Cni). 

We define the three bivariant operations on Kuranishi bichains: 

• Products. Let X, Y, Z be orbifolds without boundary, and f : X ^ Y 
and g : Y ^ Z he submersions. Define a product KC^{g : Y ^ Z;R) x 
KC\f :X^Y;R)^ KC''+\g o f : X ^ Z; R) by 

[W, e, B] ■ [W, e, B] = [W Xe,yjoe W^, e o tt^, B Xy B], (122) 

extended i?-bilinearly. Here [W,e,B] G KC'^ig : Y ^ Z;R), so that 
e : W ^ y is strongly smooth, and [W,e,B] e KC\f : X ^ Y;R) so 
that / oe:W^^yisa strong submersion. Thus W Xe.Yjoe is a 
compact Kuranishi space, and e o tt^^ : W y~e.Yjoe W is strongly smooth. 
We have / o (e o tt^) ~ (/ o e) o TVy^ = Try ^ e o tzw- Composing 
with g then gives {g ° f) ° {e ° '^w) ^ (-9 ° ° ^^w- But 5 o e is a 
strong submersion as [W, e, B] G KC^{g -.Y^Z; i?), and tvw is a strong 
submersion as / o e is, by properties of fibre products. Hence [g o f) o 
(e o TT^) is a strong submersion, as we need for the r.h.s. of (|122p to lie in 
KC^+\gof ■.X^Z;R). The coorientations for {W,goe) and (WJoe) 
combine to give a coorientation for (W Xe,y,/oe W, (5 o /) o (e o tt^;^)), 
using {go f)o (eo tt^^) = (t; o e) o ttvf- The fibre product of bi-gauge-fixing 
data S Xy B is defined as for C Xy C in 

When X = Y — Z and f = g = idy, equation (|122p agrees with U 
in p05)) . and when X ^Y, f = idy, Z = {0} and 5 = tt : F {0}, 
equation (|122[) agrees with n in (|108[) . Thus, the product (|122p generalizes 
U, n on Kuranishi (co)chains. 
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• Pushforwards. Let X, Z be orbifolds without boundary, and f : X 

Y and g : Y ^ Z he smooth with g,g o f submersions. Define /* : 
KC^{g of:X^Z;R)^ KC^{g ■.Y^Z-R)hy 

f* ■ J2aeAPa[Wa,ea,Ba] ' > J2aeA Pa[Wa, f O Ga, MB a)] , 

as in ([55]) . where f^,{Ba) is defined as for h^,{G) in i j3.7l Note that as 
[gof)oea is a strong submersion with {Wa, {g°f)°Ga) cooriented, trivially 
g o (f o Ba) is a strong submersion with (Wa, g ° {f ° Sa)) cooriented. 

• Fullbacks. Let (|120p be a Cartesian square of orbifolds without bound- 
ary, with / (and hence /') a submersion, and g (and hence g') proper. 
Define g* : KC^{f : X ^ F; i?) ^ KC^{f' -.X'^Y'-R) by 

/* EaeA Pa [Wa, Ba, B a] ^ EaGA Pa[X' X<,,,x,e„ Wa, TTx', (ff')*(Ba)], 

as in (Ull), where {g')*{Ba) is defined as for h*{C) in gH Since / o 
Ba '■ Wa ^ y is a strong submersion and (|120p is Cartesian, /' o nx' '■ 
X' '^g' ,x.ea Wa — > F' is a strong submersion. Also, using the coorientation 
for [Wa, f°ea) we construct a coorientation for {X' Xg'^x,e„ Wa, f otvx')- 

It is easy to show that these operations satisfy the axioms for a bivariant theory 
in [27, §2.2]. Also, the three operations are compatible with differentials d on 
KC*{g -.Y ^ Z\R), and so induce operations on KH*[g -.Y^Z-.R). 

It is easy to generalize Definition 14.371 to effective Kuranishi (co) homology. 
The differences are that we restrict to submersions g : Y ^ Z for which : 
Staby(y) Stabz{g{y)) is surjective for all y £ F, and in defining KC^f{g : 
F — > Z]R), we use triples {X,f,B_) in which {X,g o /) is also coeffective, and 
B = {I,ri,B^ : i G /), where {V^, . . . , ip'^) , g o is coeffective for all i ^ I, and 

: ^ P are maps such that x (5 o o tt*) : ^ P x Z satisfy the 
conditions of Definition 13.381 

4.9 Why we need (co-) gauge-fixing data 

To show that we really do need some form of (co-)gauge-fixing data to define 
sensible (co)homology theories using Kuranishi spaces as chains, we will now 
prove that if we omit (co-)gauge-fixing data from the definitions above, then 
Kuranishi (co)homology is always zero. 

Let Y be an orbifold without boundary, and R a commutative ring. De- 
fine naive Kuranishi chains KC]}^{Y; R) to be the i?-module spanned by iso- 
morphism classes [X, f] of pairs {X, f) with X a compact, oriented Kuran- 
ishi space with vdimX = k and f : X ^ Y strongly smooth, with the 
analogues of relations Definition I4.3f il-('iii). The boundary operator is d : 
[X,f] 1-^ [dX, f\gx]- Let nai've Kuranishi homology KH^^{Y; R) be the ho- 
mology of {KC^^{Y; R),d). 

Similarly, define nai've Kuranishi cochains KC^^{Y; R) to be spanned by 
isomorphism classes [X, f] with X a compact Kuranishi space with vdim X = 



113 



dimF — k and f : X ^ Y a cooriented strong submersion, and the same 
relations. Define d : [X,/] ^ [dX, f\Qx], and let naive Kuranishi cohomology 
KH*^{Y;R) be the cohomology of [KC*^{Y;R),d). One can then define cup 
and cap products U,n on KC*^, KC^^'^Iy; R) and KH*^, KH^'^iY; R), as in 
N4.71 but omitting all (co-)gauge-fixing data. 

Take y to be a point {0}, and for any Kuranishi space X write tt : X ^ {0} 
for the trivial projection. Let i? be a commutative ring. In the next example 
we show that the identity [[{0}, idjo}]] in KH*^{{0}; R) is zero. From this we 
will deduce that KH*^(Y; R) = KHf'^iY; R) = for all Y. 

Example 4.38. Let L CP^ be the complex line bundle 0(1). Define a 
Kuranishi space X^. for fc e Z to be the topological space CP"'^ with the Kuran- 
ishi structure induced by the Kuranishi neig hbourhood (CP\ L*^, 0, idcpi), with 
obstruction bundle L'^ CP^. Give (Xfe,7r) the obvious coorientation. Then 
vdimXk — 0, and dXk — 0, so [^/c, tt] defines a class [[Xk, tt]] in KH^^{{0}; R). 

When A: ^ we can choose a generic smooth section s of L*^ — > CP^ which 
has exactly k zeroes Xi, . . . ,Xk, each of multiplicity 1. Let t be the coordi- 
nate on [0,1]. Then ts is a section of L'' [0,1] x CP\ with (is)-i(O) = 
{0} X CP^ U [0,1] X {xi,...,Xk}, and ([0,1] x CP\ i'', is, id(ts)-i(o)) is a Ku- 
ranishi neighbourhood on (is)~^(0), making it into a Kuranishi space of virtual 
dimension 1. By taking the boundary of this we see that 

[[Xk.n]] = [[{x,,...,Xk},7T]\ =fc[[{0},id{o}]] (123) 

in KH^^{{0}; R), that is, [[Xfe, tt]] is k times the fundamental class of y = {0}. 
Write [zoi^i] for the homogeneous coordinates on CP^, and define 

V = {{t, [zo,zi]) e M X CPI : min(|zo|2, |zi|2) max(|zo|', j^ij')"' ^t^2}. 

Then y is a compact oriented 3-manifold with corners, and dV is the disjoint 
union of three pieces, a copy of CP^ with t — 2, the hemisphere = {[zq, zi] S 
CP^ : \zo\ < |zi|} with t = [zqI^/IziI^, and the hemisphere = {[zo,zi] G 

CPI : |zo| ^ \zi\} with<= IzilVl^ol'. 

Define the Kuranishi space Wk for k & Z to be the topological space V 
with the Kuranishi structure induced by the neighbourhood {V, 7r*(L'^), 0, idy), 
where it : V CP^ is the projection. Define Kuranishi spaces to 
be the topological spaces H+,H^ with the Kuranishi structure induced by the 
Kuranishi neighbourhoods (iJ±, L°, 0, id^f^). Now the line bundles L*"' 
are for A: S Z are isomorphic to H^. Thus there is an isomorphism of 

cooriented Kuranishi spaces {dWk,T^) = (X^, tt) 11 —{X+, tt) 11 — (X_, tt), so in 
KH°^{{0};R) we have [[Xk,^]] = [[X+,tt] + [X_,7r]], and the class [[Xfe,7r]] 
is independent of fc e Z. Combining this with (|123[) gives [[{0}, id{o}]] = 0. 

If Y is any compact orbifold without boundary, and n : Y {0} is the 
projection, then the puUback tt* : KH*^{{0};R) KH*^{Y;R) takes tt* : 
[[{0},id{o}]] ^ [[Y,idY]], so [[{0},id{o}]] = implies [[r,idy]] = 0. But 
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[[Y, idy]] is the identity for U on KH*^{Y; R) and n on KH^'^iY; R), so this im- 
phes KH*^(Y; R) = KH^'^{Y; R) — 0. Using a related argument on (co)chains, 
we can also show KH*^{Y; R) = KH^^{Y; R) = for any orbifold Y. Hence, 
Kuranishi (co)homology without (co-) gauge- fixing data is vacuous. 

The reason this example goes so badly wrong is that the Kuranishi space 
dX^ — —dX^, the circle C with Kuranishi neig hbourhood (C,R^ x C,0,idc), 
has a large automorphism group, including topologically nontrivial automor- 
phisms which fix C but rotate the fibres of the obstruction bundle x C 
by a degree / smooth map C S0(2). Thus, by cutting Xk into two pieces 
X~^ , X~ and then gluing them together again twisted by such a nontrivial auto- 
morphism, we can get Xk+i for any / G Z, which forces [[Xfc,7r]] = [[Xfe+;,7r]] 
in A'i?°jj({0}; i?). Including (co-)gauge-fixing data avoids this problem, as by 
Theorem 13.201 it allows only finite automorphism groups. 

5 Kuranishi bordism and cobordism 

We now discuss bordism and cobordism theories of an orbifold Y and a com- 
mutative ring R, defined in a similar way to Kuranishi (co)homology. In fact 
we will define two different classical and five different Kuranishi bordism the- 
ories, and five corresponding Kuranishi cobordism theories. But these are all 
variations on the same idea: Kuranishi bordism groups KB^{Y; R) are spanned 
over R by isomorphism classes [X, f] for X a compact oriented Kuranishi space 
without boundary and f : X Y strongly smooth, up to bordism in Kuran- 
ishi spaces, and Kuranishi cobordism groups KB*(Y; R) are spanned over R by 
[X, f] for X a compact Kuranishi space without boundary and f : X Y a 
strong submersion with {X, f) cooriented, up to bordism in Kuranishi spaces. 

5.1 Classical bordism and cobordism groups 

Bordism groups were introduced by Atiyah [5], and Connor [16, §1] gives a good 
introduction. Other useful references on bordism and cobordism are Stong [74] 
and Connor and Floyd [17,18]. Our definition is not standard, but fits in with 
our later work. 

Definition 5.1. Let Y be an orbifold. Consider pairs {X,f), where X is a 
compact, oriented manifold without boundary or corners, not necessarily con- 
nected, and f : X ^ Y is a smooth map. An isomorphism between two such 
pairs {X, /), {X, /) is an orientation-preserving diffeomorphism i : X X with 
f — f o i- Write [X, /] for the isomorphism class of {X, /). 

Let i? be a commutative ring, for instance Z, Q, M or C. For each fc ^ 0, 
define the k*^ bordism group Bk{Y; R) of Y with coefficients in R to be the R- 
module of finite i?-linear combinations of isomorphism classes [X, f] for which 
dim A" = fc, with the relations: 

(i) [X, f] + [X', f]^[XUX'JU /'] for aU classes [X, /], [X', /']; and 
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(ii) Suppose W is a compact, oriented (fc + l)-manifold with boundary but 
without (g-)corners, and e : W ^ Y is smooth. Then [dW, e\gw] = 0. 

li h : Y Z is a smooth map of orbifolds, the pushforward : Bk(Y; R) —>■ 
Bk{Z;R) acts by K ■ Y^aGA P^i^a, fa] ^ Y.aeAP'ii^a^h o fa]. This takes 
relations (i),(ii) in Bk(Y;R) to (i),(ii) in Bk{Z;R), and so is weU-defined. 

Define a projection : B^iY: R) -^Hl'{Y; R) by : EaeA Pa[Xa, fa] ^ 
J2aeA Pa{fa)*{[Xa]), whcrc [Xa] G is the fundamental class of Xa- 

The following consequence of relations Definition lS.lf i) , (ii) will be useful, and 
also works for all the other (co)bordism theories below. Let [X, f] G KBk{Y; R), 
and write —X for X with the opposite orientation. Taking = [0, 1] x X and 
e : W ^ r to be / o TTx, we have dW = -{0} x X E {1} x X ^ -X E X in 
oriented manifolds. Using (i),(ii) we see that in Bk{Y;R) we have 

[-X,f]^~[XJ]. (124) 

Here is how this definition relates to those in [5, 16]. When F is a manifold 
and i? = Z, our _Bfc(Y;Z) is equivalent to Connor's differential bordism group 
Dk{Y), [16, §1.9]. Atiyah [5, §2] and Connor [16, §1.4] also define bordism groups 
MSOk{Y) as for Bk{Y; Z) above, but only requiring f : X ^ Y to he continu- 
ous, not smooth. Connor [16, Th. 1.9.1] shows that when F is a manifold, the 
natural projection Dk{Y) — > MSOk{Y) is an isomorphism. 

As in [16, §1.5], bordism is a generalized homology theory in the sense of 
Whitehead [75], that is, it satisfies all the Eilenberg-Steenrod axioms for a 
homology theory except the dimension axiom. The bordism groups of a point 
M^O, (pt) are weh understood [16, §1.2]: Thom showed that M SO^{pt) (g^zQ is 
the free commutative algebra over Q generated by (ik = [CP^''] G MSO^kipt) 
for k = 1,2,..., and Wall and others determined the torsion of MSO^, (pt), which 
is all of order 2. This gives some information on bordism groups of general spaces 
Y: for any generalized homology theory GH^{Y), there is a spectral sequence 
from the singular homology Hf{Y\ GiJ, (pt)) oiY with coefficients in GiJ, (pt) 
converging to GH^Y), so that GH,{S") ^ iff (5"; GTf^pt)) , for instance. 

Atiyah [5] and Connor [16, §13] also define cobordism groups MSO'^{Y) for 
A; G Z, which are a generalized cohomology theory dual to bordism M SOk{Y). 
There is a natural product U on MSO*{Y), making it into a supercommutative 
ring. If y is a compact oriented n-manifold without boundary then [5, Th. 3.6], 
[16, Th. 13.4] there are canonical Poincare duality isomorphisms 

MSO''{Y) ^ MSOn-k{Y) for fc G Z. (125) 

The definition of MSO*{Y) uses homotopy theory, direct limits of fc-fold sus- 
pensions, and classifying spaces. There does not seem to be a satisfactory 
differential-geometric definition of cobordism groups parallel to Definition l5.1l 
If Y is compact and oriented then from the isomorphisms (jl25p and the 
product U on cobordism we obtain an associative, supercommutative intersec- 
tion product • on bordism groups. (Actually, Y does not need to be compact 
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here.) We can write this product geometrically for the groups Bk{Y; R) as fol- 
lows. Suppose [X, f] and [X, f] are isomorphism classes in B^,(Y; R) such that if 
fix) = fix) =y^eY then TyY = d/U(r,X) + d/U(T£X); essentially this says 
that fix) and fiX) intersect transversely in Y. Then X x f.YjX is a compact, 
oriented manifold with smooth tt : X x fyj X ^Y , and one can show that 

[XJ].[X,f]^[Xxf^yjX,^]. (126) 

The bordism and cobordism theories MSO^,{Y),MSO*{Y) are generalized 
(co)homology theories defined using oriented n-manifolds X, that is, manifolds 
X whose tangent bundle has an >5'0(n)-structurc. In a similar way, for each 
of the series of Lie groups 0(n), [/(n), 5?7(n), S'p(n), one can define bordism 
and cobordism theories built using manifolds X whose (stable) tangent bun- 
dle has a G-structurc for G — 0(n), [/(n), 5f7(ri) or Spin). So we can define 
unoriented bordism MO»(y), unoriented cobordism AIO*iY), complex bordism 
or unitary bordism AfC/,(y), complex cobordism or unitary cobordism MU*iY), 
and so on. This is explained by Connor and Floyd [17, 18] and Stong [74]. We 
will not discuss them. However, note that Af[/, (F), AfC/*(F) should be re- 
lated to the almost complex Kuranishi bordism groups KB^'^, KB'^'^'^iY; R) and 
ifS*,, if i?:,jy;i?) defined below. 

One can also repeat Definition 15.11 using orbifolds rather than manifolds. 
We choose to do this using effective orbifolds, as the resulting groups will turn 
out to be closely related to effective Kuranishi bordism and effective Kuranishi 
homology. As far as the author knows, the next definition is new. 

Definition 5.2. Let Y be an orbifold, and i? be a commutative ring. Define the 
effective orbifold bordism group B^°iY; R) of Y as in Dcfinition lS.li except that 
we allow X, W to be effective orbifolds rather than manifolds. Fushforwards 
K ■■ Bl°iY;R) ^ Bl°iZ;R) iov h : Y ^ Z smooth, and projections : 
Bl°iY; R) HfiY; R), arc defined as in DcfinitionO For H^j,, when R is not 
a Q-algebra, it is essential that the Xa are effective orbifolds, as the fundamental 
class [X] G HfiX]R) of a compact oriented orbifold X without boundary is 
defined for all R when X is effective, but only when Q C _R otherwise. 

5.2 Kuranishi bordism groups 

Motivated by g21and i ^S.ll we define: 

Definition 5.3. Let Y be an orbifold. Consider pairs (X,/), where X is a 
compact oriented Kuranishi space without boundary, and f : X ^Y strongly 
smooth. An isomorphism between two pairs (X, /),(X,/) is an orientation- 
preserving strong diffeomorphism i : X ^ X with f — f o i. Write [X, f] for 
the isomorphism class of (A", /). 

Let i? be a commutative ring. For each fc e Z, define the fc*'' Kuranishi 
bordism group KBk{Y\R) of Y with coefficients in R to be the i?- module of 
finite i?-linear combinations of isomorphism classes [A, /] for which vdim A = fc, 
with the relations: 
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(i) [X, f] + [X', /'] = [XUX',fn /'] for all classes [X, f], [X' , /']; and 

(ii) Suppose is a compact oriented Kuranishi space with boundary but 
without (g-)corners, with vdimVF — k + 1, and e : W ^ Y is strongly 
smooth. Then ejavy] = 0. 

Elements of KBk{Y; R) will be called Kuranishi bordism classes. 

Let h : Y Z he a. smooth map of orbifolds. Define the pushforward 
K : KBk{Y- R) ^ KBu{Z- R) by K : EaeA Pa[Xa, fj ^ EaeA Pa[Xa, hof^]. 
This takes relations (i),(ii) in KBk{Y; R) to (i),(ii) in KBk{Z; R), and so is well- 
defined. Pushforward is functorial, that is, {g o h)^ = 5* o /i^. 

We also define two minor variations on KB^,{Y: R): 

• Define effective Kuranishi bordism KB°^{Y;R) as above, except that we 
require X, W to be effective Kuranishi spaces, as in Definition 13.351 

• Similarly, define trivial stabilizers Kuranishi bordism KBl^ [Y] R) as above, 
except that we require X, W to be Kuranishi spaces with trivial stabilizers, 
that is, Stabx(p) = {1} for all p G X. 

Pushforwards /i* also work on KBf{Y; R) and KBl'{Y; R). 

Our reason for introducing effective Kuranishi bordism KB'^^{Y;R) is that 
it maps naturally to effective Kuranishi homology KH^^{Y;R), and hence to 
singular homology R), as we will see in ^5.3\ Since this works over i? = Z, 

this makes KB'^^{Y; R) a useful tool for considering questions of integrality 
of homology classes, such as the Gopakumar-Vafa Integrality Conjecture for 
Gromov-Witten invariants, to be discussed in iJ6.3l 

Our reason for defining trivial stabilizers Kuranishi bordism KBl'^{Y;R) is 
that in gO] we wih show that KBl'{Y;R) ^ B^(Y;R), and so KBf{Y;R) 
helps to clarify the relationship between classical bordism theories and our new 
Kuranishi bordism theories. We will also prove in H5.7I that KB^{Y; R) and 
KB^^{Y;R) are generally very large. These are nontrivial facts, as it is not 
obvious from Definition 1 5 . 31 that KB^,, KB'^^, KBl'^{Y; R) can ever be nonzero. 

For example, if we omitted orientations in Definition l5.3[ so that KBk{Y; R) 
were generated by [X, f] for X a compact, unoriented Kuranishi space, then we 
would have KBk{Y; R) — {0} for all Y, k. This is because for any [X, /] we may 
take W = ([—1, 1]/{±1}) X X, a non-orientable Kuranishi space, and e : W ^ Y 
to be e = / o TTx, and then [X, f] = [dW, e|gvy] = by Definition 15. 3r ii) with 
orientations omitted. Here [—1, 1]/{±1} is a compact, non-orientable 1-orbifold 
with boundary one point. 

Using the notation of ^2.9l we add almost complex structures to Definition 
15.31 to define almost complex Kuranishi bordism KB2f(Y]R). We restrict to 
even dimensions vdimX — 21, as almost complex structures only exist then. 

Definition 5.4. Let Y be an orbifold. Consider triples [X, {J,K),f), where 
X is a compact oriented Kuranishi space without boundary, (J, K) an al- 
most complex structure on X, and f : X ^ Y is strongly smooth. The 
orientation on X need not match that induced by {J,K). An isomorphism 
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i : [X,{J,K),f) (^X,{J,K),f) is an orientation- preserving strong dif- 
feomorphism i : X ^ X with i^,{J,K) = {J,K) and / = f o i. Write 
[X, (J, K), /] for the isomorphism class of (X, (J, K), /) . 

Let i? be a commutative ring. For each I G Z, define the almost complex 
Kuranishi bordism group KB^iiY; R) of Y with coefficients in R to be the R- 
module of finite i?- linear combinations of isomorphism classes [X, (J, K), /] for 
which vdimX = 21, with the relations: 

(i) [X, (J, K)j] + [X', (J', K'), f] = [x\i X', (J, K) n (J', fs:'), / n /'] 

for aU [X, (J, K), /] , [X', (J', K'), /'] ; and 

(ii) Let be a compact oriented Kuranishi space with boundary but without 
(g-)corners, with vdim W = 21 + 1, {D, J, K) an almost CR structure on 
W, and e : W ^ Y a strong submersion. Then {J,K)\gw is an almost 
complex structure on dW, as in ^2.9\ We set [dW, (J, K)\giY, e\gw] = 
in KB^f{Y;R). 

Following Definition 15. 3i define effective almost complex Kuranishi bordism 
KB2f^{Y;R) as above, but requiring X,W to be effective Kuranishi spaces. 

Let /i : y — > Z be a smooth map of orbifolds. Define the pushforward 
K ■■ KBIf{Y;R) -> KB^f{Z;R) and K ■ KB^f''{Y;R) KB^f%Z;R) by K : 
J2a€APa[XaAJa,Ka),fa] '"^ T,aeA Pai^a, {J a, K a) , ho f J. Pushforwards are 
functorial, {g o h)^ = g^oh^,. 

Definition 15.41 and its cobordism analogue Definition 15.81 are motivated by 
applications to Gromov-Witten theory, to be discussed in ^621-3631 

5.3 Morphisms of Kuranishi bordism groups 

There are many natural projections between the bordism groups of ij5.1| -i }5T^ 
and from them to (effective) Kuranishi homology or singular homology. 

Definition 5.5. We adopt the following uniform notation for projections: 
represents a projection from the bordisni/homology group of type A to the 
bordism/homology group of type B, where A^B can be 'bo' for B^,{Y;R), 'eo' 
for B';°{Y-R), 'Kb' for KB^{Y;K), 'eb' for KBf{Y;R), 'tr' for KBf(Y;R), 
'ac' for KBl^'iY-R), 'eac' for KBl'"'{Y;R), 'Kh' for KH^{Y; R (g>z Q), 'ef for 
KHf(Y; R), and 'si' for (F; R) or Hl'{Y; R®zQ)- With this notation: 

(a) Define U^, H^!^, Uf^^nf^, H??, U^^ by : E.^a Pa[Xa, 

fa] ^ T,aeA Pa[Xa, fa] 01 : J^a&A Pa[Xa, f J ^ EaGA Pa[Xa, /„] • 

(b) Define : j:aeAPa[XaAJa,K,)JJ ^ EaeA Pa[Xa, (Ja, K^), f J. 
(C) Define Uf^^,Uf^^,Il^^ : EaeAPa[XaAJa,Ka), fj ^ EaeAPaiXaJJ- 

(d) Define n^h, n^^, , n^h as maps into KHkiY; R ®z Q) by H^h ; 

T.aeAPa[XaJa] ^ [Y.a^AAPa)[XaJa,Ga]] Or lif^ : EaeA ^4^- 

{Ja,Ka),fa\ ^ [l2aeA^(.Pa)[Xa, f Go]] , where Gg is so mc choice of 
gauge-fixing data for {Xa, fa), which exists by Theorem l3.18[ and tt : R ^ 
R Q is the natural morphism. 
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(e) Define H^^H^f ,niL by : EaeA Pa[Xa, f a] [EaeA Pa[X,, GJ] 

or ^tic ■ J2aeAPa[Xa,iJa,Ka),fa] ^ [EaS A Pa [^a , /a , G J] , wherC 

is some ctioice of effective gauge- fixing data for (Xq, /^), wliicli exists 
by Theorem 13. 39r a). 

(f) Define H^b^nii; as maps into H^^{Y]R®z Q) by = (n^h)-i o 
wliere (11^'^)"-'^ over i?(8)zQ exists by Coroliarv l4.10l and is as in (d). 

Define n^j., H^'i,, H^'^^ as maps into H'^iY; R) by = (H^f )-i oH^^, wliere 
(Ilgf)^^ exists by Tlieorem 14.81 and njj[ is as in (e). 

Here (a)-(c) follow from the obvious implications manifold => trivial stabilizers 
Kuranishi space effective Kuranishi space =^ Kuranishi space, and manifold 
=> effective orbifold effective Kuranishi space. 

We will show in (d) is well-defined, the other in (d),(e) are also 
well-defined by the same argument. We must prove three things: 

(i) that Y.aeAP'^l^c^^fa^^a] is a cycle in KCk{Y]R); 

(ii) that [X^aeA Pa[Xa, faj Ga]] IS independent of the choice of Ga', and 

(iii) that n|^{5 takes relations in KBk{Y; R) to equations in KHk{Y; R). 

For (i), dXa = by definition of KBk{Y;R), so <9(EaGA P^I^a, /a, G^]) = 
is immediate from ((66)) . For (ii), suppose Ga,G'^ are alternative choices. Then 
by Theorem 13.251 there exists gauge-fixing data Ha for ([0, 1] x X^, o nx^) 
with Ha\x^x{o} = Ga and H\x^x{i} = G'^- Hence 

d[[0, l]xXa,fa° ^X^.Ha] - [Xa, G'J ~ G„], 

by Definition llSKi), (iii), so J2aeAPo.[^a, fa^Ga] and J2aGA p4^o., fa^G'J are 
homologous and define the same class in KHkiY; R). 

For (iii), let [X, /], [X' , /'] be as in Definition [OKi), and choose gauge- fixing 
data G, G' for (X, /), {X' , f) by Theorem [SHI Then 

[X, /, G] + [X', /', G'] - [X H X', / H /', G H G'] in KCk{Y- R) 

by Definition l4.3f iii). Let Z, g be as in Definition l5.3r ii). and choose gauge-fixing 
data H for (Z, g). Then d[Z, g, H] = g\oz,H\azh so [[az, -ff =0 
in KHk{Y-R). But [[9Z, J^laz]] =HKh^[aZ,g|az]). Thus lifl maps re- 
lations Definition l5.3r i).fii) to equations in KHkiY; R), and is well-defined. 

Whenever Hf ,Hg are defined, Hj^ is also defined, with Hj^ = Hg o H^. 
Also, these projections all commute with pushforwards, h^, o H^ = H^ o h^,. 

These morphisms are illustrated in the commutative diagram Figure 15.11 
The isomorphisms in the figure are proved in Theorems 14.81 15.61 and Corollary 
14.101 We show that n}^'|^,HJ;Q in Definition 15.51 are isomorphisms. The proof 
follows part of that of Theorem 14.81 in Appendix IB] 

Theorem 5.6. The morpMsms U^'^ : Bk{Y;R) KB)I{Y\R) and Uf^ : 
Bl°{Y;R) KBf{Y;K) are isomorphisms for A: > 0. Also KBl'(Y;R) = 
KBf{Y;R) = {0} for k<0. 
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KB]^(Y;R) ^ KB^^iY-^R) ^ KBk{Y;R) 



TKh 



nj! , n 



cf 




-f^fc (5^; R) 1^ ^ KHf{Y; R) ^ KHk{Y; R ®^ Q) Hi(Y; R C 

NB: KBl'''',KBl''{Y;R) defined only for k even. Also Bk{Y;Z)S^MSOk{Y) for manifolds. 

Figure 5.1: Morphisms between bordism and homology groups 

Proof. First we show 11^,^ is surjective. Let [X, f] be a generator of KBl}'{Y; R). 
Choose an excehent coordinate system {I,ri) for {X,f), which is possible by 
CorollarylSlTl with / = (/, (V\ . . . , V*), f : i e I,...), where the V can be 
taken to be manifolds without boundary, since X has trivial stabilizers and is 
without boundary. 

Follow the first part of TO. 21 to choose small, smooth transverse pertur- 
bations s* of s* for i ^ I, define a compact, oriented fc-manifold X, where X = 
if fc < 0, and a smooth map f : X Y, a compact, oriented Kuranishi space 
Z of virtual dimension fc + 1, and a strongly smooth map g . Z Y. As 
dX = 0, we have dX = 0, and the component Z^ of dZ lying over dX is also 
empty. So equation (|234p gives dZ = X U —X in oriented Kuranishi spaces. 
Also g\dz agrees with fUf under this identification. Thus Definition 15 .Sf i) . (ii) 
give [X,f] = [Xj] in KBl'{Y;R) if fc ^ 0, and [X,f] = in KB)^{Y-R) if 
fc < so that X = $. When fc < this implies KBl'{Y; R) = {0}. When fc ^ 0, 
[X, f] is also a generator of Bk{Y; R), so as an element of KBjJ{Y; R) it lies in 
the image of Hf^'^. Therefore ^^^^ is surjective. 

To prove that 11^^ is injective, it is enough to show that if [X, f] e Bk{Y; R) 
with /]) = in KBl'{Y; R), then [X, /] = G B^iY; R). Since [X, /] = 

G KB^{Y; R), there exists a compact oriented Kuranishi space W of virtual 
dimension fc + 1 and a strongly smooth e : W ^ Y with dW = X and e|gvK = 
/. Since dW = X is a fc-manifold, and this is an open condition, is a 
(fc -I- l)-manifold near dW. As above, choose an excellent coordinate system 
(J, T]) for {W, e), such that near dW the only Kuranishi neighbourhood in I is 
fyk+i^^k+i^gk+i^^k+i^^ where V''+^ is a (fc + l)-manifold with dV''+^ = X, 
and y'^+i is the zero vector bundle, so that s'^^^ = 0. This is possible 

as W is a (fc -I- l)-manifold near dW. 

Again, follow the first part of TO. 21 to choose small, smooth transverse 
perturbations of s* for i ^ I, and define a compact, oriented (fc -f l)-manifold 
W and a smooth map e : W Y. Since £''''+^ ^ l/^-'+i is the zero vector 
bundle we have s^~^^ = = s'^'^-^. Thus, near dW we do not perturb W at all, 
so W, W coincide near dW, and dW = dW = X, and e\g^ = e\dw = /■ Hence 
applying Definition 0;ii) to {W,i) gives [XJ] = in Bk{Y;R). Thus n*''^ is 
injective, so it is an isomorphism. 

For we follow the same proof, but we take the {V^, ... ,-0') to be ef- 
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fective Kuranishi neighbourhoods in the sense of Definition 13.351 and X,W to 
be effective orbifolds rather than manifolds. Since the . . . ,"0*) are effective 
Kuranishi neighbourhoods, the stabihzers of V" act trivially on the fibres of i?*, 
and so the proof in ijB.2l that we can choose the to be transverse pertur- 
bations is still valid. This would not work if we used non-effective Kuranishi 
neighbourhoods, and the corresponding result for KBk{Y; R) is false. □ 

As B4Y;Z) ^ MSO^{Y) for manifolds, this implies that KBl'{Y;'L) ^ 
MSO^Y) for manifolds Y. 

5.4 Kuranishi cobordism and Poincare duality 

(Effective) Kuranishi bordism KB^, KB°^{Y; R) is basically (effective) Kuran- 
ishi homology KH^,, KHf (Y; R) with corners and gauge-fixing data omitted. 
In ^AA\ and H4.6I we defined dual theories of (effective) Kuranishi cohomology. 
So the obvious thing to do is to omit corners and co-gauge-fixing data from 
N4.4I and H4.6I to define dual theories of (effective) Kuranishi cobordism. For 
simplicity we restrict to orbifolds Y without boundary. 

Definition 5.7. Let Y be an orbifold without boundary. Consider pairs {X, f), 
where X is a compact Kuranishi space without boundary, f : X ^ Y is a, 
strong submersion, and {X, f) is cooriented. An isomorphism between two pairs 
{X, /), {X, f) is a coorientation-preserving strong diffeomorphism i : X ^ X 
with f = f o i. Write [X, f] for the isomorphism class of {X, f). 

Let i? be a commutative ring. For each A; G Z, define the /c*'' Kuranishi 
cobordism group KB^(Y] R) of Y with coefficients in R to be the i?-modulc of 
finite i?-linear combinations of isomorphism classes [X, /] for which vdim X = 
dimF — fc, with the relations: 

(i) [X, f] + [X\ f] = [XUX\fU f] for all classes [X, /], [X' , /']; and 

(ii) Suppose is a compact Kuranishi space with boundary but without (g-) 
corners, with vdimTy = dimK — k + I, and e : W ^ Y is a strong 
submersion, with {W,e) cooriented. Then e\gw ■ dW ^ Y is a. strong 
submersion which is cooriented as in Convention 12. 33T a). and we impose 
the relation [dW,e\ow] = in KB^{Y-R). 

Elements of KB^(Y]R) will be called Kuranishi cobordism classes. 

Let Y, Z be orbifolds without boundary, and h : Y —>■ Z a smooth, proper 
map. Motivated by puUback in Kuranishi cohomology (|79l) . define the pullback 
h* : KBHZ;R) ^ KB>'{Y;R) by h* : Ea^APa[XaJa] ^ EaeAP4Y x^.zj^ 
XajTTy]. Here the coorientation for {Xa,fg) pulls back to a coorientation 
for {Y Xfiz.f^ XajTTy) as in Definition 14.121 This takes relations (i),(ii) in 
KB'^{Z;R) to (i),(n) in KB^\Y\R), and so is well-defined. Fullbacks are func- 
torial, {g o h)* = h* o g*. 

Following Definition 15.11 we define two minor variations on KB^{Y-, R): 

• Define effective Kuranishi cobordism KB^^y^{Y;R) as above, except that 
we require {X, f) and {W, e) to be coeffective, as in Definition 13.371 
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• Similarly, define trivial stabilizers Kuranishi cohordism KB^j.^(Y;R) as 
above, except that we require f : X ^ Y and e : W Y to he co- 
ejf active and isomorphisms on stabilizer groups. That is, for all p G X , 
f^, : Stabxip) — >• Staby(/(p)) is an isomorphism, and Stable (p) acts triv- 
ially on the fibre of the obstruction bundle of X at p. 

Fullbacks h* also work on KB*^^{Y; R) and KB;^^{Y; R). 

Definition 5.8. Let Y be an orbifold without boundary, and R a commutative 
ring. Consider triples (^X, {L, K), , where X is a compact Kuranishi space 
without boundary, f : X —> Y a strong submersion with {X, f) cooriented, and 
{L,K) a co-almost complex structure for {X,f), as in tJ2.10l An isomorphism 
i : (X, {L, K), /) (X, (i, K), /) is a strong diffeomorphism i : X X with 
f = f o i and K) = {L, K), which identifies the coorientations of {X, f) 
and {X, /). Write [X, {L, K),f] for the isomorphism class of [X, {L, K),f) . 

Define the almost complex Kuranishi cobordism group KB^l(Y; R) oiY with 
coefficients in R for Z G Z to be the i?-module of finite i?-linear combinations 
of isomorphism classes [X,{L,K),f'\ for which vdimX — diuiY — 21, with 
relations (i),(ii) combining those of Definitions 15. 4[ 15.71 using co-almost CR 
structures in (ii). 

Define effective almost complex Kuranishi cobordism KB^^^^{Y; R) as above, 
but requiring {X, f) and {W, e) to be coeffective. 

Let h : Y ^ Z he SL smooth, proper map of orbifolds without boundary. De- 
fine the pullback h* : KB^l{Z;R) KB^l{Y;R) and h* : KBll^{Z-R) 
KBli,{Y-R) by h* : EaeA (i„ K,), /J ^ Eae^Pai^ y<u,zj^ ^a, 

Tz*x (La, /^a), TTy], wherc TT*^ {La,Ka) is the pullback of the co-almost com- 
plex structure to Y Xz Xa defined in the obvious way. Fullbacks are functorial, 
igohy^h*og*. 



KB^,,{Y; R) — ^ KB^^iY; R) 



KB^^^iY; R) ^ KB^^^^iY; R) — ^ KS'^iY; R) 

jjoc ^ nK-h ^ ^ nK-h 
H^,{Y; R) ^ KH^,{Y; R) ^ KHf'iY; R ®z Q) H^,{Y; R Q). 

NB: KB!:^^,KB^^{Y;R) defined only for k even; defined only for Y a manifold. 

Figure 5.2: Morphisms between cobordism and cohomology groups 

As in i i5.3l there are many natural projections between these cobordism 
groups, (effective) Kuranishi cohomology, and compactly-supported cohomol- 
ogy. The definitions are the obvious modifications of Definition 15.51 we 
leave them to the reader. These morphisms are illustrated in Figure 15.21 As 
we have not defined cobordism analogues of B^{Y;R) and Bl°{Y]R), the cor- 
responding entries in Figure 15.11 are missing. Corollaries 14.171 and 14.281 say that 
n^'^^, are isomorphisms, supposing Y a manifold for nj;g. 
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Remark 5.9. (a) The cobordism theories defined above are forms of compactly- 
supported cohordism. One can also define versions of Kuranishi cobordism anal- 
ogous to ordinary cobordism, as discussed for the cohomology case in Remark 
14.131 Since we do not have to worry about co-gauge-fixing data for noncompact 
Kuranishi spaces, this is straightforward. We just omit the assumption that the 
Kuranishi space X is compact in Definitions 15.71 and 15.81 and require instead 
that the strong submersion f . X ^ Y should be proper. Fullbacks h* are then 
defined for all smooth li :Y ^ Z , not just when h is proper, 
(b) The definitions above for orbifolds Y without boundary can be extended 
to general orbifolds Y using the ideas of ij4.5l in the cohomology case. An 
important new point is that if dY ^ then we should define KB^{Y\R) in 
terms of isomorphisms [X, f] for which X is a compact Kuranishi space with 
vdimX — dimy — fc, / : X Y is a. cooriented strong submersion, and 
d^X — 0, without assuming dX ~ 0. Then we can define t* : KB''{Y;R) — > 
KB^{dY-R) mapping l* : [XJ] [dfx,f_]. 

Motivated by ij4.4l we define Poincare duality maps between our Kuran- 
ishi (co)bordism groups. Basically, we just omit (co-)gauge-fixing data from 
Definitions WIM and 

Definition 5.10. Let Y be an orbifold which is oriented, without boundary, 
and of dimension n, and R a commutative ring. Then for f . X ^ Y a 
strong submersion, as in Definition 12.321 there is a 1-1 correspondence between 
coorientations for {X,f) and orientations for X. Define i?-module morphisms 
nKbj^ : KBHY;R) ^ KB^^k{Y;R) for fc G Z by H^b^ : EaeAPaiXaJJ - 
SaeA/°i[-'^a,/a], usiug the coorientation for from [Xa^f^] G KB''{Y;R) 
and the orientation on Y to determine the orientation on Xa for [X^,/^] G 
KBn-k{Y\R). Then n|^J?^ takes Definition [53);i),(ii) to Definition 0;i),(u), so 
it is well-defined. 

Define li^^ : KB„_fc(r;i?) ^ KB'^{Y;R) by : EaeAPa[XaJa] ^ 

"^aeA Pa-i-^a ^ f^]j whcrc in the notation of Definition 14.141 X][ is the fibre 
product {Y, ky) x^^yjX, : X^ ^ F is the strong submersion expo7r(y 
and the orientations on Xa and Y determine a coorientation for {X^ , f^)- Then 
takes Definition 15 . 7f i) . (ii) to Definition 15 .Sf i) . fii) . so it is well-defined. 

For effective Kuranishi (co)bordism, following Definition 14.251 when Y is 
an effective orbifold define n^j?^ : KB^^^{Y;R) -> KBf_^^{Y]R) as for Xlf"^^, 
and when F is a manifold, define : KBf_^^{Y]R) KB^^^{Y]R) as for 
n^jj,''. Here for TY'^^ we need Y to be an effective orbifold in order that {Xa, fa) 
coeffective implies Xa effective, and for njjjj,'^ we need F to be a manifold so that 
Xa eff'ective implies [X^ , f^) coeffective. 

For trivial stabilizers Kuranishi (co)bordism, when 1" is a manifold de- 
fine W\\, : KBi,{Y;R) KB^^_^^{Y-R) as for nf^^W^ and define H*- : 
KBlLkiY; R) ^ KB^Y; R) as for U^^, H^^K 

The proof of the next theorem follows those of Theorems 14.151 and 14.261 
omitting (co-)gauge-fixing data, and we leave it as an exercise. 
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Theorem 5.11. Let Y be an oriented n-orbifold without boundary. Then Hj^ji, 
is the inverse of n|^J?^^ in Definition \5. 101 so they are both isomorphisms. If also 
Y is a manifold, then is the inverse of Tl^^^ and Ull'^ is the inverse of 

Tl\lc in Definition \5.W[ so they are all isomorphisms. 

Let y be a compact, oriented n-manifold without boundary. Then we 
have isomorphisms MSO''{Y) ^ MSOn-k{Y) by and MSOn-kiY) ^ 

B„_fc(r; Z) from EH and Ul'^ : B„.k{Y; Z) -> KBl'_^{Y; Z) by TheoremEill 
and Ull"^ : KB^^^^{Y; Z) ^ KB^^^{Y; Z) by Theorem ETT] Combining all these 
gives an isomorphism MSO^{Y) ^ KB^^^{Y;Z), in a similar way to Corollary 
14.171 We can extend this to the case Y not oriented using orientation bundles, 
as in Definition 14.161 giving: 

Corollary 5.12. // Y is a compact manifold without boundary, there is a nat- 
ural isomorphism MSO*{Y) = KBl^^{Y;Z). 

This shows that KB^^^{Y;Z) is a differential- geometric realization of cobor- 
dism, very different to the conventional algebraic topological definition [5]. We 
can also drop the assumption that Y is compact, if we replace ordinary cobor- 
dism MSO*{Y) by compactly-supported cobordism MSO*g{Y). 

Remark 5.13. We can also consider Poincare duality for almost complex Ku- 
ranishi (co)bordism KH!^, KB^*{Y; R), and effective almost complex Kuranishi 
(co)bordism K H2^'^ , K B^*^{Y ; R) . But to define the corresponding Poincare 
duality maps, we need some extra data: we must choose an almost complex 
structure J on Y. (So in particular, dimK must be even, dimK = 2m say.) 

To define U^l, for [X, {L,K),f] e KBll(Y;R) we must define an almost 
complex structure on X using J and the co-almost complex structure {L, K) 
for [xj). Similarly, to define W^, for [X,{J,K)J] G K B^^^^^iiY ; R) we 
must define a co-almost complex structure for {X^ , f^) using J and the almost 
complex structure (J, K) for X. Both of these can be done, though there are 
some arbitrary choices involved, as for the construction of {J,K) Xy {L',K') 
in tj2.10l One can then extend Theorem [ETT] to show that KBll[Y; R) ^ 
KBT^_2i{Y;R), and KB^UY-R) - KB-^_2^iY;R) for Y a manifold. 



5.5 Products on Kuranishi (co)bordism 

Motivated by i |4.7[ we define cup, cap and intersection products on Kuranishi 
(co)bordism. Let Y be an orbifold without boundary, not necessarily oriented. 
Define the cup product U : KB^{Y-R) x KB\Y-R) KB^+\Y-R) by 



Y,Pa[XaJa]\^\Y.ab[Xb,h] 



a^A, b£B 



PaCrb[XaX f^Y.f^^l>,T^Y], (127) 



for A,B finite and pa,crb G R- Here Xa x^ Xfc is the fibre product of 
ij2.6[ which is a compact Kuranishi space without boundary as Xa,Xi, are, and 
Try : Xa Xf^,Y,f^ Xb ^ y is the projection from the fibre product, which 



125 



is a strong submersion as fa^fb ^^^^ ^^'^ the coorientations on {Xa,fa) and 
{Xb,fb) induce a coorientation on {Xa Xy X^jTry) as in Convention I2.33r b). 
Since vdimXa = dimy — k, vdim JTf, = dimy — I we have vdimXa Xy Xb = 
dimF- (fc + 0, so U does map KB^{Y-R) x KB\Y-R) -> KB''+\Y-R). 

To show U is well-defined we must show that (|127p takes relations (i) , (ii) in 
KB^{Y]R),KB\Y-R) to (i),(ii) in KB^+\Y-R). For (i) this holds as 

{[XJ] + [X'J']) U [Xj] - [X x^ yjl,7ry] + [X' x^, ,.jX,7ry] 

= [{X X^yjX)\l{X' X^,y^-l),7ry UTTy] 

= [{xnx') -Xfuf'^Yj^^^Y] - [xnx',/n/']u[l,/], 

and similarly for [X , f] U {[X, f] + [X', /']). For (ii) it holds as 

[dZ,g\9z]U[XJ]^[dZx^^^^ yjX,7TY] - [d{Z x^yjX),TTY\oi-)] = 0, 

using Proposition 12 . 3 1 f a) and dX — 0, and similarly for [X,f] U [dZ,g\gz]- 

li_[X, f] e KB^{Y; i?), [X, /] e i?) then equation ^ gives [X, /] U 

[X, f] = [X, /] U [X, /], that is, U is supercommutative. Also (^5]) imphes 

that U is associative. If 1" is compact then using the trivial coorientation for 
idy : r ^ y, we have [F, idy] £ KB°{Y; R), which is the identity for U. Thus, 
KB*{Y;R) is a graded, supercommutative, associative R-algebra, with identity 
if y is compact, and without identity otherwise. 

We can also mix Kuranishi bordism and cobordism, and define a cap product 
n : KBk{Y-R) X KB\Y-R) ^ KBk-i{Y-R) by (HHD, where now [Xa,/J e 
KBk{Y; R) so that is strongly smooth and Xa oriented, and [Xb,ff,] & 
KB\Y;R) so that is a strong submersion and {Xb,fb) cooriented, and 
Xa X f^,Yj^ Xb is well-defined as is a strong submersion, and the orientation 
for Xa and coorientation for {Xb, fi,) combine to give an orientation for Xa XyX^ 
as in Convention I2.33r c). This has the associativity property a fl (/3 U 7) = 
(an/3)n7 for a e KB^(Y;R) and /3,7 £ KB*(Y;R). Thus, Kuranishi bordism 
KB^:{Y;R) is a module over Kuranishi cobordism KB^^iY; R). 

As for Kuranishi (co)homology in ^4.71 cup and cap products are compat- 
ible with puUbacks and pushforwards. That is, if Y, Z are orbifolds without 
boundary, and h : Y ^ Z a smooth, proper map, and a G K B^(Y; R) and 
/3, 7 e KB*{Z; R) then as in (fTTOl) wc have 

U 7) = /!*(/?) U/i* (7) and h^a f) h*{/3)) ^ h^{a) n (3. (128) 

If Z is compact then Y is compact as h is proper, and h*{[Z,idz]) — [F, idy]. 
Thus, h* is an R-algebra morphism. 

If Y is an oriented ri-orbifold without boundary, then using U and the iso- 
morphism KB^{Y\R) = KBn-k{Y; R) of Theorem 15.111 we obtain an inter- 
section product • : KBk{Y; R) x KBi{Y; R) KBk+i-n{Y, R), which is also 
supercommutative (with degrees shifted by n) and associative. From (|126[) we 
see that 11^^ : B^,iY;R) KB^(Y;R) intertwines intersection products • 
on B^{Y;R),KB,{Y;R). 
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All of the above also holds without change for cup, cap and intersection 
products on effective Kuranishi (co)bordism K B*^^, K {Y ; R) , and on triv- 
ial stabilizers Kuranishi (co)hordism KB^^^, KBl^(Y; R), except that we must 
suppose F is a manifold to define • on KBf^, KB^^{Y; R). 

We can also generalize these ideas to (effective) almost complex Kuran- 
ishi (co)bordism. Define i?-bifinear maps U : KB'^^{Y;R) x KBll{Y;R) 
KBli^+'\Y; R) and U : KBl^^{Y; R) x KBll^{Y- R) KBlit'\Y; R) by 

[X,{L,K)j]\j[X,{L,k),f\ = [X x^yjX,{L,K)xY{L,k),nY], 

generalizing (|127p . where {L,K) Xy {L,K) is the fibre product of co-almost 
complex structures from tJ2.10l It is associative and supercommutative. If Y is 
compact then [Y, (0,0), idy] is the identity for U, where (0,0) is the trivial co- 
almost complex structure for {Y, idy), involving only almost complex structures 
on zero vector bundles. Thus KB*J^] R) is a supercommutative ring. 

Similarly, define n : KB^l{Y;R) x KB^l(Y;R) K B^''^i^_^^{Y; R) and n : 

KB^^l^{Y;R) X KBli^{Y-R) ^ KBlll^^^{Y;R) by 

[X,{J,K)j]n[X,{L,k),f\ = [X x^yjX,{J,K)xY{L,k),7VY]. 

They satisfy a n (/3 U 7) = (a n /3) n 7 and K{a n h*{f3)) = K{a) n /3 as above. 

All of the morphisms between bordism and homology groups defined in ij5.31 
and their analogues for cobordism and cohomology groups, intertwine cup, 
cap and intersection products in the obvious way. So, for instance, : 
KB*{Y-R) ^ KH*{Y-R®z Q) satisfies U^Xi^ U /3) = n^^^^^) ^ IV^^iP) 
for all a, P € KB*{Y;R). In each case this is either obvious, or follows from 
Theorem 1131 

Remark 5.14. (a) As in i j4.8l for Kuranishi (co)homology, each of the match- 
ing pairs of (co)bordism theories KB^, KB*{Y; R), KBf, KB;^^{Y; R), KB^J, 
KB*^^{Y]R), KBf,,KBll(Y;R) and K B^f , K Bl*^{Y ; R) can be combined 
into a single bivariant theory. In some sense this works 'at the (co)chain level'. 

(b) The author expects that one can generalize the proof in the classical case to 
show that each of our various different Kuranishi bordism theories is a general- 
ized homology theory in the sense of Whitehead [75] in the category of smooth 
orbifolds, that is, it satisfies all the Eilenberg-Steenrod axioms for homology 
except the dimension axiom, and that the Kuranishi cobordism theories are the 
corresponding generalized compactly-supported cohomology theory. To do this, 
for the case of Kuranishi bordism, we should introduce a notion of relative Ku- 
ranishi bordism KB^{Y, Z] R) when Y is an orbifold and Z CY is an open set, 
and prove that it lives in an exact sequence 

> KBkiZ; R) ^ KBk{Y; R) ^ KBk{Y, Z; R) KBk-i{Z; i?) ^ • • • , 

and satisfies the excision axiom, and various other natural properties. We leave 
this as an exercise for the interested reader. 
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5.6 Orbifold strata and operators II'^''' 

Any orbifold V may be written as ^ = ]Jp , where the disjoint union is over 
isomorphism classes of finite groups F, and is the subset oi v € V with 
stabilizer group Staby(i;) isomorphic to F. This is the rough idea behind our 
definition of the orbifold strata of V . However, for our purposes we must modify 
this idea in three ways: 

(i) above can be a union of components of different dimensions, so we 
pass to a finer stratification V — Ylr p^^ '' ' where p is an isomorphism 
class of nontrivial representations of F, and the normal bundle of V^'^ in 

V has fibre the representation p, so that dim V^'^ — dim V — dim p. 

(ii) V^'P above is not a closed subset of V. To make it closed, we replace V^'^ 
by a subset of points v € V such that Staby(ii) has a subgroup isomorphic 
to F. Once we do this, the disjoint union V = ]Jp ^ V^''' no longer holds. 

(iii) Making the replacement (ii), but regarding V^'^ as a subset of V, we find 
that V^'P is not an orbifold, since several pieces of V^'^ may intersect in 

V locally to give singularities. To make V^'^ into an orbifold, we must lift 
to an immersion l^'P : V^''' V, which may take finitely many points to 
one point. Then V^''' being closed is replaced by l^''' being proper. (This 
is very similar to the idea in ij2.1l that if X is a manifold with (g-)corners, 
then to make dX a manifold, we cannot regard dX as a subset of X, but 
instead we have a finite immersion l : dX X.) 

Here then is our definition of orbifold strata: 

Definition 5.15. Let F be a finite group, and consider (finite-dimensional) real 
representations {W,uj) of F, that is, is a finite-dimensional real vector space 
and u; : F — + Aut(VK) is a group morphism. Call {W,lu) a trivial representation 
if w = idw, that is, if Fix(ci;(F)) = W. Call (W^uj) a nontrivial representation if 
it has no positive-dimensional trivial subrepresentation, that is, if Fix(a;(F)) = 
{0}. Then every F-representation (W,uj) has a unique decomposition W = 

© M^"' as the direct sum of a trivial representation (W*, w*) and a nontrivial 
representation (W"',a;"*), where = Fix(a;(F)). 

Let (/o, to)j • ■ ■ J (In, tAf) be representatives of the isomorphism classes of irre- 
ducible F-representations, where (/q, io) ~ (Mi 1) is the trivial irreducible repre- 
sentation, and (Ii, Li) is nontrivial for i = 1, . . . , N . Then every F-representation 
{W,oj) is isomorphic to a direct sum ®,^o ai(Ii, Li) with qq, . . . , G N, where 
{W,ijj) is trivial if ai — ■ ■ ■ — on — 0, and {W,uj) is nontrivial if oq ~ 0. Two 
(W, Lu), {W, oj') are isomorphic if and only if (ao, . . . , on) = {o-'q, ■ ■ ■ , o-'n)- 

Hence, isomorphism classes of nontrivial T -representations are in 1-1 corre- 
spondence with iV-tuples (ai, . . . , on), with each a; e Z. We will often use p 
to denote such an isomorphism class. The dimension dimp is ^^^^Oi dim Ii. 
If (W"',a;"*) is a nontrivial F-representation, we will write [(H^"*, w"')] for the 
isomorphism class of nontrivial F-representations containing (Vl^"*, a;"'), so that 
[(M^"',Ci;"*)] = p means (M^"',ix>"') lies in the isomorphism class p. 
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Now let V be an orbifold, of dimension n. Each v ^ V has a stabilizer 
group Stabv('y)- In this section we consider the tangent space TyV to be an 
n-dimensional vector space with a representation r„ of Stabv'(?;). Let A : F ^ 
Siabv{v) be an injective group morphism, so that A(r) is a subgroup of Staby(u) 
isomorphic to F. Hence t^, o A : F — » Aut(T^l^) is a F-representation, and we 
can split T^V = {TyVY © (r„F)"* into trivial and nontrivial F-representations, 
and form the isomorphism class [(T^y)"^', [t^ o A)"*] . 

As a set, define the orbifold stratum V^'^ to be 

V^'P = {Staby(w) • (w, A) : w e y, A : F ^ Staby(w) is an injective 

group morphism, [{nvy'\ (r, o A)"*] = p}, ^^^^-^ 

where Staby('y) acts on pairs (w. A) by a : {v,X) i-^ (u,A°"), where A°" : F ^ 
Stabv(-y) is given by A'^(7) = <TA(7)a"^ Define a map l^'P : V^'f V hy l^^p : 
Stabv('y) • (w. A) i-^ v. 

Proposition 5.16. In Definition 15.151 V^'^ naturally has the structure of an 
orbifold of dimension n — dimp, and iF'^ lifts to a proper, finite immersion. 

Proof. Let ([/, A, ifj) be an orbifold chart on V . We will construct a correspond- 
ing orbifold chart on V^'^ . Let A : F — » A be an injective group morphism. As 
A acts on U by diffeomorphisms, composing with A gives an action of F on [/ 
by diffeomorphisms. Write Fix(A(F)) for the fixed point set of this action in 
U . It is closed, and a disjoint union of embedded submanifolds of U , possibly 
with different dimensions. If w G Fix(A(F)) then F has a representation on 
T„J7, so we have a splitting T„C/ = )* © (T„?7)"' into trivial and nontrivial 
F-representations, with (TuC/)' ~ Fix(A(F)). For each isomorphism class of 
nontrivial F-representations p, write Fix(A(F))'' for the subset of u G Fix(A(F)) 
with [{TJJY^] = p. Then Fix(A(F))'' is a closed, embedded submanifold of U, 
of dimension n — dim p, since dim U = dim V = n. 

Define a manifold U^'P of dimension n — dim p to be 

U^^P — Uinjcctivc group morphisms A : T ^ A Fix(A(F))''. (130) 

Note that this is a disjoint union, not a union: Fix(A(F))'' and Fix(A'(F))'' may 
intersect in U for distinct A, A', but we do not identify such intersections in U^'P. 
Define i^'P : U^'P — > J7 to be the inclusion Fix(A(F))'' ^ J7 on each component 
Fix(A(F))'' in ()130|) . As each Fix(A(F))'' is a closed, embedded submanifold, and 
the disjoint union ()130|) is finite, we see that i^'P is a proper, finite immersion. 

Define an action of A on U^'P by (5 € A takes u in Fix(A(F))'' to S ■ u 
in Fix(A*(F))'', where A* : F -> A is defined by A*(e) = SX{e)5-^, as for A"^ 
in Definition 15.151 Then A acts on U^'P by diffeomorphisms, and i^'P is A- 
equivariant. Define i^^'P : U^-p/A V^'P as follows: let A : F A be an 
injective group morphism and u G Fix(A(F))'' C U^'P. Set v = tpi^ ■ u) in V. 
Then we have a natural isomorphism Stab\/(w) = {S ^ A : 5 ■ u = u}, and A 
maps F to the subgroup {(5 G A : (5 • m = u} of A as m G Fix(A(F)). Thus 
we can regard A as an injective group morphism A : F — > Staby(w). With this 
identification, define ip^'P(^Au) — Staby(w) • {v,X). 
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It is elementary to show that ip^-'P is weh-defined, and {U^'^, A, ip^'P) is 
an orbifold chart on V^'^ with image (i^''')~^(lm'0). Also, if (i7, A,^') and 
{W, A', are orbifold charts on V compatible on their overlaps, then {U^''', A, 
il'^'P), {U^''" , A' jtjj^'P') arc compatible on their overlaps. Hence this system of 
compatible orbifold charts on V^'^ constructed from the system of compatible 
orbifold charts on V gives V^'^ the structure of an orbifold, of dimension n — 
dim p. Also l^'P is represented in orbifold charts by the i^'P above, which are 
proper, finite immersions, so J"'P lifts to a proper, finite immersion. □ 

Remark 5.17. (a) If v^'P = Staby(i') • {v,X) G V^'P then the stabilizer group 
Stabyr,p(ur.p) oiv^^P in V^'P is 

{a e Stabv(?;) : A°^ = A} = {(TeStaby(w) : A(7)cr = CTA(7) V7er} = C(A(r)), 

the centralizer of A(r) in Stabv'(?;). The induced morphism l^''^ : Stabyr.p (w'"''') 
Stabv(i') is just the inclusion C(A(r)) ^ Stabv'(u). Thus iF'P is injective on 
stabilizer groups. 

(b) Write Aut(r) for the group of isomorphisms C : T ^ T- If C £ Aut(r) 
and A : r — > Staby(t') is an injective group morphism then A o : T —* 
Staby(?;) is an injective group morphism. Also Aut(r) acts naturally on the 
set of isomorphism classes of nontrivial F-representations, p i~> ■ p. If ^ G 
Aut(r) then there is a natural diffeomorphism : V^'P — > V^'^'P acting by 
Staby(t;) ■ {v, A) ^ Staby(w) ■{v,Xo C'^), with l^'P = l^'^'P o C*. 

(c) If V is an effective orbifold then Staby(w) acts effectively on TyV for all 
V G V. It is then easy to see that V^'P = unless p is the isomorphism class 
of an effective nontrivial F-representation. Conversely, if V^'P = for all finite 
groups r and isomorphism classes of non-effective nontrivial F-representations 
p, then V is an effective orbifold. 

(d) If V is an oriented orbifold, the orbifold strata V^'P need not be oriented, or 
even orientable. Here is an example. Take V to be the 4-orbifold (RP^ x M)/Z2, 
where the generator a of Z2 acts on RP^ x M by 

a: {[xo,xi,X2,xs],y) ^ {[xo,xi,X2,-xz],-y). (131) 

Then Fix((T) is the disjoint union of { ([xq, a;i, 2:2, 0], O) : [xq, xi, 2:2] S RP^}, a 
copy of MP^, and the single point ([0, 0, 0, 1], O). Hence V has two nontrivial 
orbifold strata, \/^2,P2^ copy of MP^, and \/^2,P4^ point, where p2, Pi are the 
isomorphism classes of nontrivial representations of Z2 of dimensions 2,4. Now 
1RP'° is orientable if and only if k is odd. Using this, it is easy to show that V 
is orientable, but V^2,P2 jg jjq^ 

Here is a sufficient condition on p for V^'P to be oriented whenever V is 
oriented. Let (VT, be a nontrivial F-representation with [(W,a;)] = p, and 
suppose that W does not admit any orientation-reversing automorphisms as a 
T -representation. Then choosing an orientation for W determines an orientation 
for the fibres of the normal bundle of the immersed submanifold lF'P{V^'P) in 
V, since these fibres are isomorphic to {W,uj) as F-representations. Hence an 
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orientation for V determines one for V This condition fails for any nonzero 
representation of F = Z2. But if |r| is odd, the condition holds for all p, as in 
Definition 15.211 below. 

(e) Suppose y is a 2m-orbifold and J is an almost complex structure on V, 
as in Definition 12.341 Then for each v € V, J\y gives TyV the structure of 
a complex vector space, and as J\y is invariant under Staby(w) we can regard 
{TyV,Ty) as a complex representation of F. We can therefore repeat Definition 
15.151 and Proposition 15 . 161 using isomorphism classes p of complex nontrivial F- 
representations, rather than real representations, to define V^'P and l^'^. Also 
J on y restricts to an almost complex structure J^''' on V^''^. 

Observe that V and V^''' are automatically orientablc, with the orienta- 
tions induced by J, J^'P. Thus, by working with almost complex structures, we 
avoid the problem with non-oriented orbifold strata discussed in (d) . This is an 
important reason for working with almost complex Kuranishi bordism. 

Perhaps surprisingly, the same thing works for almost CR structures. Sup- 
pose y is a (2m -I- l)-orbifold and {D, J) is an almost CR structure on V, as in 
Definition 12.351 Suppose that V is orientable. Then for each v € V, we have a 
codimension one subspace D\y of T^V, an almost complex structure J\y on D\y, 
and we can choose an orientation on TyV. All three structures are invariant 
under the action of Stabviv). As J\y induces an orientation on D\y we have an 
orientation on TyV/D\y = E which is fixed by Staby('i;). Therefore Staby(t') 
acts trivially on the quotient {TyV)/{D\y). 

It follows that if A : F — > Staby(w) is an injective group morphism, then in 
the induced splitting TyV = {TyVf © (T^V")"*, (T^F)"* is a vector subspace of 
D\y, which must be invariant under J\y. So we can regard (TyV)^^ as a complex 
representation of F. This is what we need to repeat Definition 15.151 and Propo- 
sition [5lT6] using isomorphism classes p of complex nontrivial F-representations. 
Also {D, J) on V restricts to an almost CR structure {D^^f, J^'P) on V^^p. 

When working with complex representations, we will use dim p to mean the 
complex dimension of the representations, not the real dimension. 

(f) Suppose V is an orbifold with boundary, but without (g-)corners. Then 
i : dV — !■ y is an embedding, and induces isomorphisms : Stabgy(i;._B) — > 
Staby(w) on stabilizer groups. It is easy to show that restricting to orbifold 
strata commutes with taking boundaries, that is, d{V^'P) = {dVY'P. 

However, as we explained in Remark I2.10r b). if V has (g-)corners then i : 
dV — > y is an immersion, and the induced maps : Stabgy (u, B) Stabv{v) 
are injective, but may not be surjective. Because of this, for orbifolds with 
corners or g- corners, restricting to orbifold strata does not commute with taking 
boundaries, that is, d{V^'P) may not agree with {dV)^'P. 

This leads to an important difference between Kuranishi (co)bordism and 
(effective) Kuranishi (co)homology. In Kuranishi (co)bordism, information from 
orbifold strata X^'P of generators [A^, /] survives in KB^, KB* {Y; R), as we 
show below, since we do not allow Kuranishi spaces with (g-)corners in defining 
KB^,, KB*{Y; R). But in (effective) Kuranishi (co)homology, where we do allow 
Kuranishi spaces with (g-)corners, all information from orbifold strata is lost. 
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(In fact relation Definition I4.3r iv') would also kill information from orbifold 
strata, but this does not apply to effective Kuranishi (co)homology.) 

We generalize Definition l5.15l to Kuranishi spaces X . Since we must consider 
the representation of T on the obstruction bundle of X, we must replace p by 
an isomorphism class of virtual nontrivial F-representations. 

Definition 5.18. Let F be a finite group. A virtual representation of F is a for- 
mal difi'erence {W,uj) Q {W'^lu') of two F-representations {W,uj), {W',lu'). The 
dimension of {W,uj) Q {W',uj') is dimW^ - dimW^'. We call {W,uj) 9 {W',u;') 
nontrivial if (W,uj),{W',lu') are nontrivial F-representations. We say that 
two virtual F-representations {Wi,uji) Q {W{,uj[) and (^2,^2) G (1^2,^2) 
isomorphic if there exist F-representations (VF3, 0^3), (VF4, ^^4) with (Wi,a;i) © 
(1^3,1^3) = {W2,LU2)®(W4,Ui) and {Wi,Lu[) ® (W3,uj3) = (M^2, ^^2) © (^^4, W4). 

Let {Iq, L-o), . . . , (In , ln) be representatives of the isomorphism classes of 
irreducible F-representations, where (/o,io) = (I^j 1) is the trivial irreducible 
representation, and is nontrivial for i = l,...,N. Then every vir- 

tual F-representation {W,uj) G {W',uj') is isomorphic to 0j^o '^*('^*' ^^^^ 
ao,...,aN € Z, where 0j^o aj(/i, t^) is a shorthand for (0,j.a^>o 0^(7^, ii)) © 
(0j.jj.^g(— ai)(/i, ti)), and two virtual representations are isomorphic if and 
only if they yield the same oq, . . . , a^v. 

Hence, isomorphism classes of virtual T -representations are in 1-1 correspon- 
dence with (iV-|- l)-tuples (oq, ai, . . . , on) with Oi € Z, and isomorphism classes 
of virtual nontrivial F-representations are in 1-1 correspondence with A^-tuples 
(ai, . . . , Oat) with a; G Z. We often write p for such an isomorphism class. The 
dimension of p is dimp = X]t=o dim/^. Equivalently, an isomorphism class of 
virtual F- representatives is an element of Ko{mod-T), the Grothendieck group 
of the abelian category mod-F of finite-dimensional real F-representations. 

Now let X be a Kuranishi space, p € X and {Vp, . . . ,tpp) be a Kuranishi 
neighbourhood in the germ at p. Set v — ip~^{p) in V. The stabilizer group 
Stahx{p) = Stabvp(w) has natural representations on the finite-dimensional 
vector spaces TyVp and Ep\y. Let A : F — > Staby {v) be an injective group 
morphism. Then F acts on TyVp and Ep\y via A, so we may split into trivial and 
nontrivial F-representations T^Vp = {TyVpY G (T^Fp)"' and Ep\y = (£^p|i,)* © 
(-Bpl-u)"*- Hence (TljFp)"' G (i?p|t,)"* is a virtual nontrivial F-representation, with 
isomorphism class [{TyVp)''^ G {Eply)''^] . 

As a set, define the orbifold stratum X^'P to be 

X^'P = |Stabjc(p) ■ (p. A) : p e X, A : F — > Stabx(p) is an injective 

group morphism, [(T,l/p)"* Q (Sp|,)"'] - p}, ^^^^^ 

where to interpret the condition [(Tl,T43)"'0(^pk)"*] = P we choose {Vp, . . . , ipp) 
in the germ at p, set v = ijjp^{p) and identify Stahv^{v) with Stahx{p), so that 
A makes TyVp and Ep\y into F-representations. The condition is independent 
of the choice of (Vp, . . . , ipp), by definition of equivalence in the germ. Define a 
map L^'P : X^'P X hy l^^p : Stabx(p) • (p, A) ^ p. 
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We have the following analogue of Proposition 15.161 The proof generalizes 
that of Proposition l5.16l and we leave it as an exercise. The most important new 
point to note is that coordinate transformations (f^p^, 4>pq) preserve the condition 
on virtual nontrivial F-representations. Suppose Vq G Vpq C Vq with Sq(vq) = 0, 
Vp = 4>pq(vq), and Ag : F — > Stabv'^('i;) is an injective group morphism. Then 
{4>pq)* ■ Staby^(tig) — > Stabyp(wp) is an isomorphism, as (ppq is an embedding, 
and DefinitionE^e) implies that (Ty^Vp)''^Q{Ep\y^)''^ and (Ty^Vq)''^Q{Eq\yJ^^ 
are isomorphic as virtual F-representations. Hence [{Ty^Vp)'^^ (i^pli;^)"'] = p 
if and only if [(T„,l/,)"* {Eql^X] - p. 

Proposition 5.19. In Definition 15.181 X^'P naturally has the structure of a 
Kuranishi space of virtual dimension vdimX — dim p, and l^'P lifts to a proper, 
finite, strongly smooth map l^'P : X^'P X . 

Remark 5.20. The analogues of Rcmark l5.17f a)-ff) hold for Kuranishi spaces. 
In particular, for (c), if X is an effective Kuranishi space then in Definition 
15.181 T„Vp is an effective F-representation, so (Tt,Vp)"* is effective, and Ep\y is 
a trivial F-representation, so (i?p|^)"* — 0. Hence X^'P = unless p is the 
isomorphism class of an effective nontrivial T -representation, not just a virtual 
one. For F ^ {1} this gives dimp > 0, so that vdimX'"''' < vdimX. If X is 
an orientable, effective Kuranishi space, we can also exclude the case dimp = 1, 
since F cannot act on TyVp preserving orientations such that dim(T„V^)"* = 1, 
because no finite group has an orientation-preserving, nontrivial representation 
on K. Hence, if X is an orientable, effective Kuranishi space then X^-p = for 
F ^ {1} unless dimp ^ 2, so that vdimX^'^ ^ vdimX - 2. 

Also, for (e), if X is a Kuranishi space without boundary, (J, K) is an almost 
complex structure on X, F a finite group, and p an isomorphism class of virtual 
nontrivial complex F-representations, then we can define the orbifold stratum 
X^'P, strongly smooth lF-p : X^'P X, and an almost complex structure 
{J^'P,K^'P) on X^'P. Similarly, if X is an orientable Kuranishi space with 
boundary but without (g-)corners and {D, J, K) an almost CR structure on X, 
we define X^'P, l^^p, and an almost CR structure (D^'^, J^'^, K^'^) on X^^p. 

When |F| is odd, given an orientation on X , we define orientations on X^^p . 

Definition 5.21. Let F be a finite group. Consider the following condition 
on F: no nontrivial representation {W, lo) of F should admit an orientation- 
reversing automorphism, as in Remark I5.17r d) . It is sufficient to apply this 
condition to the nontrivial irreducible representations (/i, ii), . . . , [In ^ I'n) of F. 
Using Schur's lemma we can show that admits an orientation-reversing 

automorphism if and only if dim li is odd, and then —1 is such an automorphism. 
One can prove using the character theory of finite groups that dim Ii is even for 
i = 1, . . . , if and only if |F| is odd, so the condition is equivalent to |F| odd. 

Suppose |F| is odd. Choose an orientation on /j for z = 1, . . . , N . Let {W,ijj) 
be a nontrivial F-representation. Then {W, lo) is isomorphic to ®^]^ cLiih, h) for 
ai, . . . , On G N. Thus the orientations on Ii induce an orientation on W. This 
orientation on W is independent of the choice of isomorphism W = ^i^i) 
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since by the condition above {W,ui) admits no orientation-reversing automor- 
phisms. Thus, we have chosen orientations on all nontrivial F-representations, 
which are consistent with direct sums. 

Now let X be an oriented Kuranishi space, and p an isomorphism class of 
virtual nontrivial F-representations. We shall define an orientation on the orb- 
ifold stratum X^'P. As for orbifold charts in the proof of Proposition 15.161 
if {V^EjSjtjj) is a compatible Kuranishi neighbourhood on X then we con- 
struct a compatible Kuranishi neighbourhood {V^'P, E^''',s^'P,tj/''P) on X^'P, 
and the strongly smooth map l^'^ is represented by a smooth map {l^''', l^''') : 
{V^''', . . . ,tp^'P) — > (Vj-.-jip). Here points of V^'P are of the form v^'^ = 
Stabv{v) ■ {v, A), where v — t^'''(Staby(w) • (w. A)) in V^, A : F Stabv(w) is an 
injective group morphism. 

Now A makes T„V and E\y into F-representations, with T^r.pV^'^ — {TyVY 
and E^'P\yr,, = {El^y. Also TyV = {nVf ® (r„F)'^' and E\y = {El^Y © 
and (r^F)'^*, both have orientations as they are nontrivial F- 

representations, and the orientation on X gives an orientation on TyV © E\y. 
Thus, there is a unique orientation on T^r.pV^'P © E^'^l^r.^ such that 

{nv © E\,) ^ {T^r.pV^'P © E^'p\,r.p) © invr' © 

holds in oriented vector spaces. 

Using the fact that nontrivial F-representations have even dimension, so 
that changing their order in a direct sum preserves orientations, we find that 
the compatibility condition in §2.71 for orientations under coordinate changes 
{(j>pq , (j>pq) on X implies the corresponding compatibility on X^'P. Hence the 
orientations on Tyr.pV^'P (B E^'^lyr.p above induce an orientation on X^'P, as we 
want. This orientation does depend on the choice of orientations for /i, . . . , /jv; 
changing the orientations of by ~ ±1 changes the orientation of X^'P by 
Dill where p = [0^^^ 0^(7^, tj)] for ai, . . . , ajv £ Z. 

We define operators H'"''', H^^;'' on (almost complex) Kuranishi bordism. 

Definition 5.22. Let F be a finite group with |F| odd. Let (/i, ii), . . . , {In, cn) 
be the nontrivial irreducible representations of F, and choose orientations on Jj 
for i — 1, . . . ,N. Let Y be an orbifold and R a commutative ring. For each 
isomorphism class p of virtual nontrivial F-representations and each fc G Z, 
define an operator H^^p : KBk{Y;R) K B k-dim p{Y ; R) by 

n^'" : EaeA Pa [Xa. fa] ^ EaeA Pa [^['^ /a ° >l^'] • (133) 

Here X^'P and l\'P : X^'P — > Xa are as in Definition 15.181 for Xa- Since Xa is 
compact and l^'P is proper, X^'P is a compact Kuranishi space. We define the 
orientation on X^'P as in Definition 15.211 

Equation p33p takes relations Definition 15 .3r i) . fii) in KBk{Y; R) to Defini- 
tion [53Ii),(ii) in KBk^dimp{Y; R), and so is well-defined. For (ii), this depends 
on the Kuranishi space analogue of Remark l5.17r f). that is, as is a Kuran- 
ishi space with boundary but without (g-) corners, we have d{W^'P) = {dWf'P. 
Note that since |F| is odd, dimp is even, as in Definition 15.211 so dimp G 2Z. 
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If Y, Z are orbifolds and h : Y Z is smooth then the 11^''' clearly 
commute with pushforwards, that is, /i» o n'"''' = II'"''' o h^, : KBk{Y; R) 
KBk-dimp{Z] R). 

Definition 5.23. Let Y be an orbifold, R a commutative ring, I an integer, 
r a finite group, and p an isomorphism class of virtual nontrivial complex T- 
representations. Define lil^P : KB^f(Y;R) KB^f_^^.^^p{Y]R) by 

n^^" : EaeA Pa [Xa, {J a. K^), / J ^ Ea6A Pa [Xl^' . (Ja', K'^Ja ° ^^'1 • 

(134) 

Here X^^p, l^'P : X^'P Xa and {J^'P^KI^p) are as in Remark [OOl for Xa- 
Since Xa is compact and l^'P is proper, X^'P is a compact Kuranishi space. We 
take dim p to be the complex dimension of the virtual representation, so 2 dim p 
is the real dimension. 

To define the orientation on X^'P, note that Xa is oriented by Definition 
15.41 (this orientation need not coincide with the orientation induces by (J, K)). 
We construct the orientation on Xa'P by the method of Definition I5.21[ but 
instead of choosing orientations on /i J^r in order to define orientations on 
(T^V)'^*-, (i?|„)"*, we note that (r„F)"*, (-Elt,)"' are complex vector spaces, and 
so have natural orientations. 

Equation takes relations Definition [53)^i),(ii) in KB^'j;(Y;R) to Def- 

inition [5lD^i),(ii) in KB2f_2dimpO^' -^)' ^^'^ so is well-defined. For (ii), given 
an oriented Kuranishi space W with boundary and an almost CR structure 
{D,J,K) on W, we define W'^'P, l^'P : W'^^p W and {D^'P ,J^^p ,K^^p) 
as in Remark 15.201 for W , and we construct the orientation on W^'P as for 
X^'P above, again noting that (r„F)'^*, (i?|t,)"* are complex vector spaces by 
the argument of Remark l4.30r e). 

The nl^P commute with pushforwards K ■ KBf^(Y; R) KBf^{Z\ R). 

Remark 5.24. We have not defined operators II'"''' on effective Kuranishi bor- 
dism \]°^iY]R), as there does not seem to be a good way to make X^'P into 
an effective Kuranishi space. In particular, using Remark l5.17f a) one can show 
that if {Vp^ . . . , ijjp) is a sufficiently small Kuranishi neighbourhood in the germ 
at p in X^'P then for all w G the stabilizer group Staby {v) contains the 
centre C{T) of F, so if C{T) ^ {1} then Vp is not an effective orbifold, and X^'P 
not an effective Kuranishi space. There is no point in defining II'"'^ on trivial 
stabilizers Kuranishi bordism 11*'' (F; i?), as they would be zero for all F ^ {1}. 

However, we can consider the compositions H'"''' o H^*^ : n^'^(F;i?) 
KBk-dimpiY; R) and if'P o H^b : nl'{Y; R) ^ KBk-dimp{Y; R). By Remark 
15.201 we have H'"''' o H^'' — unless p is the isomorphism class of an effective 
nontrivial T -representation, not just a virtual one. For F {1} this implies that 
n^'^ o n^'' — unless dimp > 0. We can also exclude the case dimp = 1 as 
in Remark 15.201 since the Kuranishi spaces are oriented. Hence H'"''' o H^'' = 
unless dimp ^ 2. For trivial stabilizers Kuranishi bordism we clearly have 
jjr,p„jjKb ^ Q ^j^iggg p ^ rpj^ggg ij^piy ^Yiat H^b : Hf (F; R) KB^{Y; R) 

and ; U^J(Y;R) — ^ KB^,{Y; R) are far from surjective, their images lie in 
small subspaces of KB^,{Y; R). 
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In the same way, n^-Poni^^^ : n^^'=(y; R) KB^f_2^i„,p{Y; R) is zero unless 
p is the isomorphism class of an effective nontrivial complex T -representation, 
not just a virtual one, so for T ^ {1}, U^^p o 11^^^ = unless dimp > 0. 

All of the above has analogues for the corresponding Kuranishi cobordism 
groups, which we now briefly explain. The starting point is the notion of orbifold 
strata for a submersion / : ^ F of orbifolds V, Y. 

Definition 5.25. Let V, Y be orbifolds, and f : V ^ Y a. submersion. Use 
the notation of Definition l5.15l Generalizing equation (|129l) . as a set, define the 
orbifold stratum V^''''-^ of (V, /) to be 

yr,P,/^|Staby(v) ■{v,X):v<eV, A : r^Ker(/, : Staby(w) ^Staby(/(w))) 
is an injective group morphism, [(T^,!^)"*, (r^, o A)"*] — p}. (135) 

That is, V^'P'f is the subset of Staby(w) • (w. A) in V^^p with A(r) C Ker/, C 
Staby(w). Define l^'P'^ : V^^p^^ ^ V by t^^P^/ = i^^P\yr.,.f. 

Then yr,p,/^ ^r,p,/ j^g^yg f^^Q important properties, easily verified from the 
definition of the orbifold structure on V^'P in the proof of Proposition 15.161 
Firstly, V^'P'^ is an open and closed subset of V^'P. Hence V^'P'-^ is an orbifold, 
by Proposition [m and L^'P'f : V^'P'f -> V lifts to a proper, finite immersion. 

Secondly, / o l^'P'^ : yr,p,/ ^ y is a. submersion. This is not immediately 
obvious, as the restriction of a submersion to a submanifold is generally no 
longer a submersion. To see it, let v^'P'^ = Stabv'(u) • (w,A) in V^'P'^ , and set 
y = /(^)- Then A makes TyV into a F-representation, so we may split into trivial 
and nontrivial representations T-^V = {T^Vf ® (r„F)"*, and T^r.pjV'^-P^^ ^ 
{TyVy . We have linear maps d/|t, : T^V — > TyY , which is surjective as / 
is a submersion, and d(/ o L^'P'-f)\^r,p,f : Tyr,p,fV^'P'-f TyY, and under the 
identification T^r.p./F'^'P'/ ^ (T^V)*, we have d(/otr,p,/)|^r,^,^ ^ (d/|„) |(T„y)t. 

Now df\y : TyV — + TyY is equivariant under the actions of Staby(u) on 
TyV and Staby(y) on TyY and the group morphism : Staby(w) — » Staby(w). 
Since A maps F Ker(/,), it follows that F acts trivially on Ty, and so (T-uV^)"' 
lies in the kernel Ker(d/|„ : T^V TyY). As df\y : T^V -> TyY is surjective 
and T^V = {TyVy © (r„F)"*, this implies that (d/|„) |(T,y)t : {TyVf^ TyY 
is surjective. Therefore d(/ot^''''''')|^r.p,/ : T^r,p,}V^'P'^ TyY is surjective, for 
all v^'P'^ e yr,p,/_ Hence / o l^'P'J" is a submersion. 

Now let X be a Kuranishi space and f : X ^ Y a strong submersion. 
Combining (|132p and (|136|) . define the orbifold stratum X^'P'f as a set to be 

X^'P'f = {St&hx{p) ■ ip,X):pe X, A : F^Ker(/, : Stabx(p)^Staby(/(p))) 
is an injective group morphism, [(r„t^)"* (i?p|„)"*] ~ p}. (136) 

Then X^'P'f is an open and closed subset of X^'P, so it is a Kuranishi space 
by Proposition 15.191 and L^-P-f = L^'P\xr,p.f : X^'P'f X is a proper, finite, 
strongly smooth map. Also / o iF'P'f : X^'P'^ — > 1" is a strong submersion. 

Let F be a finite group with |F| odd. Choose orientations on Ii,. . . ,Im as 
in Definition 15.221 Let Y be an orbifold without boundary, and R a commu- 
tative ring. Following p33p , for each isomorphism class p of virtual nontrivial 
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F-rcpresentations and each k G 1^, define an operator II'"''' : KB''{Y;R) 
KB^+'^''''P{Y-R) by 

n^'" : Ea6A Pa [Xa, fa] ^ EaeA Pa [^I'"'^" , fa ° '■a'"'^"] • (137) 

Here Xa'''"'^"' is a compact Kuranishi space as Xa is compact and l^'''"'^'' is 
proper, and f a°i^''^'^'^ is a strong submersion as above. We define the coorienta- 
tion for [X^''^'^" , f a°i^''''^ from the coorientation for {Xa^ fa) by the analogue 
of Definition [1211 We also define H^/ : KB^l{Y; R) -> K B^l+^ p {Y ; R) by 
including co-almost complex structures in the obvious way. 

Suppose Y, Z are orbifolds, X is a Kuranishi space, / : X ^ Z is a strong 
submersion, and h :Y —>■ Z is a smooth map. Then Y Xh,z,f X is a Kuranishi 
space, and Try : Y Xz X ^ Y a. strong submersion. One can show that there is 
a natural isomorphism of Kuranishi spaces (Y Xh.zj X)^'P''^^ = Y Xf^zjo,T,fi,f 
X^'P'f. Using this, we find that the II'"''' commute with puUbacks, h*oU^ P = 
n^'Po/i* : KB^{Z;K)^KB^+'^''"'P{Y]R), and similarly h* o\ilf = \ilf oh* . 

5.7 How large are Kuranishi (co)bordism groups? 

We will now use the operators II'"''',!!^^'' of i )5.6l composed with projection to 
singular homology Hf^b' to show that the bordism groups KB^,, KB^'^{Y; R) 
are very large, infinitely generated at least in every even degree, and that 
KBl^, KB°^^{Y; R) are large, infinitely generated at least in every positive even 
degree. Poincare duality then implies the corresponding results for the cobor- 
dism groups KB*,KB*^, KB;^^, KBt^^{Y; R). 

Example 5.26. Let F be a connected, nonempty orbifold, and fix y G F, 

so that Hq{Y;Q) ^ Q is generated by [y] £ Ho{Y;Q). Let A be a finite 
group. Then {0}/A is a compact 0-orbifold without boundary, consisting of 
a single point with stabilizer group A. Give {0}/A the positive orientation. 
Let / : {0}/A — ^ F be the smooth map of orbifolds mapping i-^ y, with 
induced map /* : Stab{o}/A(0) Staby(?/) given by /, = 1. Regarding {0}/A 
as a Kuranishi space and / as strongly smooth, [{0}/A, /] is well-defined in 
KBo{Y;'Zi). Write (0,0) for the trivial almost complex structure on {0}/A, 
giving almost complex structures on zero vector spaces. Then [{0}/A, (0, 0), /] 
is well-defined in KB^'^iY; Z). 

Let r be a finite group, and take p = to be the isomorphism class of the 
zero (virtual) L-representation. Then (fT29| and (fT32| imply that ({0}/A)'"'° ^ 
InjHom(r, A) /A as an orbifold, where InjHom(r, A) is the set of injective group 
morphisms /i : F — > A, and A acts on InjHom(F, A) by (5 : /i ^ /i'' for (5 S A, 
where ^''(7) = Sfj.{'^)S~^ for 7 e F. 

Suppose |F| is odd. Then Definition 15 . 2 1 1 gives an orientation on {{0}/ A)^''^, 
which is just the positive orientation on InjHom(r, A)/A, and Definition 15.221 
defines 0^-° : KBa{Y;Z) ^ KBo{Y;Z), where 

nr'O([{0}/A, /]) = [lnjHom(F, A)/A, Z^^"] , (138) 
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where f^'° maps InjHoni(r, A)/ A — > y with = 1 on stabiHzcrs. 

Now apply the morphism Hf^i, : KBo{Y; Z) ^ HoiY; Q) of Definition [53tf). 
(Note that the definition of uses the fact that IT^^ : KHo{Y;Q) 

Ho{Y; Q) is invertible, a highly nontrivial fact from Theorems l4.8l and l4.9l which 
took all of Appendices [XHCl to prove.) From (|138p we see that 



Ut^oU^'O^m/AJ]) = |I"jHom(r,A)| ^ ^^^^^ 

Similarly, for all finite groups F we find that 
UtoU^^'im/A, (0,0),/]) = |I"jHomjr,A)| ^ ^^^^.^^^ ^^^^^ 



Using Example l5.26l we show that KBo{Y; Z) and KB^'^{Y; Z) contain a copy 
of Z°°, so they are very large. The same proof shows that if i? is a commutative 
ring without torsion, so that tt : i? — > i? (X)^ Q is injective, then KBo{Y; R) and 
KB^'={Y; R) contain a copy of 

Proposition 5.27. In Example 15.261 t/ie elements [{0}/A,/] ia/;en over all 
isomorphism classes of finite groups A with \A\ odd are linearly independent 
over TL in KBq{Y]1j). Similarly, the elements [{0}/A, (0, 0), /] taken over all 
isomorphism classes of finite groups A odd are linearly independent over Z in 
both KB^'^iYiZ). Hence KBo{Y;Z) and KB^''{Y;Z) are infinitely generated 
over Z. 

Proof. Suppose for a contradiction that the [{0}/A, /] are not linearly inde- 
pendent over Z in KBq{Y]1). Then there exist pairwise non-isomorphic finite 
groups Ai, . . . , Ajv with |Ai| odd and nonzero integers ai, . . . , aat such that 
Y.^=i a^[{Q}/A,, /,] = in KBq{Y; Z). Pick i = l,...,N with \A,\ largest, and 
set F = Aj. \i i ^i then either \A^\ < |F|, or |Aj| = |F| but A^ ^ F, and in 
both cases InjHom(F, A^) = 0. Thus H^^ o 11^ '° {[{0} / Aj , f]) = for j ^ i by 
((1391). So applying o n^^o to J^ti a»[{0}/A„ /,] = and using ^ gives 
OjI Aut(F)|/|F|[?/] = in Ho{Y;Q) = Q, a contradiction as a,, | Aut(F)|, |F| and 
[y] are all nonzero. The proof for KBq'^{Y; Z) is the same. □ 

We can prove similar results for II'"''' with p ^ 0, and so show that KB2k, 
KB2%iX] Z) are infinitely generated for all fc G Z. To do this, we need to replace 
{0}/A by a more complicated Kuranishi space X. 

Example 5.28. Let Y,y be as above. Suppose A is a finite group, and let 
(VF, w), [W ^L^J') be finite-dimensional nontrivial complex representations of A. 
Consider the complex projective space P(C W) = 14^ 11 P{W). The repre- 
sentation l©a;ofAonC0T4^ induces an action of A on P(C VF), so that 
P(C © VF)/A is a compact complex orbifold. The point [1,0] G P(C VF) is 
fixed by A, so its image [1, 0] G P(C W)/ A has stabilizer group A. 
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Define X to be P(C © W)/ A as a topological space, and define a Kuranishi 
structure on X by the single Kuranishi neighbourhood 



{V,E,s,ij) = {P{C(BW)/A,{P{C<SW) X W')/A,0,idx). 

Here E = (F(C (S W) x W')/A P{C ® W)/A is an orbifold vector bun- 
dle with fibre W, and A acts on P(C W) x W^' by the given action on 
P{C © W), and the representation uj' on W^'. Then X is a compact Kuran- 
ishi space without boundary, of virtual dimension 2(dimVF — dimW^'). The 
complex structures on P(C © W) and W induce an almost complex structure 
(J, K) on X. This in turn induces an orientation on X. Define a strongly 
smooth map f : X ^ Y to he represented by the projection f : V Y map- 
ping f : V ^ y for all v ^ V , with = 1 on stabilizer groups. Then [X, f] 
is well-defined in KB2(dimW-dimW'){Y; R), and [X,{J,K),f] is well-defined 

in ifP2('dimW-dim w)^^' 

For each p G X, the stabilizer group Stabx(p) is a subgroup of A. Thus if 
|r| > |A|, or if |r| = |A| but F ^ A, then there can exist no injective morphisms 
A : F ^ Stabx(p), so ([T^ gives X^'P = 0. Hence 

U^^P{[XJ])^Ul^P{[X,{J,K)J])^0 if |F|>|A| or |F|-|A|,F^A. (141) 

Now set F = A. The points in X with stabilizer group A are the fixed point 
set of A in P{C®W). Writing P{C®W) = WUP{W), the only fixed point of 
A in VF is 0, since VF is a nontrivial A-representation. The fixed points of A in 
P{W) correspond to A-subrepresentations of W isomorphic to C. We want to 
ensure that none of these fixed points in P(W) is isolated. We therefore impose 
the condition: 

(*) No one-dimensional irreducible complex representation of A occurs with 
multiplicity exactly one in (W,uj). 

This implies that the fixed points of A in P{W) are a (possibly empty) finite 
disjoint union of projective subspaces of P{W) of positive dimension. 
Thus, if X^'P ^ 0, there are two possibilities: 

(a) p = [(W^,t^) © (VF',w')]) in which case X'^^p comes from G VF, and 
X'^'P = Aut(A)/A as an orbifold, and vdimX'^^'' = 0; or 

(b) X'^'P is one or more positive-dimensional projective subspaces of P(VF), 
an orbifold, and vdim X'^^P > 0. 

Thus as for p40p we see that 

H^i^, o U^^P{[X, /]) = H:^ o U^^p{[X, (J, K),f]) 

^f^T^M, P^[iW,u;)G{W',co')], (142) 
1o, [(tF,w) © (VF',w')], dimRp = vdimX 
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In the almost complex case, for all isomorphism classes p of complex virtual 
nontrivial A-representations, we can choose complex nontrivial representations 
{W,uj),{W',uj') satisfying (*) with p = [{W,u)) {W ^io')]. In the real case, 
if |A| is odd then every real nontrivial representation of A has an underlying 
complex representation, so again, for all isomorphism classes p of real virtual 
nontrivial A-representations, we can choose complex nontrivial representations 
(VF, w), {W ,uj') satisfying (*) with p = [(VF, (W^', w')] in real virtual rep- 
resentations. Thus, using (|14ip - (|142p and a similar argument to the proof of 
Proposition 15.271 gives: 

Proposition 5.29. In Example 15.281 the elements [X, /] taken over all iso- 
morphism classes of finite groups A with |A| odd and all isomorphism classes 
p of real virtual nontrivial A-representations are linearly independent over % in 
KBt:{Y; Z). There are infinitely many such generators [X, f] in KB2i{Y; Z) for 
all I £ Z. Hence KB2i{Y; Z) is infinitely generated over Z for all I G Z. 

Similarly, the elements [X, ( J, liT), /] taken over all isomorphism classes of 
finite groups A odd and all isomorphism classes p of complex virtual nontriv- 
ial A-representations are linearly independent over Z in KB2'i(Y:1,). Hence 
KB2i{Y; Z) is infinitely generated over Z for all I £ Tj. 

We can also use these ideas to study effective Kuranishi bordism. It is easy 
to see that the Kuranishi space X of Example 15.281 is effective if and only if 
W = and W is an effective representation, and then X is actually an effective 
orbifold, so that [X,/] is well-defined in B1°(Y]1j). Thus as for Proposition 
15.291 we obtain: 

Proposition 5.30. In Example I5.28( taking W' = and {W,uj) to be an ef- 
fective nontrivial A-representation, the elements [X, /] taken over all isomor- 
phism classes of finite groups A with \A\ odd and all isomorphism classes of 
{W,uj) satisfying (*) are linearly independent over Z in both KB'^{Y;T) and 
B1°{Y; Z). There are infinitely many such generators [X, f] in KB2i{Y; Z) and 
B°°{Y;Z) for all I = 2,3,4,.... Hence KB2i{Y;'L), B°°{Y;Z), and similarly 
KB2f'^{Y;Z), are infinitely generated over Z for all I ^ 2. 

We exclude the case I — 1 here as condition (*) in Example 15.281 would 
fail. But using different examples of Kuranishi spaces X one can also show 
that KB2, B2°, KB2^'^{Y; Z) are infinitely generated over Z. Using the Poincare 
duality ideas of §5.41 we can deduce: 

Corollary 5.31. Let Y be an oriented n-orhifold without boundary. Then 
KB"-'^'^{Y;Z) is infinitely generated over Z for all I e Z, and KB2^'^'^{Y;Z) is 
infinitely generated over Z for all I ^ 2. 

Similar results hold for KBl^{Y;Z) and KBl^{Y;'L). The fact that our 
Kuranishi (co)bordism groups are very large has both advantages and disadvan- 
tages. One advantage is that any invariant defined in a Kuranishi (co)bordism 
group contains a lot of information, as it lies in a very large group. We will see 
this with Gromov-Witten cobordism invariants in ^[6] One disadvantage is that 
it is not really feasible to compute the groups and write them down. 
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6 Applications in Symplectic Geometry 



We now discuss some applications of Kuranishi (co) homology and Kuranishi 
(co)bordism in areas of Symplectic Geometry concerned with moduli spaces 
of J-holomorphic curves. Our aim is not to give a complete treatment — we 
postpone this to the sequels [39,41] — but rather to demonstrate the potential of 
our theories as tools both for proving new theorems, and for reframing existing 
theories in a much cleaner and more economical way. 

Sections I6.1H6.3I concern closed Gromov-Witten invariants. They explain 
how to define new Gromov-Witten type invariants in (almost complex) Kuran- 
ishi bordism groups, and consider how these might be used to study integrality 
properties of Gromov-Witten invariants, and prove the Gopakumar-Vafa Inte- 
grality Conjecture. Sections I6.4H6.7I discuss Lagrangian Floer cohomology and 
open Gromov-Witten invariants, and ^6.81 draws some conclusions. 

6.1 Moduli spaces of closed Riemann surfaces 

We now discuss (closed) Riemann surfaces and stable maps, following [25]. 

Definition 6.1. A Riemann surface E is a compact connected complex 1- 
manifold. A prestahle or nodal Riemann surface S is a compact connected 
complex variety whose only singularities are nodes {ordinary double points), 
that is, E has finitely many singularities, each modelled on the node (0,0) in 
{{x,y) :xy = O}. The genus of a prestable Riemann surface S is the genus 
of its smoothing S', that is, we smooth nodes modelled on {(x, y) £ C'^ : xy — O} 
to a nonsingular curve modelled on {{x,y) £ : xy = e^. A (prestable) 
Riemann surface with m marked points (S, z) is a (prestable) Riemann surface 
E with z — (zi, . . . , Zm), where zi, . . . ,Zm are distinct points in E, none of which 
is a node. A stable Riemann surface with marked points is a prestable (E, z) 
whose automorphism group is finite. 

Write Mg^m for the moduli space of isomorphism classes [E, z] of stable 
Riemann surfaces (E, z) of genus g with m marked points, and Mg^m for the 
subset of [E, z] in Adg^m with E nonsingular. Then Mg,m is known as the 
Deligne-Mumford compactification of Mg^m- It is easy to show that when 
(g, m) = (0, 0), (0, 1), (0, 2) or (1,0) we have Mg^m = Mg^m = 0. So we generally 
restrict to 2g + m ^ 3. 

Let (E, z) be a prestable Riemann surface with genus g and m marked points, 
and suppose 2g + m ^ 3. If (E, z) is not stable then S has a CP^ component 
with less than 3 nodes or marked points. Collapse this CP^ component to a 
point. After repeating this process finitely many times we obtain a unique 
stable Riemann surface (E,z) with genus g and m marked points, called the 
stabilization of (E, z). 

A great deal is known about the moduh spaces Mg^m and Mg,m, see for 
instance Harris and Morrison [32]. The following theorem is proved in [25, §9]. 

Theorem 6.2. In Definition \6.l\ M-g^m is a compact complex orbifold of real 
dimension 2(3.g + m — 3), without boundary or corners. 



141 



Observe that Mi^i is a non-effective orbifold, whose generic points have 
stabihzer group Z2. 

Definition 6.3. Let {M,uj) be a compact symplectic manifold and J an almost 
complex structure on M compatible with lu. A stable map to M from a Riemann 
surface with m marked points is a triple (S, z, w), where (S, ^) is a prestable 
Riemann surface with m marked points, and w : M a J-pseudoholomorphic 
map, such that the group Aut(E, z, w) of biholomorphisms 7 : S — > E with 
7(zj) = Zj for all j and w o ^ — w is finite. 

For P e H^{M, Z) and g, m ^ 0, write Mg^miM, J, /?) for the moduli space 
of J-pseudoholomorphic stable maps (S, z, w) to M from a Riemann surface 
E with genus 5 and m marked points, with [w(E)] — (3 ^ _ff^(Af, Z). Points 
of A4g^m(M, J, /?) are isomorphism classes w], where {T,,z,w), {T,' ^ z' ,w') 
are isomorphic if there exists a biholomorphism 7 : E — > S' with 7(zj) = 
a;^- for all j and w' o 7 = w. Define evaluation maps evj : Mg^i{AI, J, (3) —>■ 
M for j = l,...,m by evj : w] i— > w{zj). When 2g + m ^ 3, define 

TTg,™ : Mg^rn{M, J, (3) Mg^rn by evj : [E,i*, w] t-^ [E,5], where (S,z) is the 
stabilization of (S, z). 

There is a natural topology on A^g^m(M, J, /3) called the C°° topology, due 
to Gromov [31] and defined in [25, §10]. The next result, due in principle to 
Gromov, is proved by Fukaya and Ono [25, §10-§11]. 

Theorem 6.4. In DeRnition lG.Sl Mg^rn{M, J, /3) is compact and Hausdorff in 
the C°° topology. 

Remark 6.5. In the following, I wiU label Theorems iH 121 ESI lOSl 

and 16.26] as "Theorem" rather than Theorem. This is intended to indicate that 
/ am not confident that a complete, detailed proof has yet been given for these 
results; that they should be regarded as partially proved, as somewhere between 
a Theorem and a Conjecture. 

I state these as "Theorems" because actually proving them properly would be 
a massive undertaking, beyond the scope of this book and beyond my abilities 
and patience, but I cannot proceed to applications in Symplectic Geometry 
without them, and I need some applications to persuade the reader that the 
effort of defining my Kuranishi (co)homology machinery was worthwhile. 

The results of i i6.2| -i j6.3l will then assume the "Theorems" of i J6.1[ and the 
results of ti6.5l -i j6.7l will assume the "Theorems" of i J6.4l For comparison, note 
that whole areas of mathematics have the Riemann hypothesis as a standing 
assumption, although this has not yet been proved. In this case, we have good 
reasons to hope that complete proofs of our "Theorems" will be available soon. 

The worries I have about the proofs of the "Theorems" below mostly con- 
cern the definition of the Kuranishi structure on the moduli spaces at and near 
singular J-holomorphic curves, that is, curves with interior or boundary nodes. 
Especially, I am bothered about smoothness issues: whether one can define Ku- 
ranishi neighbourhoods {Vp, Ep, Sp, ipp) on the moduli spaces near such a singular 
curve for which Sp is a smooth section of Ep, and what arbitrary choices are 
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involved; whether coordinate changes {4>pq,(f>pq) between such neighbourhoods 
can be made smooth, and whether they satisfy Definition I2.18r e) . 

These questions are very difficult, concerning as they do singularities of 
solutions of nonlinear elliptic p.d.e.s, with bubbling, neck stretching, and so on 
— the 'Analytical Chamber of Horrors', as Hofer describes it [33, p. 2]. Fukaya 
et al. discuss smoothness in [24, §A1.4]. Their underlying idea is related to the 
notion of gluing profile in Hofer [33, §4.1], which is how these smoothness issues 
are resolved in the theory of polyfolds. 

Part of the problem is the mismatch between the definitions of Kuranishi 
spaces used in this book, and in our references. For example, Fukaya and Ono 
give a proof of "Theorem" 16.61 below using a different and rather weaker notion 
of Kuranishi space: for them, the Kuranishi maps Sp only have to be continuous, 
so they avoid most of the smoothness issues, and Definition 12. ISf e) is replaced 
by a weaker notion involving isomorphisms Xpq a-s in Remark 12.191 But 1 want 
"Theorem" 16.61 to be true with our stronger notion of Kuranishi space. 

Part of the problem too is that I am too lazy to work through all the proofs 
that have been written down, and satisfy myself that they are correct, and 
extend to our stronger definition of Kuranishi spaces. But also, there are parts 
of some proofs in [24, 25] which I have read, which appeared to me to be either 
lacking in detail at some important points, or to have problems which needed 
fixing. Fortunately, as we will discuss in i J6.8[ there may soon be an alternative 
proof of "Theorem" 16.61 and related results, via the theory of polyfolds of Hofer, 
Wysocki and Zehnder [33-37]. 

The following "Theorem" is proved in [25, Th.s 7.10-7.11 & Prop. 16.1], 
but with a weaker definition of Kuranishi structure. The claims about strong 
submersions are evident from the construction. 

"Theorem" 6.6. In Definition \6.'S[ there exists an oriented Kuranishi structure 
K on Adg^miM, J, f3), without boundary or (g-)corners, depending on choices, 
with 

YdimMg^ra{M,J,(3) = 2{ci{M)-(3+(n~3){l-g)+m), (143) 

where dimM — 2n. The maps evj in Definition 16.31 are continuous and ex- 
tend for j = 1,...,TO to strong submersions evj : (^A4g^m{M, J, (3), Kj — > M, 
and evi x • • • x evm is a strong submersion. When 2g + m ^ 3, the map 
T^g,m in Definition \Q.2)\ is continuous and extends to a strong submersion -Kg.m ■ 
{'Mg.miM, J, P), Kj ~^ A4g^m, and eviX- ■ -xevrnXTrg^m is a strong submersion. 

Our next "Theorem" describes the dependence of A4g.m{M, J, /3) on the 
almost complex structure J. It is discussed briefly in the proof of [25, Th. 17.11], 
and proved by the same method as "Theorem" 16.61 

"Theorem" 6.7. Let (M,uj) be a compact symplectic manifold and Jt for t G 
[0, 1] a smooth 1-parameter family of almost complex structures on M compatible 
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with uj. Write 



Mg,m{M,Jt-t^[QA],l3) = 

{{t,[^,z,w]) -.te [0,1], [j:,z,w] eMg,n{M,Jt,p)}. 



There is a natural C°° topology on Aig „i{M, Jt : t E [0, l],/3) making it into a 
compact Hausdorjf topological space. Let kq,ki be possible oriented Kuranishi 
structures on Aig^miM, Jt, P) for t = 0,l given by "Theorem" 16.61 Then there 
exists an oriented Kuranishi structure k on A^g_m(M, Jt : t ^ [0, l],/3), with 



vdim{Mg,m{M,Jt ■■ t e [0,1], 13), k) = 2(ci(M) •/?+ (n-3)(l -g) +m) +1, 



for j = l,...,m and 7rg_,„ : [Mg^m{M,Jt : t € [0,1], f3),k) Mg,m when 
2g + m ^ 3, which restrict to evj,7rg^„i in "Theorem" on Mg^m{M, Jt, P) 
for t — 0,1 under (jl44p . and evi x • • ■ x ev,„, evi x • ■ • x ev„j x tt^ are strong 
submersions. Note that we can take Jt = J for t G [0, 1], so this result relates 
possible choices of k in "Theorem" \6.6\ for a single J on M . 

We can put an almost complex structure on M.g^„i{M, J, (3), in the sense of 
§2.91 The (incomplete) proof is based on Fukaya and Ono [25, Prop. 16.5], who 
prove that Mg^rniM, J, (3) is stably almost complex, that is, that the virtual tan- 
gent bundle of Mg^m{M, J, (3) is equivalent to a virtual complex vector bundle 
in a version of K-theory for Kuranishi spaces. 

"Theorem" 6.8. In the situation of "Theorem" 16.61 one can construct an 
almost complex structure {J,K) on (^Aig,„i{M, J, f3), nj . This construction de- 
pends on some choices, and k must also be chosen appropriately. 

These k, (J, K) are unique up to isotopy in the following sense. Let Jt for 
t G [0, 1] be a smooth family of almost complex structures on M compatible with 
to. Let kq, {Jo,Kq) and ki, {Ji,Ki) be outcomes of the construction above for 
Mg.miM, Jq, P), A4g,m,{M, Ji, P). Then in "Theorem" Id. 7\ we can choose k and 
an almost CR structure {D,J,K) on (^A4g^m{M, Jt : t £ [0, 1],/3),k) with 




d{{MgMM,Jt ■.tE[0,l],P),k),{D,J,K)) = 

{iMg,miM,Jl,P).Hl)AJl,Ki))U-{iMg,m{M,Jo,P),Ko),{Jo,Ko)). 



Analogues of the above results also hold for co-almost complex structures and 
CO- almost CR structures, using the ideas of §2.101 

Partial proof. In [25, Prop. 16.5], Fukaya and Ono observe that for a Kuranishi 
neighbourhood {Vp,Ep,Sp,'il)p) on M.g^rn{M, J, p), the fibres of the orbibundles 



without (g-)corners, and with boundary 
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TVp and Ep over Vp are roughly the kernels and cokernels of a family of lin- 
ear elliptic operators : _Bi — *■ _B2 between complex Banach spaces -61,-82, 
parametrized by v d Vp. Now the are not complex linear, but their symbols 
D'^ are. So writing -0(^, 4) = (1 — t)Dy + tD'^, we obtain a smooth family of 
elliptic operators : -Bi ^ -B2 parametrized by {v,t) € VpX[0,l], such that 

-C(^,o) = and is complex linear. Using this and ideas in the proofs 

of [25, Prop. 16.5] and in ^3.21 we can construct the following data: 

(i) A good coordinate system I — (/, i?*, s\ip^) :«£/,...) for Mg^m 
(M, J, f3) , as in Definition E^l 

(ii) Real orbibundles F^, over x [0, 1] for all i £ I; 

(iii) Isomorphisms l\ : i^i|yix{o} ~* TV'\ : -F2lv'x{o} ~* for i & I\ 

(iv) Almost complex structures J'l, J2 on the fibres of Fj*|yix{i} a-nd -Plly'xfi} 
for all i G /; and 

(v) For all with j ^ i and Im ip^Dlm ^ 0, embeddings of orbibundles 

'■ ^olv'J ~^ (0*'')*(^o) over F*-' for a — 1,2, and an isomorphism: 

This data satisfies the following conditions: 

(vi) For all i,j e / with j ^ i and Im?/;* n Im^^ 7^ we have ((/)*^)*(ii) o 

= d^*-' o i-j and (0*-')*(t2) ° '^'2' = ° 4 ^-s morphisms -F/|y«ix{o} ^ 
and F2^'|yM x{o} over x {0} ^ V'^ , and the 

following commutes near (s^)~^(0) fl V^^ in morphisms over y*-' x {0} = 
V^^ , where ds' is as in 111 



x{o} 

(147) 





W). 

















where the columns are well-defined because of the previous conditions. 

(vii) For aU i,j £ I with j ^ i and ImiJ/ nlimp^ 7^ we have (</'*■')* (Ja) = 

o as morphisms i^^V^, (0'^')*(^a) for a = 1, 2. This implies that 
i't'a Ti'^a) for a = 1,2 push down to almost complex structures J^^ for 
a = 1,2 on the orbibundles over V"^ appearing in ([146]), and we require 
that J'^ of^J' = **Jo J^^ 

(viii) Whenever k G I with k ^ j ^ i and Imip^ n Imtjj^ n Im?/''^ 7^ 0, we 
have = o ^J'^ over n V^'' H V^^ for a = 1,2, 
and the following diagram of orbibundles over n V^'^ n V^^ 
commutes: 
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{(/^"YiFO {.p^^nnn {^'"riFD p„.ec.on_^ (^i') 

p™je..„„ (fj) 

Roughly speaking, the data and overlap maps <i>^^ and 5'*-' define a bundle 
system (Fi,F2) on Mg,m.iM, J, P) x [0,1], and (iii), (vi) say that (Fi,F2) 
restricts to the tangent bundle system on Mg^m{M, J,(}) x {0}, and (iv), (vii) 
say that (i^i, F2) restricts to a complex bundle system on A4g,m{M, J, /3) x {1}, 
as in the discussion of [25, Prop. 16.5] above. But working with neighbourhoods 
of the form {V^ x [0, l],E\ s% -0') on Mg.miM, J, (3) x [0, 1], rather than covering 
Aig^m{M, J, P) X [0, 1] with small Kuranishi neighbourhoods, gives an advantage. 

Now any orbibundle over V'^ x [0,1] is (non-canonically) isomorphic to the 
puUback of an orbibundle over V^, by the orbifold version of well-known facts 
for manifolds. Thus by (iii) there exist isomorphisms l\ : Fl ^ (7r*)*(Ty*) and 
4 : F2 (7r')*(i?*) with T'Jv'xlo} = fo'' a = 1,2 and all i G I, where tt' : 
y* X [0, 1] is the projection. We claim we can choose these isomorphisms 

to satisfy (</)'^)*(6l) o = dcj)'^ o l{ and o = o ^ over 

y*-' X [0, 1], as in (vi), and the obvious extension of ()147p to V"-^ x [0, 1]. 

To make these choices we work by induction on / in the order ^. Suppose 
i € I and we have already chosen ij,i2 for all j ^ i, j ^ i. Then we have 
to choose satisfying some conditions over (jf^(V^^) for all j ^ i, j ^ i- 

Equation ([32]) and the previously chosen compatibility between l{,l2, ti,?2 ^01 
k ^ j ^ i ensure that the conditions are consistent over (j>^^{V^^) fl (j)^^{V'^^). 
Thus we can choose 1\,L2 satisfying these conditions, and the claim is true by 
induction. 

Now define almost complex structures J^,K^ on the fibres of TV^ and E"^ 
over by = (ri|y.x{i})*(J!) and = (tl|y^x{i})*(J2)- Part (vii) and 
the conditions on the ensure that for all i,j G / with j ^ i, j ^ i and 
Im-0' n Im-0-' 7^ 0, the following analogues of Definition I2.34r a)"(c) hold: 

(a) dc/)'^ o ^ {(t)'3)*{.r) o d<?!)'J as morphisms TV^ {(fy'^YiTV); 

(b) o = {(j)'i)*{K') o as morphisms {(t>'^)*{E% and 

(c) Parts (a) and (b) imply that the orbibundles ((/)*^)*(TF*)/(d(/)'J)(r\/J) 
and {(j)^^Y{E'^)/cj)^^{E^) over V*-' have almost complex structures J'-' , if '^ 
on their fibres, by projection from (0'-')*(J*), {(p^^ )* {K"^) . We require that 

o ds' = ds' o over (s^)-^(O) in V'^ , for ds* as in (fM)) . 

We can now define k and {J,K). For each p e 7Wg^m(M, J, /?), let i G / 
be least in the order ^ such that p G Im^/;*. Define the germ of Kuranishi 
neighbourhoods of p in k to be the equivalence class of {V^, i?*, s% tp^), regarded 
as a Kuranishi neighbourhood of p. To define the germ of coordinate changes 
in K, let {Vp, . . . ,Tpp) be sufficiently small in the germ of k at p, let q G luiipp, 
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and let {Vq, . . . ,ipq) be sufficiently small in the germ of k at q. Let i,j € I be 
least in the order ^ such that p G Im and q € Im . 

Then by definition there are open neighbourhoods Up and Uq of 
{ip^)~^{q) in V\ V^^ C such that {Vp, . . . , ipp) and (Kj, . . . , V'q) are isomor- 
phic to {Up,E'\up,s'-\up,ij'\up) and {Uq,E^\u^,s^\u^,ij3\uJ respectively. Define 
a coordinate change {(ppq, 4>pq) from (Vjj, . . . , -0^) to (T^, . . . , ijjp) to be that iden- 
tified with ((/)*^ , 0*-' Ic/, ) by these isomorphisms. Using Definition 13. 21 it is easy 
to see that k is a Kuranishi structure. It is one of those allowed by "Theorem" 
16.61 which uses the same construction without the almost complex structures. 

Let p e J^g^rn{M, J, /3) and {Vp, . . . ,tpp) be sufficiently small in the germ of 
K at p. Define complex structures Jp on Vp and Kp on the fibres of Ep to be 
those identified with J^\up and K^\up by the isomorphisms above. Then (a)-(c) 
above imply that Definition I2.34r a)-(c) hold, so these Jp,Kp define an almost 
complex structure {J, K) on (A^g^m(M, J, (3), Kj. This completes the first part 
of the theorem. 

The second part works by a similar argument for Aig^miM, Jt :t E [0, 1], /?), 
so we will be brief. To define kq, (Jqj -f^o) and ki, (Ji, Ki) using the first part, 
we must choose good coordinate systems on Mg^miM, Jq, P), Mg^m{M, Ji, (3). 
In the second part we choose a good coordinate system on A4g^rn{M,Jt : 
t G [0,1], (3) which restricts to these choices for Jo,Ji at t = 0,1. Then 
we go through the whole proof, choosing data F^, tj,, J^, VE'*-' and over 
Mg,m{M, Jt : t G [0, 1], /3) X [0, 1] for this new good coordinate system, ensuring 
at each stage that the choices made agree at i = 0, 1 with those made in defining 
Ko, {Jo, Kq) and ki, (Ji, Ki). This is always possible. 

Note that (iii) above has to be modified as follows. Let {V'\ E^ , , ip"^) be 
a Kuranishi neighbourhood in the good coordinate system for A4g^rn{M, Jt : 
t € [0,1],/?), and let tt in "Theorem" 16.71 be represented by the submersion 
TT* : — > [0,1]. Define to be the codimension 1 orbisubbundle Ker(d7r*) 
in TV^. In (iii) we should take l\ to be an isomorphism i\ : fi|yix{o} ~^ 
D^, mapping to rather than TV^. Then J* becomes an almost complex 
structure on the fibres of rather then TV^, so that [D"^,,]^) is an almost 
CR structure on , of codimension 1. This is why, in the last part of the 
theorem, we construct an almost CR structure {D, J , K) of codimension 1 on 
{Mg.m{M, Jt : t G [0, 1], k) , rather than an almost complex structure. 

Finally, the modifications for the co-almost complex and co-almost CR struc- 
tures case are straightforward: we replace TV^ by the kernel of the projection 
to T{M"^) or T{Mg^m x A/™) throughout, in particular in (iii) above. Note 
that these projections are actually complex linear, with respect to the almost 
complex structure J\ on TV^ defined using = D'^ above, the almost com- 

plex structure J x • • ■ x J on M™, and the natural complex structure on A4g^m- 
Hence JI restricts to an almost complex structure on the kernel of the projection 
TV TiM'"^) or T{Mg,m x M™), as we need for the modified (iv) above. □ 
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6.2 Gromov— Witten invariants 

In this section and H6.31 we assume the "Theorems" of i i6.1l throue:hout. For our 
attitude to these, see Remark [^31 

Gromov-Witten invariants are invariants 'counting' J-holomorphic curves 
E of genus g with marked points in a complex or symplectic manifold. They 
are important in String Theory, and attracted widespread attention through 
their role in the Mirror Symmetry story for Calabi-Yau 3-folds. They can 
be defined either in algebraic geometry or symplectic geometry. A Gromov- 
Witten invariant is basically a virtual cycle for the moduli space Mg^m{M, J, f3) 
of Definition l6.31 where A4g^rn{M, J, (3) is regarded as a proper Deligne-Mumford 
C-stack with an obstruction theory in the algebraic case, and as a Kuranishi 
space (or something similar) in the symplectic case. For a good introduction, 
see Cox and Katz [19, §7]. 

In Algebraic Geometry, Behrend [6,8] and Li and Tian [48] defined Gromov- 
Witten invariants for a smooth projective variety M over C. In Symplectic 
Geometry, Fukaya and Ono [25], Li and Tian [49], Ruan [65], and Siebert [70,71] 
defined Gromov-Witten invariants for a general compact symplectic manifold 
(M, ll>) , building on earlier work of Ruan and Tian for semi-positive symplectic 
manifolds. It is generally believed, and partly proved, that these definitions 
agree with each other on their common domain of validity. Li and Tian [50] show 
that their algebraic [48] and symplectic [49] invariants coincide, and Siebert [72] 
show that his symplectic invariants [70,71] agree with Behrend's algebraic ones 
[6]. Kontsevich and Manin [45] wrote down a system of axioms for Gromov- 
Witten invariants, which all these definitions satisfy. 

One can define Gromov-Witten invariants in either homology or cohomol- 
ogy; because of Poincare duality there is not much difference. We choose to 
define them in homology, and also in bordism, as this simplifies issues in ^6.31 

Definition 6.9. Let {M,uj) be a compact symplectic manifold of dimension 
2n, let (3 G H2{M; Z), and g,m ^ 0. Choose an almost complex structure J on 
M compatible with w. Set k = ci(M) • /? + (n - 3)(1 - g) + m. Then Theo- 
rem 16.41 and "Theorem" 16.61 yield a compact oriented Kuranishi space without 
boundary (^Mg,m{M, J, /3), Kj , with virtual dimension 2k, and strong submer- 
sions evi X • • • X evm : (A^g^,„(M, J, k) — > M™, and evi x • • • x ev„i XTr^^^ : 
{Mg,^{M, J, (3), k) ^ M"' X Mg,m ii2g+m^3. "Theorem" EIH] gives an almost 
complex structure (J, K) on (^A4g^rn.{M, J, /?), k), for suitably chosen k. When 
2g + m < 3, define 

GVFKb /3) ei^i?2fe(Af"; Z) and GW^^,,{M, (3)eKB^liM"';Z) by 

GW^^ (M , Lo,f3)= [[iMg,m (M, J, /?),«), evi X ... X ev^]] , 
GWg%(M, Lu, (3) - [[(A^g,™(M, J, k), (J, K), evi x . . . x ev,„]] . 
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When 2g + m ^ 3, define 



GW^^{M,uj,(3) e KB2k{M^ x A^g,„,;Z) and 

GW^^^{M,u;,p) e KB^liNf- X A^,,„;Z) by 

GWfX{M,Lo,l3) = [[(A^g,„(M, J, /?),«), evi x • • • x ev„ xtt^,™]], 

GW^'^^iM, Lu,P)= [[{Mg^M, J, /?), k), (J, fsT), evi X • • • X ev„ xtt^,™]] . 

We call GW^}^,GWg^j^{M,uj, P) {almost complex) Gromov-Witten bordism in- 
variants, as they lie in (almost complex) Kuranishi bordism groups. 

Define Kuranishi Gromov-Witten invariants by GW^l^{M , lu , fH) = n|^{j 
(GW^^(M, w, , and ordinary Gromov-Witten invariants GWg^^{M , ui , P) = 
'^Kh{GW^:^{M,Lu,f3)), for n^^n^b as in Definition [EH Then 



Note that as GW^^^ {M, uj, (3) = H^b {GW^%, (M, cj, /?)) , we also have GWf^ (M, 
/3) = (GW/-^ (M, and GVK^-„; (M, p) = {GW-% (M, lu,P)). 



Our next result is analogous to Fukaya and Ono [25, Th. 17.11]. 

Theorem 6.10. GW^^^,GW^^^^,GW^l^,GWf,^jM,Lu,P) depend only on g, 
m,M,oj,P, and are independent of choices of J,k,(J,K). 

Proof. Suppose Jq, kq, {Jq, Kq) and Ji, ki, (Ji, Ki) are two possible sets of 
choices of J,k,{J,K) in defining GW^^,GWg^jj^{M,uj, P). Choose a smooth 
1-parameter family of almost complex structures Jt for t G [0, 1] interpolating 
between Jq and Ji . "Theorems" 16.71 and 16.81 then give a Kuranishi structure ii 
on Mg,m{M, Jt : t G [0,1], P), strong submersions evi, . . . , evm, TTg^m, and an 
almost CR structure {D, J,K) on [Mg^m{M,Jt : t G [0, 1], /?), k) . 

When 2g + m < 3, applying Definition \5l\u) with W = (>ig,™(M, Jt : t <E 
[0, 1], P), k) and e evi x • ■ • x ev.,„ and using (|144p shows that 

[{Mg^miM, Ji,p),Ki) n -(>ig,„(M, Jo, p),no), 
evi x • • • X ev^nevi x • • • x ev,„] =0 in KB'^^{M'^;'L). 

Using Definition O^i) and /] = - [X, f] as in (HHD gives 

[{Mg,miM,Jl,p),K,),l\T=l^^^] - [{Mg,^{M,Jo,P),Ko),UT=l^^^]^ 

so GW^}^{M,uj, P) is independent of choices J,k. The proofs for the other 
bordism cases are the same, including TTg^m, T^g,m-, {Ji, Ki) or {D, J , K) as ap- 
propriate. The resuh for GWf^,GWf^,jM, uj',P) then follows. □ 
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The claim in Remark |4. Uf a) that the construction of the inverse (H^^) ^ : 
KHk{Y;Q) Hl'{Y;Q) in Theorems SH and SH is basicaUy equivalent to 
Fukaya and Ono's construction of virtual cycles for compact oriented Kuranishi 
spaces without boundary in [25, §6] also implies: 

Theorem 6.11. The invariants GW|'„(Af, /3) of Definition \G.9\ agree with 
the symplectic Gromov-Witten invariants of Fukaya and Ono [25]. In the nota- 
tion of [25, §17], GWf„,{M,uj,(i) coincides with ev^{[CMg.,n{M, J, fi)]) when 
2g + TO < 3, and with \l^{CMg.m{M, J, /?)) when 2g + m ^ 3. 

Remark 6.12. (a) Since evi x • • • x ev„i and evi x • ■ • x ev,„ xtt^ in "The- 
orem" 16.61 are strong submersions, and "Theorem" 16.81 has an analogue for co- 
almost complex structures, we could equally well have defined Gromov-Witten 
invariants GW^^]',GW^^^^,GW^^]^,GW;;'^„XM,to,P) in (almost complex) Ku- 
ranishi cobordism, Kuranishi cohomology, and compactly-supported cohomol- 
ogy. 

In fact, as in Kontsevich and Manin [45], it is best to regard Gromov- 
Witten invariants as maps H*{M ; Q)®" H*iMg^m;Q)j and so as elements of 
H^.{M"^; Q) ® H*{Mg^m] Q), mixing homology and cohomology. This suggests 
that in the bivariant theories discussed in §4.8( we should regard Gromov- 
Witten invariants as elements of H*{'k : M™ x Mg^m — > Mg^m',Q)- 

We have opted for defining Gromov-Witten invariants in bordism and ho- 
mology, rather than cobordism and cohomology or a mixture of the two, because 
of our applications in §6.3l to integrality properties of Gromov-Witten invariants. 
Essentially, we will ask the question: does G'W|'„(M, w, /3) lie in the image of 
the projection i/|j,(M" x Mg^„i;Z) i?|j,(A^™ x >lg,™;Q), and if not, can 
we modify GWg^„^{M , oj , f3) so that it does lie in the image? 

Since Mg^m is an orbifold, working in cobordism and cohomology has two 
disadvantages compared with bordism and homology. Firstly, as in §4.61 we 
have not even defined maps HJ;^ : iJ*,(F;Z) KH*^{Y;Z) for orbifolds Y, 
nor proved them to be isomorphisms, so we would have a problem going from 
KH*^{M"' X Mg,,n; to H*^[M'^ x A^g,™; Z). Secondly, the 'blow up functor' 
B : KBl'^iY; Z) KB';^'^{Y; Z) discussed in §6.3l does not seem to have a good 
cobordism analogue B : KB*^{Y; Z) KB*^^{Y; Z) when Y is an orbifold. 

(b) We claim that the whole of symplectic closed Gromov-Witten theory — 
Gromov-Witten invariants. Quantum Cohomology, and so on — will become 
simpler and more streamlined if it is rewritten using Kuranishi (co)homology 
rather than (co)homology; and simpler still if we lift to Kuranishi (co)bordism. 

That is, in Kuranishi (co)homology and Kuranishi (co)bordism we do not 
have to perturb moduli spaces to obtain a virtual cycle; the moduli spaces 
Mg,m{M, J, (3) are their own virtual classes. For Kuranishi (co)homology we 
must choose (co-)gauge- fixing data for Mg,m{M, J, P), but this is a much milder 
process than perturbing moduli spaces; in Kuranishi (co)bordism there are no 
extra choices to make. So for instance, the proof that Gromov-Witten invariants 
satisfy the Kontsevich-Manin axioms [45] would be simplified, as one does not 
have to worry about the effects of perturbing the moduli spaces. 
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(c) As in H5.7I Kuranishi bordism groups are huge, much larger than homology 
groups. Therefore we expect GW^}^,GW^j^{M, oj, f3) in these groups to contain 
more information than conventional Gromov-Witten invariants. For example, 
we can apply the operators U^'P of SjlHto GW^'^,GW^^^{M,u, P) and then 
project to singular homology, to obtain Gromov-Witten type invariants count- 
ing F-invariant stable maps. 

(d) Our Gromov-Witten bordism invariants GW^}^,GWg^j^{M,uj, P) are de- 
fined in groups over Z, not over Q. Therefore they are good tools for studying 
integrality properties of Gromov-Witten invariants. We discuss this in H6.'S[ 

6.3 Integrality properties of Gromov-Witten invariants 

Gromov-Witten invariants lie in rational homology H^^iM"^; Q) or 7?2/c(-^™ ^ 
Aig^ml Q), rather than integral homology. Essentially this is because if we think 
of Gromov-Witten invariants as 'counting' J-holomorphic maps w : T. ^ Y with 
the images of the marked points w{zi) lying on cycles Ci in Y for i = 1, . . . , m, 
then [E, 0, w] should be counted with rational weight | Aut(S, 0, Thus 
the reason why Gromov-Witten invariants are defined over Q rather than Z is 
because of points [S, z, w\ S Mg „^{M, J, (3) with nontrivial finite automorphism 
groups Aut(5],z, ui) ^ {1}. Equivalently, it is because of nontrivial orbifold 
strata Mg^m{M, J,I3)^''' in Mg^m{M, J,/3), in the sense of ^5^61 

To better understand these orbifold strata, we define some notation. 

Definition 6.13. We work in the situation of §6.11 Suppose [S, z\ e Mg.m and 
p : T Aut(S],z) is an injective morphism. Define S' = E/F, with projection 
TT : S ^ E'. Then there is a natural way to give S' the structure of a prestable 
Riemann surface, with genus g' ^ g, such that tt is a holomorphic branched 
cover. Define z'^ = 7r(zj) for i = 1, . . . ,m, and z' — {z[, . . . , z'^). Then [E', z'] G 
Mg',m- Define M^g „^ to be the moduH space of isomorphism classes [E,z, p] of 
triples (E, i*, p) as above, and define a smooth map : A^g,,,,. IJg'^g A^g',m 
byOr.[s^^-p]^P',/]. 

Now consider a Kuranishi space A4g^rn{M, J, (3), and one of its orbifold strata 
Mg^miM,J,l3 f'P. Points of Mg^m{M, J, P f'P consist of points [T,,z,w] G 
■Mg,m{M, J, (3) with an injective group morphism p : F — > Aut(E, z, w). De- 
fine E' = E/F and z' as above. Then w : E ^ M factors as w — w' o tt 
for some J-holomorphic u;' : E' ^ Af. Write f3' = w*([E']) e H2{M;Z). If 
the action of F on E is locally effective then (3' — |F|~^/3, but in general (3' is 
not simply related to /?, although we do have [uj] ■ (3' ^ [uj] ■ (3. Thus we can 
form [E_^/,^^;'] G A4g'.„(M, J, /?')■ Define a map Q^^p . Mg.yn{M, J, (3f'P ^ 
Mg'^p' Mg>,rn{M, J, f3') by Q^'P : [E, z, w, p] ^ [E', z', w']. 

We now make the following, slightly tentative claim. It may need modifica- 
tion over points (E, z, w), p where Aut(E, z, w) is finite but Aut(E, z) is not, so 
we have to pass to the stabilizations of (E, z), (E', z'), as in Definition 16.11 

Claim 6.14. In Definition I6.13i Q^'P lifts to a strongly smooth map Q^'P : 
Mg,rn{M,J,pf^P ^ l[g'.p'Mg',miM,J,l3'). Furthermore, Mg,^{M,J,[3Y^P 
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is naturally isomorphic as a Kuranishi space to an open and closed set in the 
fibre product of Kuranishi spaces 

such that Q^'^ is identified with projection to the second factor in the fibre 
product. Hence the orhifold strata A4g,rn(M, J, f])^''' of A4g,m{M, J, /3) can be 
completely described, up to isomorphism as Kuranishi spaces, in terms of other 
moduli spaces A4gi^„i{M, J, (3') with g' ^ g and [lo] ■ (3' ^ [uj] ■ (3. 

Assuming Claim 16.141 we see that applying the operators II'"''' of §5.61 to 
the Gromov-Witten bordism invariants GW^^,GWg'^jy^{M,uj, (3) should give 
answers which can be expressed in terms of other Gromov-Witten bordism in- 
variants GWp\^,GWgf^^{M,uj,(3'). Projecting to homology, we expect that 
nflb ° ^^'''{GWf^{M^uj,(3)) and o lf'P{GW^'^^{M,oj,l3)) should be ex- 
pressed in terms of other Gromov-Witten invariants GW^] ,„(M, uj, (3'). 

These ideas suggest an approach to the question of whether one can define 
Gromov-Witten type invariants in integral homology. Since Gromov-Witten 
invariants fail to lie in integral homology because of nontrivial orbifold strata 
Mg^m{M, J, PY'^ , and (assuming Claim [67T4|) these orbifold strata can be de- 
scribed in terms of Mgi ^m{M, J, f3') with g' ^ g and [co] ■ (3' < [uj] ■ (3, then 
perhaps one could modify the Gromov-Witten invariant GW|'„(M, w, /3) by 
adding on a series of 'corrections' involving 'lower' Gromov-Witten invariants 
GWg) ^^{M,lju, f3'), to end up with a Gromov-Witten type invariant which lies 
in the image of integral homology in rational homology. 

Much progress has been made on these issues, which we briefly discuss. 
Semi-positive symplectic manifolds and genus zero invariants. A ho- 
mology class (3 G H2{M; Z) is called spherical if it lies in the image of tt2{M) 
H2{M;'L). A symplectic 2n-manifold {M,uj) is called semi-positive if for all 
spherical (3 £ H2{M ; Z), we never have [w] ■ /3 > and 3 — n ^ ci(M) ■ (3 < 0. 
This applies in particular whenever n ^ 3. Suppose (Af, lu) is semi-positive, and 
(3 £ H2{M; Z) may not be written as f3 — Ij for spherical 7 G H2{M ; Z) and / ^ 
2 an integer. Then the genus zero Gromov-Witten invariants GW^q'„(M, w, /3) 
can be defined in integral homology Hi\{M'^;'L) or HiHW^ x A^o,™;^). 

This is proved in detail in McDuff and Salamon [56, §7]. In our notation, 
the reason is that if J is a generic almost complex structure, then one can 
show that all nonempty orbifold strata A^o,m(A'f, J, /3)^''' of A^o,m(-W, J: 0) with 
r ^ {1} satisfy vdim A^o,m(M, J, Z?)^''' s$ vdim Alo,m(M, J, /?)' - 2. In a very 
similar way to our use of effective Kuranishi spaces to define a virtual cycle 
map n^'jj : KB^.{Y;Z) Hl^{Y;Z), this condition on the orbifold strata of 
Mo,m{M, J, P) is enough to ensure that its virtual cycle can be defined over 
Z rather than Q. In fact, in Remark 15.201 we showed that if X is an oriented, 
effective Kuranishi space then vdim A''"-'' ^ vdim A — 2 for all nonempty orbifold 
strata X^'P of A with T 7^ {1}. 

Gopakumar Vafa invariants and their Integrality Conjecture. Let 

(M, be a compact symplectic 6-manifold with ci(Af) = 0, that is, a symplec- 
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tic Calahi~Yau S-fold. Take the number m of marked points to be zero. Then 
(|143p gives vdim A^g_o(-^, J,P) — for all g,l3. Hence the Gromov-Witten in- 
variants GW^|;o(M,w,/3) lie in 7Jg'(M™;Q) ^ Q or Hg'(M'" x Mg,a]Q) ^ Q. 
So we regard the GWg^Q^M, oj, (3) as rational numbers for all g, [3. 

Using physical reasoning about counting BPS states, the String Theorists 
Gopakumar and Vafa [28,29] conjectured the existence of Gopakumar-Vafa in- 
variants GVg{M,uj, /3) e Z for Calabi-Yau 3-folds M, which morally speaking 
'count' embedded J-holomorphic curves of genus g in class f3 in M. By ex- 
pressing any J-holomorphic curve in M as the branched cover of an embedded 
curve, they conjecturally wrote Gromov-Witten in terms of Gopakumar-Vafa 
invariants, and vice versa, by the equation in formal power series 

Y.k>^,sj3GVg{M,w,p)\{2sHkt/2)fs-2qkp_ 

The Gopakumar- Vafa Integrality Conjecture says Gromov-Witten invariants of 
Calabi-Yau 3-folds satisfy (|148p for some integers GVg{M,uj, (3). Gopakumar 
and Vafa also conjecture that GVg{M, w, /3) = for all fixed P and g ^ 0. 

There are two approaches to proving this conjecture. The first would be 
to define some curve-counting invariants GVg{M,uj,(5) which are automatically 
integers, and then prove that they satisfy (I148|) . Pandharipandc and Thomas 
[62,63] have taken an important step in this direction, in the context of algebraic 
rather than symplectic geometry, by defining integer-valued invariants which 
count 'stable pairs' (F, s) of a coherent sheaf F supported on a curve in M and 
a section s e H^{F). Proving equivalence of Pandharipande-Thomas invariants 
with Gromov-Witten invariants, the analogue of (|148p . still seems difficult. 

The second is to regard (|148|) as a definition of numbers GVg{M,u}, f3) G Q, 
and then to prove that these GVg{M,w, P) actually lie in Z. We will sketch a 
method of attack following this approach below. 

More general integrality conjectures. Pandharipandc [59,60] extends Go- 
pakumar-Vafa invariants and their integrality conjecture to all smooth projec- 
tive complex algebraic 3-folds. Klemm and Pandharipandc [43] and Pandhari- 
pandc and Zinger [64] study integrality of Gromov-Witten invariants of Calabi- 
Yau m-folds for m > 3. In these cases, for dimension reasons, only genus 5 = 
and g — 1 can yield nonzero invariants. An integrality conjecture for 5 = and 
all m > 3 is given in [43], and conjectures for g = I, m = 4 and g = 1, m = 5 
are given in [43] and [64], respectively. 

The rest of the section outlines an approach to proving integrality results for 
Gromov-Witten invariants, including the Gopakumar-Vafa Integrality Conjec- 
ture, and the conjectures of Pandharipandc et al. [43,59,60,64]. We stress that 
this approach is still very incomplete, and we are not yet claiming a proof of any 
of these conjectures. The author hopes to fill in some of the gaps in the sketch 
in [41]. We divide our method into four steps. Steps 1-3 are very general, and 
work in all dimensions. 
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6.3.1 Step 1: a 'blow-up functor' B : i^Bf (F; R) KBl''^{Y; R) 

Let X be a compact Kuranishi space without boundary, with an almost com- 
plex structure {J,K). We would like to find a functorial procedure to modify 
X, (J, K) to yield an effective compact Kuranishi space X without boundary, 
with an almost complex structure {J,K), and with a strongly smooth map 
TTx : X ^ X. Now X fails to be effective if its orhifold strata X^'P have the 
wrong behaviour, in particular, if p is not the isomorphism class of an effec- 
tive F-representation and X^'P ^ then X is not effective. Thus, to make X 
effective we must modify it around its orbifold strata X^'P . 

Suppose |r| is largest such that X has an orbifold stratum X^'^ along which 
X is not effective. Then X^'^ is in some sense 'nonsingular' in X. In this 
case the author has a procedure for 'blowing up' an almost complex Kuranishi 
space X, {J,K) at X^'^ with respect to {J,K), to get a new almost complex 
Kuranishi space X, (J, K) with strongly smooth tzx : X ^ X. We aim to do 
the blow up in such a way that X is 'closer to being effective' than X. 

If {Vp, Ep, Sp, ipp) is a sufficiently small Kuranishi neighbourhood in the germ 
at p G X with ( Jp, Kp) representing Kp then we define a Kuranishi neighbour- 
hood {Vp, Ep, Spjipp) on X, with {Jp,Kp) representing {J,K), where {Vp,Jp) 
is the blow up of {Vp,Jp) along Vp'^, in the usual sense of (almost) complex 
geometry. (Note a potential confusion here: we are not treating the orbifold 
strata of Vp as singularities, and resolving them to get a manifold Vp. In fact Vp 
is an orbifold, and its orbifold strata may be no simpler than those of VJ,.) The 
crucial part of the construction is to define Ep, Sp in such a way that these blow 
ups are compatible with {4>pq, (ppq) in the germ of coordinate changes on X . 

By applying this blow up procedure iteratively by reverse induction on |r| 
to modify all orbifold strata of X to make them effective, we make the: 

Claim 6.15. There is a procedure to modify X, (J, K) to get X, (J, K), wx o,s 
above, with X effective. This induces a functor B : K B2%{Y ; R) —> K B"^^ iY ; R) 
mapping B : [X,{J,K),f] i— > [X,{J,K),f ottx], such that if X has trivial 
stabilizers then B{[X, {J,K),f]) = [X, {J,K),f]. 

Applying the functor B to the invariants GWg1^{M,uj, f3) of ij6.2l and com- 
posing with n^'jjj. yields invariants 11^'^^^. o B [GW^j^{AI , uj , f3)) in integral ho- 
mology Hi\{M"';'L) or Hf^{M-^ x >1g,™;Z), since W^^^ maps KB':J'''{Y;Z) 
Hl'{Y; Z), although n^^^ maps KB^^Y-Z) Hl'(Y; Q). So we can think of the 
n|!j(. o B(^GWg^^{M,LO, P)) as Gopakumar-Vafa type invariants, curve counting 
invariants that are automatically integer-valued. 

This is similar to an idea sketched by Fukaya and Ono [26] . Translated into 
our notation, roughly speaking, Fukaya and Ono claim that given a compact 
Kuranishi space X without boundary and an almost complex structure (J, K), 
then one should be able to carry out their virtual cycle construction for X using 
single- valued sections rather than multisections, by using {J,K) to determine 
a canonical form for the perturbation near each orbifold stratum X^'^ . As the 
sections are single- valued, the virtual cycle lies in homology over Z. 
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6.3.2 Step 2: an expression for Ilf^^ o B : KB^{Y; Z) KB^Y; Z) 

Let [X, (J, K), f] G KB^l{Y; Z). If as in ^OTI wc blow up X, (J, along 
X^'P to get X,{J,k),Tvx, we can form [X,{J,k)J o ttx] G ii:Bff(y;Z). 



There is a notion of virtual vector bundle over a Kuranishi space due to Fukaya 
and Ono [25, Def. 5.10], called a bundle system. The virtual normal bundle 
Vx^.p of X^'P in X is a complex bundle system. We expect the difference 
[X, (J, k), / o TTx] - [X, (J, K)J] should depend only on X^^p and i^xr.P. 

This is more likely to work if we project to Kuranishi bordism KB2k{Y; Z), 
as constructing the relevant bordism W between Kuranishi spaces will be easier 
if W need not carry an almost CR structure. Thus we expect that 



nKb([x, (J, k), /oTTx] - [X, (J, K), /]) - [c^^p{x^'p, u^'p),foL^'Poj^'P] , 



where C^'P{X^'P , v^'P) is some compact Kuranishi space without boundary con- 
structed from X^'P and u^'P in some functorial way, with vdimC'"'''(X'"''', i/^'P) 
= vdimX, and 7'"''' : C^'P{X^'P,i/^'P) — > X^'P is a cooriented strong submer- 



sion. Define n^^P'^^" : KB^l{Y;Z) KB2k{Y;Z) by 

if^P^^' ' : [X, (J, K)J]^ [C^^P{X^^P, v^^P)J o .r.p o ^^.p] . 



The functor B is the result of composing many such blowups along X^'P for 
different F, p. This suggests the: 

Claim 6.16. In operators KB^'j;{Y;Z) KB2i{Y;Z) we have 



where the sum is over isomorphisms classes of finite groups T with T ^ {1} and 
isomorphism classes of virtual nontrivial T -representations p, and each Yl^'P'^ ''' 
is an operator of the form above. 

6.3.3 Step 3: projecting to singular homology 

Apply equation (|149|) to the Gromov-Witten type invariant GPFg'^(M, w, 
and compose with projection H^y^ to rational singular homology. This yields 



Here the left hand side of (|150p lies in the image of integral homology in rational 
homology, TT^j iJ2l(Af";Z) ^ H^^{M"';Q) or tt, : H^HM"' x >ig,„;Z) ^ 
Hff.{M'^ X A^g,m;Q)- The first term on the right hand side is an ordinary 
Gromov-Witten invariant, and the remaining terms are corrections from the 
nontrivial orbifold strata M.g^m{M, J, j3Y'P of Mg^m{M, J, 13). 

Now Claim [6T4l says that we can write the A4g^m{M, J, P)^'P in terms of 
other 'lower' moduli spaces A4g'^rn(M, J, /?'). Thus it seems reasonable to hope 



(149) 



n^U ° B{GW^%,{M, uj, 13)) = GWi]^{M, /?)+ 



(150) 



Er,p n^b ° nr.p-c^"'" {GW-%{M, c., /?)) . 
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that we can write the corrections H^,^ o n'"'^''^ (GW^g'^(M, w, /?)) in terms 
of other 'lower' ordinary Gromov-Witten invariants GW^ j^(M,uj, P'). How- 
ever, there is a problem. The n^'''-'^ {GW^^^{M,lu, P)) depend not only 
on the orbifold strata Aig^m{M, J, (3)^'^ , but also on its virtual normal bun- 
dle v^'P in Mg^m{M, J, (3). The author does not expect v^''' to depend only on 
■Mg'^miM, J, (3'), it is extra information. But we claim that if dimp ^ then 
° n^.P''^''" (GW^;i^iM, uj, /?)) does not depend on v^-p. 

Claim 6.17. In operators KB^l{Y;'L)~^Hi\{Y;<^) we have W^^oH^^p^'^''" 
if dimp > 0, and W^^ o li^^P^^^ '^q^^PW^^oIlliP if dimp = 0, where q^'P G Q 
and ILlf : KB^l{Y;Z)^KB^l{Y;Z) is as in fJSSl 

To justify this, note that H^j^ o U^'P'C^" ([X, (J, K), /]) is represented by 
a virtual cycle VC{C^'P{X^'P,u^'P)) for {C^'P{X^^p,u^^p), f o t^^P o j^^p), 
and / o J'^P o 7r.P factorizes through 7^'^ : G^^p{X^'P,u^^p) X^'P, where 
vdimC^'P{X^'P,i>^'P) = vdimX and vdimX'"''' — vdimJf — dim p. 

If VC{X^'P) is a virtual cycle for {X^-P,f o l^'P), then we can choose 
VC{^C^'P{X^ P,i/^'P)^ to be supported in an arbitrarily small open neighbour- 
hood of the support of VC{X^'P). If dimp > then dimV C{C^'P{X^'P, u^'P)) 
> dimVC{X^-P), so [VC{C^-P{X^-P,v^'P))] = in H^^{Y;q) for dimensional 
reasons. If dimp = then [VC(C^'P{X^'P,v^'P))] = q^'P[VC{X^'P)], where 
g^'P G Q is the 'multiplicity' of 7^'^. 

Applying Claim [CTZl to yields 

o B(GW-„(M, c., /?)) = GW^gl^iM, CO, p)+ 

Er,p:dimp=o9'^'''n|^°n[.''(GW-„(M,^,/3))+ (151) 

Er,p: di„.p<o nib ° nr.P.^^- (GI^-„(Af, /?)) . 

When dimp = 0, the terms o n[<;P(GWg^f„(M, /?)) on the second line 
of (|15ip no longer depend on the virtual normal bundle v^'P, so by Claim 
I6.14[ we expect we can write them solely in terms of 'lower' Gromov-Witten 
invariants GWp „^iM,u,P'). 

The terms on the third line of (jl5ip . when dimp < 0, come from orbifold 
strata Mg,miM, J, Pf^P with vdim A^g,™(M, J, > vdiinMg,m{M, J, P). 
The author expects that these terms really do depend on i/^'P, and so cannot 
be written solely in terms of GWp „^{M , u) , P') , except in special circumstances. 
In effect, these terms use 'characteristic classes' of v^'P — some kind of analogue 
of Chcrn classes, perhaps — to lower the dimension by — dimp. 

6.3.4 Step 4: the Gopakumar Vafa Integrality Conjecture 

We now specialize to the case when {M, oj) is a symplectic Calabi-Yau 3-fold, 
that is, a compact symplectic 6-manifold with ci{M) = 0. Let J be a generic 
almost complex structure on M compatible with co. Using genericness of J 
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and vdim A^g_o(-^, J,P) = for all g,(5, one can show that for all [S, z, w] G 
M.g^m {M, J, fi), if 13 — then w = pfor some p G M, and if /? ^ then w factors 
uniquely as w ~ won, where E is a nonsingular Riemann surface of genus g ^ g, 
and w : S — ^ M is a J-holomorphic embedding, and tt : S ^ E is surjective 
and holomorphic. Furthermore, distinct embedded nonsingular J-holomorphic 
curves do not intersect in M. 

Setting m — 0, and regarding the GWg^Q{M , lu , (3) as rational numbers for 
all g, (3, we expect (|151|) to reduce to an equation of the form 

nt,oB{GW^l{M,uj,P))= c<^'''^''GWp^,iM,iu,(3/k), (152) 

O^S'^g, fc^l:fc|/3 

where S Q are some universal family of rational numbers with c^^s^^ = 

and (|152p is an equation in Q, with the left hand side in Z. 

Now the Gopakumar-Vafa equation (|148p may be rewritten in the form 

GVg{M,u;,P)^ J2 d«''^''=GM^|j,o(Af,w,/3A), (153) 

where '^'^ e Q are some universal family of explicitly computable rational 
numbers with d^'^'^ — 1, and the Gopakumar-Vafa Integrality Conjecture says 
that the left hand side of (|153p lies in Z for all g, (3. 

We do not expect it will be feasible to compute the coefficients '^'^ , as 
they are the sum over all F, p of many complicated contributions. Nor do we 
claim that c^''^''' = d^'^^M^ However, we do hope to prove that the integrality 
properties of the family of GW^^^IM, 10,(3) for all g,(3 implied by p52p are 
equivalent to the integrality properties implied by (|153p , and this will be enough 
to prove the Gopakumar-Vafa Integrality Conjecture. 

By induction on g',g,k using the fact that c^^S'^ = d^'f^^ = 1, we can 
show there exist unique ^9,k^j9 ,9.^ g Q for ^ g' ^ 5 and /c ^ 1, with 
gg,g,i ^ jg,g,i ^ satisfying 

^a",g,k" ^ ^g',a.k^g".,g',k ^g",gy' ^ f9'-9,k^g",g'.k (^54) 

g'^kjk': g" ^g' ^Q- k"—kk' g',k,k': g" ^g' ^g, k" — kk' 

for all < 5" ^ 5 and fc" ^ 1. Combining p^ - P^ yields 

nl,oB(GPF-(M,c.,/3)) = e<^'-''''GVg,{M,u,p/k), (155) 

o^g'<g, fc^i:fe|/3 

GVg{M,u:,P)= f''''''T]^LoB{GW^?^^{M,uj,(3/k)). (156) 

Qi^g'^g, fc^l:fe|/3 

Hence, if all lie in Z then the integrality of (|153p implies that of p52p . 

and if all /f'-f-'^ lie in Z then the integrality of (fT5^ imphcs that of (fT55)) . and 
if all eS'S'^, fa' ■9''' lie in Z then the integrahty of (fT52)) and (fT53)l is equivalent. 

The Gopakumar-Vafa Integrality Conjecture has been verified in many ex- 
amples, for instance, for local curves by Bryan and Pandharipande [9]. In each 
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of these examples, it has aheady been proved that the right hand side of (|153p is 
an integer, and if we can carry through our programme above, then we wiU have 
shown that the right hand side of (|152p is an integer. The author hopes that 
by applying this to a large enough family of examples, one will be able to prove 
by an induction on 5, 5', k that all '^''^ lie in Z, so that integrality of 

(|152p implies the Gopakumar-Vafa Integrality Conjecture. 

6.4 Moduli spaces of stable holomorphic discs 

In ^6.4| -i j6.7l we discuss J-holomorphic curves in a symplectic manifold (Af , lu) 
with boundary in a Lagrangian submanifold L in M. As our aim is just to 
give an idea of possible applications in this area, not to develop a complete 
theory, we restrict our attention to stable holomorphic discs, rather than curves 
of higher genus, and we consider only boundary marked points, not interior 
marked points. The generalization of this section to higher genus curves and 
both kinds of marked points will be explained in [39]. Most of this section 
follows Fukaya et al. [24, §2], see also Katz and Liu [42, §3] and Liu [51, §2]. 

Definition 6.18. A bordered Riemann surface E is a compact connected com- 
plex 1-manifold with nonempty boundary 9S. Given such a S we can construct 
the double Y. — T, Ugs 5^, that is, the union of S and its complex conjugate E, 
glued along their common boundary 9S. Then S is a Riemann surface without 
boundary, and there is an antiholomorphic involution cr : S ^ S exchanging 
S and S, such that the fixed points of a are d'E, and S is the disjoint union 
E° n as n cr(S°), where Y.° is the interior of E. 

A prestable or nodal bordered Riemann surface E is a compact connected 
singular complex 1-manifold with nonempty boundary 5E, whose only singular- 
ities are nodes. Again, E has a double E = E Uas E, with an antiholomorphic 
involution cr : E — > E. We allow one interior and two boundary kinds of nodes: 

(a) E has a node z in E° locally modelled on (0, 0) in {{x,y) G : xy ~ O}. 

Such a node can occur as the limit of a family of nonsingular bordered 
Riemann surfaces E^ modelled on {(a;,y) eC^ -.xy^ e}, for e G C \ {0}. 

(b) E has a node z in 9E locally modelled on (0, 0) in {{x,y) G C'^ : = O}, 
where a acts by {x,y) >— > {x,y). Then dT, is locally modelled on {{x,y) G 

: xy ^ 0^, the fixed point set of a, and we take E to be locally modelled 
on {{x,y) : xy — 0, Imx ^ 0, Imy ^ O}. 

Such a node can occur as the limit of a family of nonsingular Ee modelled 
on {{x,y) £ C'^ : xy — — e, Ima; > 0, Imy ^ O}, for e > 0, with doubles 
Se modelled on {{x,y) £ : xy — — e}- 

(c) E has a node z in (3E locally modelled on (0, 0) in {(x, y) G : = O}, 
where a acts by {x, y) ^ {y, x). Then 9E is locally modelled on (0, 0), the 
fixed point set of a, and we take E to be locally modelled on { {x, 0) G }. 

Such a node can occur as the limit of a family of nonsingular Eg modelled 
on {{x,y) e : xy = e, \x\ ^ \y\} , for e > 0, with doubles modelled 
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on {{x,y) € : xy — e}, where a acts by {x,y) t-^ iy,x), and boundary 
the circle dT., = {{e^/^e'^ , e'^/^e'''') : 9 e [0,27r)}. 

Note that near a node of type (c) , E is actually a nonsingular Riemann surface 
without boundary, save that one point z in S is designated as a 'boundary node'. 
Also dT, near z is just one point {z}, not a real curve. We allow as prestable 
bordered Riemann surfaces curves whose only boundary is nodes of type (c) , so 
for example S could be CP^ with one point designated as a boundary node. 

If E is a prestable bordered Riemann surface, the smoothing E' of E is the 
compact, connected, oriented 2-manifold with boundary obtained by smoothing 
the nodes of E. Note that there are two topologically distinct ways of desin- 
gularizing nodes of type (a)-(c), and we choose those described as families of 
surfaces E^ above. The rule is that smoothing each node decreases the Euler 
characteristic by 1, but the other ways of desingularizing nodes of type (a)- 
(c) increase Euler characteristic by 1,1,0 respectively. We call E a prestable 
holomorphic disc if its smoothing E' is a holomorphic disc. 

Definition 6.19. Suppose {M,uj) is a compact symplectic manifold, L a com- 
pact, embedded Lagrangian submanifold in M, and J an almost complex struc- 
ture on M compatible with w. Let /? G H'^{M;Z) and / ^ 0. Consider triples 
(E, y, w) where S is a prestable holomorphic disc in the sense of Definition l6.18[ 
y = (yi, . . . ,yi), where yi, . . . ,yi are distinct points of dT,, none of which are 
nodes, and which occur in this cyclic order in dT, and w : E — > Af is a J- 
holomorphic map, with ^(^E) C L and ii;,([E]) — (3 m H2{M, L;Z). Call two 
such triples (E, y, w) and (E', if , w') isomorphic if there exists a biholomorphism 
/ : E ^ E' with f{yi) = y[ for i — 1, . . . ,1 and w = w' o f. The automorphism 
group Aut(E, j7, w) is the group of isomorphisms / : (T,y,w) {T,y,w). Call 
a triple (E, y, w) stable if Aut(E, y, w) is finite. 

Write A4f^'^{M, L, J, (3) for the moduli space of isomorphism classes [E, y, w] 
of stable triples (T,y,w) satisfying the above conditions. Define boundary eval- 
uation maps evi : A4i{M, L, J,I3) ^ L for i = 1, . . . , / by ev^ : [E, y, w] ^ w{yi). 
Write MT'"{M,L,J,(3) for the subset of [T,y,w\ e Mf''{M,L,J,P) with E 
nonsingular, that is, E has no nodes. The 'ma' in A4'^'^{M, L, J, (3) follows 
Fukaya et al. [24, §2], who first define moduli spaces Mi{M,L,J,(3) in which 
yi, . . . ,yi need not be in this cyclic order in 9E, and then define A^™'*(M, L, J, [3) 
to be the 'main component' of [E, y, w\ in M.i[M, L, J, (3) in which yi, . . . ,yi are 
cyclically ordered. 

There is a natural action of Z/ on A4i{M, L, J, (3), by cyclic permutation of 
the boundary marked points yi, . . . ,yi. 

Remark 6.20. Fukaya et al. [24] do not consider boundary nodes of type (c) 
in Definition 16.181 though they appear to fall within [24, Def. 2.16]. Because 
of this they consider the moduli spaces Mo{M, L, J, (3) when / = to be pos- 
sibly noncompact. For discussion of this, see remarks preceding [24, Fig. 2.4, 
Th. 2.29 & Prop. 13.27], and [24, §32.1]. They deal with their noncompactness 
problem by allowing certain unstable maps in a rather ad hoc way. We prefer 
our approach including type (c) nodes, based on Liu [51, Def. 3.4]. 
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These moduli spaces have natural topologies called the C°° topology, due to 
Gromov [31] and defined in [24, §29]. The next result, the analogue of Theorem 
16.41 is proved by Fukaya et al. [24, Th. 29.43], with a slightly different notion of 
Kuranishi space. See Remark 16.51 for what we mean by "Theorem". 

Theorem 6.21. In Definition \6.19\ the A4™''(M, L, J, (3) are compact and Haus- 
dorff in the C°° topology, and the ev^ are continuous. 

We define the Maslov index of /? £ H2{M, L; Z). 

Definition 6.22. Let {AI,uj) be a symplectic manifold of dimension 2n, and 
choose a compatible almost complex structure J. Then the canonical bundle 
Km = A"'^M of (M, J) is a complex line bundle over M, with Hermitian metrics 
on the fibres C. Let L be an embedded Lagrangian submanifold in AI . Then 
there is a natural isomorphism Km\l — A"T* L(E)-rC Choose a connection A on 
Km compatible with the metrics on the fibres, which respects the isomorphism 
Km\l — A"T*L ®K C. Let be the curvature of this connection. Then A is 
a U(l) connection, so identifying u(l) ^ M, Fa is a closed 2-form. On L, this A 
reduces to an O(l)-connection on A"r*L, so A is flat, and Fa\l = 0. 

Thus we may define the relative first Chern class ci {M, L) of (M, L) to be 
the relative de Rham cohomology class ^[^a] in H'^{M, L;M.), recalling that 
H^M, L;M.) is defined using closed /-forms a on M with aji = 0. One can 
show that ci{M, L) hes in the image of H'^{M, L; ^Z) in H'^{M, L; M), and it is 
independent of the choices of J, A, and if L is orientable then ci (M, L) lies in 
the image of H'^{M, L; Z) in H^{M, L; R). 

For /3 e H2{M,L;Z) we define the Maslov index pll{I3) = 2ci(M, L) • /3 in 
Z. If /3 is represented by an oriented 2-submanifold (or 2-cycle) S in M with 
as C L then = i /j. Fa. If i is orientable then fiLif^) e 2Z. 

This is different to the usual definition of Maslov index [24, §2], but is equiv- 
alent to it. Our definition makes it obvious that fJ.L{f3) depends only on the 
relative homology class /3; Katz and Liu [42, Rem. 4.2.2] claim incorrectly that 
the Maslov index is a homotopy but not a homology invariant. The next result 
is proved by Fukaya et al. [24, §29]. 

"Tiieorem" 6.23. In Definition K. 19\ we can construct Kuranishi structures k 
on Mf^'^{M, L, J, f3) with corners (not g-corners), with 

vdim{MT{M, L, J, (3), k) = (IlW + l + n-3, (157) 

where dimM = 2n. The maps ev^ extend to strong submersions 

ev, : (A^P(M, L, J, (3), k) — > L. (158) 

Also evi X ■ • • X ev; : (A4™^(Af, L, J, /?), k) — > is a strong submersion. 

We can choose k, to be invariant under the action of Z; on A4i{M, L, J, f3) 
by cyclic permutation of . . . , y;, that is, Z/ acts on Aii{AI, L, J, /?) by strong 
diffeomorphisms, with the obvious compatibility with evi,...,ev;. Next we 
discuss orientations on /^^^^{M, L, J, (3). For this we need the notion of a 
relative spin structure on (M,L), [24, Def. 44.2]: 
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Definition 6.24. Let L be a submanifold of a manifold M. Fix a triangulation 
of M sucli tliat L is a subcomplex. A relative spin structure on (M, L) consists of 
an orientation on L; a class st G H'^{M; l-i) such that stji = W2{L) G H^{L; Z2), 
the second Stiefel- Whitney class of i; an oriented vector bundle V on the 3- 
skeleton M^j of M with W2{V) = st; and a spin structure on {TL ® 1^)|l[2j- 

Here L[2] is the 2-skeleton of L, and as W2{V\Lf2]) — st|L[2] — W2{L)\li2] we 
have W2{{TL © ^)|l[2]) — O7 so {TL ® ^)|l[2] admits a spin structure. If i is 
spin then W2{L) = 0, so we can take st = and ^ = and the spin structure 
on TL|lj2] to be the restriction of that on TL. Hence, an orientation and spin 
structure on L induce a relative spin structure on (Af , L) . 

Then Fukaya et al. [24, §44.1 & §46] prove: 

"Theorem" 6.25. A relative spin structure on (Af, L) determines orientations 
on the Kuranishi spaces (A^™''(A'f, L, J, (3), Kj . 

From now on we suppress the Kuranishi structures re, and regard Mf^'^{M, 
L, J, (3) as a Kuranishi space. Finally we state formulae for the boundaries of our 
moduli spaces, in oriented Kuranishi spaces. Our next theorem can be deduced 
from results of Fukaya et al. [24]. The closest result to ()159|) is [24, Prop. 46.2], 
but here in effect the authors omit the sum over j in (|159p , and fix j = 1 . The 
difficult thing to get right is the orientations (signs) . These depend on the order 
in which the remaining boundary marked points of the two sides of (|159p are 
identified, which is why we have been careful to specify this order through the 
isomorphism between (|160|) and (|16ip . The correct sign (— l)('-'=)('=-J)+J+" in 
(|159p when j = 1 is given by Fukaya et al. in [24, Prop. 46.2 & Rem. 46.3], and 
we can deduce the sign in the general case by permuting the I marked points. 

In equation (|162[) . the second line is in effect the term j — k ^ I = Q 
from (fTM]) . and the sign (-1)" is the same as (--l)('-fe)(fe-i)+J+« in (fT59l) with 
j = k ^ I — Q. However, unlike in ()159|) . we must quotient by an action 
of Z2. The point is that at the boundary of 7Vl™'*(Af, L, J, /3), the prestable 
holomorphic disc S breaks into the union of two prestable holomorphic discs 
Si, E2 joined by a node. The marked points yi, . . . ,yi in 9E each end up in 
either SEi or 9E2. In (|159p . when I ^ 1, we distinguish between Si and E2 by 
decreeing that the marked point j/i should lie on 9Ei; this is why we specify 
j ^ 1 rather than j ^ in (|159p . However in (|162p . when / = 0, we cannot use 
marked points to distinguish Ei and E2, so the symmetry of exchanging Ei and 
E2 means that we must divide by Z2. 

The third line of p62p comes from boundary nodes of type (c) in Defini- 
tion 16.181 The sign 1 on the third line is computed by Fukaya et al. in [24, 
Prop. 53.6], though they include an extra interior marked point. As we ex- 
plained in Remark 16.201 Fukaya et al. do not consider nodes of type (c) , and 
so regard M'q^{M, L, J, /]) as possibly noncompact. See also [24, Prop. 13.27] 
and [24, §32.1] for results analogous to the third line of (|162p . 

"Theorem" 6.26. In the situation above, choose a relative spin structure on 
{M,L), so that Mf^^(M, L, J, (3) for I ^ are compact, oriented Kuranishi 
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spaces with corners by Theorem \G.2l\ and "Theorems" \G.2'S\ and \^7I^ Then for 
I ^ 1 there is an isomorphism of oriented Kuranishi spaces: 

dMr{M,L,J,/3)^ 

II II (-l)('-'=)('=-^")+^+"-A^;T,_fe+i(Af,L,J,7) (159) 

Here on the j,k,"/,S term (|159p identifies the strong submersions 

(evi X evi X • • • X evj x 
ev,-+i X ev,-+2 X • ■ • X ev^ x 

(160) 

evfe+i X evfe+2 X • • • X evi)\QX4'^.^M.L.j,(}) ■ 

dMr^'iM, L, J, 13) — > X L''-^ X L^-'' = and 

(evi oTTi) X (evi oTTi) X • • ■ X (evj o7ri)x 

(ev2 07^2) X (ev3 07Z2) x • • • x (evfe_j+i 0772) x 

(eVj+2 oTTi) X (eVj+3 oTTi) x • • • X (ev;+j_fc+i oTTi) : (161) 

MT+)-k+l{M,L,J,^) Xev,^i,L,evi A^r^ + l (M, -5) 

— > X L''"^ X L'-'^ = L\ 

inhere 7ri,7r2 project Mfi^j_j^_^j^iM, L, J,j) Xev,+i,L,evi A^™J'j+i(M, L, J, (5) to 
7Wf}!'^_j.+i(Af,L, J,7) and Mf_^j_^_i{M, L, J, S) respectively. 

For I — there is an isomorphism of oriented Kuranishi spaces: 

57Wr(M,L,J,/3)- 

II {-ir ■Mr{M,L,J,j)x,^^^L,..,Mr{M,L,J,d) 

7,(5Gff2(M,L;Z): /3=7+(5, 
[w]-7>0, [a)]-i5>0 

evi ,M,inc 

/3'e_H-2(Af;Z):j(/3')=/3 

i?ere the Z2-action exchanges j,S and M^'^{M, L, J,^),M™'^{M, L, J,5). In 
the third line, inc : L —> M is the inclusion and t comes from the exact sequence 
H2{M;Z) H2{M, L; Z) Hi{L: %). The third line is zero unless dfi = 0. 

6.5 Choosing co-gauge-fixing data for the J^Y'^{M, L, J, (3) 

In 5631-ij6?7l we assume the "Theorems" of HGAl throughout. For our attitude 
to these, see Remark [63] 

In the situation of H6AI Aif^'^lM, L, J, /3) is a compact, oriented Kuranishi 
space, evi x • • • x ev; : A^™^(M, L, J, /3) is a strong submersion, and i' is 

oriented, so {Mf'^iM, L, J, (3) , evi X • • • X ev;) is cooriented. Thus by Theorem 
13.181 we can choose co-gauge- fixing data Ci{M, L, J, f3) for (^Mf^'^{M, L, J, (3), 
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evi X • • • X ev; ), so that [A4J°'^(M,L, J,/3) , evi X • • • X evj, Ci{M, L, J, /?)] lies 
in KC*{L^; R), for R a Q- algebra. We will now show that we can choose the 
C;(M, L, J, (3) for all I, /3 so that equations and of "Theorem" [OSl 

lift to equations in Kuranishi cochains. 

However, thinking carefully about p59p and p62p . we see that there is a 
puzzle. The fibre products in (|159p and p62p do not quite correspond to any 
operations we have defined on co-gauge- fixing data, even in Remark 13. 34r bV In 
the j, k, 7, 6 term in (|159p . it is natural to regard the term M'j^j_^.^-^ (M, L, J, 7) 
as giving a cochain in KC*{L'-+^^'' x L; R), and the term A^™J!j+i(M, L, J, S) 
as giving a cochain in KC*{L^-^ x L;R). As in Remark ESUb) we can take 
the fibre product of these to get a cochain in KC*{L'-^^^^ x L'^^^ x L;R) = 
KC*{V-^^;R). But we actually want a cochain in KC*{V;R). We want to 
forget one factor of L, that is, we want to push forward by L'+^ LK But 
pushforwards are defined for Kuranishi chains, not Kuranishi cochains. 

This suggests that we need to mix chains and cochains, so that we should 
be working in the bivariant theory of t j4.8l This may be the most natural point 
of view for Lagrangian Floer cohomology. In A1™'*(M, L, J, (3) for / ^ 1, we can 
distinguish the first marked point yi from the rest, and regard (A1™'*(M, L, J, 
evi X • ■ • X evj) as defining a Kuranishi bichain in KB*{'Ki : L} L; R) where 
TTi : {yi,...,yi) 1— > yi. Then the fibre products in (jl59p do correspond to 
natural operations on Kuranishi bichains, made out of products, pushforwards, 
and pullbacks, but those in (|162p do not. 

Unfortunately, using the bivariant theory in this way is not good for defin- 
ing open Gromov-Witten invariants. As in there is an action of Z; on 
M.™'^{M, L, J, (3) by cyclic permutation of the marked points. For open Gromov- 
Witten theory we need to use this cyclic symmetry, but distinguishing the first 
marked point yi destroys it. So we adopt a different solution. Wc choose some 
extra data, in effect gauge- fixing data Gl for (i,idL). Using this we define 
a pushforward KC*{L''~^^; R) — > KC*{L^;R), which is in effect a cap product 
with {L,idL,GL). Then we can define products * of co-gauge-fixing data and 
of Kuranishi cochains KC*{L'';R) x KC*{L^\R) KC* {U'+''-^; R) that we 
will need to make sense of adding co-gauge-fixing data to (|159p and (|162p . 

Definition 6.27. Let Pm, P, M be as in Definition l3.8l Suppose L is an oriented 
n-manifold, not necessarily compact. Choose an injective map Gl ■ L —> Pm C 
P for some m ^ 0. Let a,b ^ 1, X,X be compact Kuranishi spaces, fi x 
■ ■ ■ X : X L", X • • • X : A ^ i'' be strong submersions, C, C be 
co-gauge-fixing data for (A, /i x • • • x /^) and (A, x • • • x /f,). Let 1 ^ i ^ a 
and 1 ^ j ^ b. Then X x ^ ^ ^ A is a compact Kuranishi space. Define a 

strong submersion gfj x • • ■ x ga+b-2 '■ ^ f l f ^ 

(/l°7rx) X • • • X OTTx) X ! OTTx) X • • • X (/^OTTx) X 

- - - - (163) 

{fl°-^x) X • ■ ■ X (/j-1 °7r^) X ifj + lO-^x) X • • • X (/feOTT^^). 

We will define co-gauge-fixing data C ^ C for (A x^ ^ j X,g^ x 
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' ■ ■ ^ 9a+b-2) ■ Remark l3.34r b') explains how to modify the construction of H3.8I 
to define co-gauge-fixing data C x ^ ^ ^ C which we can consider as co-gauge- 
fixing data for (X J X ■ • ■ xg^_,_j,_2 x tt^), where tt^ : Xx ^ ^ X ^ 
L is the projection from the fibre product. Write C x^ ^ j C as {I,fj,C'^ : 
k e /),_where I ^ (/, (^/^ . . . x ■ • • x x 7r|; : fc e /,...) , and C"= 
maps i?'' — > P for A; G /. 

Define J = (/, (V"*", . . . ,ip^),g'l x • • • x g^^^_2 : k e I,. ..), and r) = i), and 

for each fee / define C*-' : & ^ P by — {{Gl ° t^l ° x C''^), where 
^fc . ^fe _^ ^fc |.]_^g natural projection. Define C*^ j; C ~ {i,f),C'' : k e I). 

That is, C*^ ^ j C is the same as C x^ l f ^ except that we omit the maps 

fc'l , and multiply the C**^ by the puUback of Gl to i?*^ using ■fr'l o tt*^ . This is 
similar to the construction of Gc in Definition 14.141 and a similar proof shows 
that C *j: ^ ^ C is co-gauge-fixing data for (^X x^ ^ X , x ■ ■ ■ x g(j_|_{,_2)- 

Note that using the commutativity and associativity of /i, one can show that 
these products *^ ^ have the commutativity and associativity properties one 
would expect, in a similar way to Proposition 13.321 

If i? is a Q-algebra, L is oriented, and l^i^a, l^j^b, define i?-module 
morphisms : KC''{L''; R) x KC^{L''; R) ^ KC''+'-"{L''+''-^; R) by 

[X,/iX...x/„C]*,,, [l,/iX...x/„C'] = 

- -n (164) 

where we use the orientation on L to convert the product coorientation for 
x^ ^ J X , X ■ ■ ■ X ga+b-2 X TTi) into a coorientation for {X x ^ ^ ^ 

X^QiX-- • xg^+j_2) . Equation (fT64)) takes relations in KC^{L''; R), KC\L^\ R) 
to relations in i^C'^"'"'~"(L"+^~^; i?), and so is well-defined. As for cup products 
in (|107p we find that d(7>i=ij J) = (d7) *ij5-\- (— l)'^7*i^j (d5), so the induce 
morphisms on Kuranishi cohomology 

: KH^{L''] R) X KH\L^; R) — > K H^+^-''\L''+^-'^ ; R) . (165) 



We can now choose Ci{M, L, J, /3) compatible with (|159p . (|162p for all /, /?. 

Theorem 6.28. In the situation of ^6A\ we can choose co-gauge-fixing data 
Ci{M,L,J,l3) for (>i™'^(M,L, J,/3),evi x ••• x ev;) for all I ^ 1 and (3 m 
H2{M, L; Z) such that under (|159ll . the restriction Ci{M, L, J, (3)\dMY"'(^M,L,j,i3) 
is identified on the j, k, 7, 6 term with Ci+j-k+i {M, L, J, 7) *evj+i.L.evi C^-j+i 
{M,L,J,S), using the notation of Definition l6T27l Moreover, we can choose 
Ci{M, L, J, (3) to be invariant under the action of ILi on JVIY^^(^M, L, J, P) by 
cyclic permutation of the marked points. 

For the case I — 0, choose 1,1 -invariant Ci{M, L, J, (3) for all I ^ 1 and (3 as 
above, and choose co- gauge- fixing data Cq.i{M, J, f3') for (Aio,i{M, J, /3'),evi) 
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for all j3' in H2{M;Z). Write n : M1^^{M,L, J, /3) ^ {0} for the strong sub- 
mersion projecting to one point {0}. Then we can choose co-gauge-fixing data 
Co{M, L, J, f3) for (M^'^iM, L, J, /?), tt) for all /3 m iJ2(M, L; Z) such that un- 
der (|162ll . the restriction Cq{M,L, J, I3)\qm^!^(^m,l,j,i3) is identified on the 7,(5 
term with Ci{M, L, J,j) *evi,L,evi Ci{M, L, J, 5), where we take the quotient of 
this co-gauge-fixing data by the action of 2,2 as in i j3.41 and on the /3' term with 
inc* (Co,i(M, J, /?')) *evi,L,idi, [L, idz., Cl] using pullbacks of co-gauge-fixing data 
as in §3.8( defining [L,idi,Ci] as m §4.71 and identifying LP = {0}. 

Proof. We only need choose Ci{M,L,J,(3) when M'^'^'iM, L, J, (3) ^ 0. Using 
compactness results from Geometric Measure Theory, we find that for any A ^ 
0, there are only finitely many (3 G H2(M, L; Z) with [uj]- (3 ^ A for which there 
exist J-holomorphic curves in class (3. Thus we can arrange all such /3 in an 
ordered list = /?o, /^i, /32, • • ■ such that m ^ n implies that [uj] ■ ^ [to] ■ /3„. 

For the first part of the theorem, we will choose Ci{M, L, J, (3m) by a dou- 
ble induction on /,m. The outer induction is over m = 0,1,2,..., and the 
inductive hypothesis at the m}^ step is that we have chosen Ci'{M, L, J, f3m') 
satisfying the conditions for all 1 ^ /' and ^ m' < m. The inner induc- 
tion, for fixed m, is over / — 1,2,..., and the inductive hypothesis is that 
we have chosen Ci'{M, L, J, (3^') satisfying the conditions for all 1^1' and 
^ m' < m, and also that we have chosen Cii{M, L, J, satisfying the con- 
ditions for all I !^ I' < I. In the inductive step of the inner induction we must 
choose Ci{M, L, J, satisfying the conditions. 

We suppose these inductive hypotheses, and prove the inner inductive step. 
Consider which j,k,^,S terms in (|159p can be nonempty, where /3 = Pm- For 
A^?Ti-fc+i (*^' 7) 7^ and Ml'^^^^ (M, L, J, 5) 7^ we must have 7 = 
and 6 — [3„i" for some m', m" . First suppose 7, (5 7^ 0. Then [oj] • 7, [w] • (5 > 0, 
so [uj] ■ 7, [w] • (5 < [ljj] ■ (3m as [w] ■ 7 -I- [w] • (5 = [uj] ■ (3m, and so m', to" < m. 
Thus in this case we have already chosen C/+j_fc+i (M, L, J, 7) and Ck-j+i 
{M, L, J,S) in a previous outer inductive step. If 7 = then S ~ f3m, so 
to" = TO, and we must have Z + j — fc -I- 1 ^ 3, since A^™'*(M, L, J, 0) = unless 
3, so fc - j 1 < /. Thus, if 7 = then M^^l^^^iM, L, J, 5) is of the form 
Mf^^{M, L, J, Pm) for I' < I, and we have already chosen Ck-j+i{M, L, J, S) in 
a previous inner inductive step. Similarly, if (5 = then we have already chosen 
Ci+j-fc+i {M, L, J, 7) in a previous inner inductive step. 

Thus in all cases, if the j,k,j,5 term in (|159p is nonempty then we have 
chosen Ci+j^k+i{M, L, J,j) and Ck~j+i{M, L, J,S) in a previous inductive 
step. So the conditions in the theorem uniquely determine co-gauge-fixing data 
Di{M,L,J,(3m) for (5A^P(Af,L, J,/3™), (evi x • • •xev/)|a7w»='(M,L,j,,3„)), and 
we must choose Ci{M, L, J, (3m) w ith Ci{M, L, J, (3m)\dMf'^(M,L,j,i3^)^ Di{M, 
L,J,(3m)- As in "Theorem" 16.231 Mf^{M,L,J,(3m) is a Kuranishi space wz</i 
corners, not g-corners. So we can apply Theorem 13.251 We must check that 
the restriction Di{M, L, J, Pm)\a^M'°'^{M,L,j,i3^) is invariant under the natural 
involution cr : d^Mf'^'iM, L, J, Pm) ^ a^A^^^' -^^ /^™)- 

Now taking the boundary of (I159p . using Proposition I2.3ir a') to rewrite 
the r.h.s. in terms of dM\"^j_k+i{M, L, J,j), dM'^'^j^j^iM, J, S), and then 
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substituting for these using (|159p . gives an expression for 9^7W™'^(M, L, J, Pm) 
in terms of double fibre products of three factors Mf^'^{M, L, J, e). By previous 
inductive steps, using this we can write Di{M,L, J, l3m)\a'^MY^'-(M,L.j,i3m) ^ ^ 
disjoint union of double products ^evi.L.ev^ of three factors Ci{M, L, J, e). 

When written this way, cr-invariance of Di{M,L, J, (3m)\d'^MY'''{M,L,j,i3^) 
turns out to follow from associativity of *evi.L,evj on co-gauge-fixing data in 
Definition 16.271 That is, cr acts by exchanging terms Xi {X2 X3) and 
{Xi XlX2)xlX3, and this must identify {Ci*lC2)*lC3 and Ci*l(C2*lC3), 
where Xi,X2,X3 are of the form Ci{M, L, J,e), and Ci,C2,C3 of the form 
Ci{M,L,J,e). Therefore Di{M,L, J, l3m)\d'^Mf^{M,Lj,i3,n) is cr-invariant, and 
we can choose Ci{M, L, J, (3m) satisfying the conditions of the theorem by The- 
orem [3]25l This completes the inner inductive step. The outer inductive step 
the initial steps are trivial, so the first part of the theorem follows by induction. 

To choose C;(M, L, J, f3rn) to be Z;-invariant, we use the F-invariance part of 
Theorem 13.251 with F = Z;. If the Ci'{M, L, J, /3m') in previous steps have been 
chosen Z;/-invariant then Di{M, L, J, f3m) turns out to be Z/-invariant, with Z;- 
action on Di{M, L, J, l3m)\d^MY''^(M,L,j,i3^) commuting with cr, so Theorem l3.25l 
tells us we can choose Ci{M, L, J, f3m) to Z;-invariant. 

For the final part, when Z = 0, a similar proof works, though no induction is 
needed. The conditions in the theorem uniquely determine co-gauge-fixing data 
Do{M, L, J, P) for (i9A4™''(M, L, J, /?), TrjaAi^^CA/.L.J,/?))! and we must choose 
Co(M, L, J, (3) with Co{M, L, J, 13)\sm^^(m,l,J,P) '^DoiM,L, J, (3) using Theo- 
rem[325l Note that d'^M^''{M, L, J, (3) involves terms in X^^(M, L, J, e), and 
we need C2(M, L, J, e) to be Z2-invariant to make Do{AI, L, J, P)\d^M^''{Ai,L,j.f3) 
<T-invariant. So we do need the Ci{AI, L, J, (3) for Z ^ 1 to be Z;-invariant. □ 

We define some notation. 

Definition 6.29. In Theorem 16.281 choose Z;-invariant co-gauge-fixing data 
Ci{M, L, J, P) for all and Co,i(M, J, P') for aU /3', and Co(Af, L, J, P) 

for all p. Let i? be a Q-algebra. Define elements Tli{P) G KC{L';R) for all 
Inland P e i/2(Af,L;Z), and 97lo(/3) G KC{{0};R) for all P G i?2(Af,L;Z), 
and moiP') G KC{{0};R) for aU P' G iJ2(M;Z), by 

MiiP) - [MTiM, L, J, /3), evi X • • • X evj, C/(M, L, J, /?)] , (166) 
2)lo(/3)- [Air(^>^,-/,/3),7r,Co(Af,L, J,/3)], (167) 

Oao(/5') = Alo,l(M,^,/3') Xevi,M,inci,7r, 

, ^ n (168) 

inc*(Co,i(M, J,/3')) *evi.L,id^ [^,idL,CL]], 

where tt is the projection to {0} in both cases. We identify = {0}, so 
that ajlo(/3),«no(/3') e KC{L°;R). 

Combining "Theorem" [g?^ Theorem [g:^ and Definitions and [051 
gives: 
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Corollary 6.30. In the situation above, dyti{P) £ KC{L^\R) is unchanged by 
cyclic permutation of the I factors of L in L\ for all I ^ 1 and (3. We have 

l<3<k^l 7,<5eff2(A/.L;Z): (7) Mk-j + l{S), 

d(OTo(/3))=i {~ir-m^{j)nsTl^{S)+ Yl 

7,5e-H"2(Jl/,i;Z): /3=7+(5, l3'eH2{M;I.):t(l3')=l3 \'^'^) 

[cj]-7>0, [u]-S>0 

for all I ^ 1 and (3 € iJ2(Af, L;Z), where in the term dJli+j-k+i{j) 
^Mk~j+i{S) in (I169p . we reorder the factors of L as in (jl60p and (jl6ip . Also 
d{^o{P')) = for all (3' e H2{M- Z), and 9Jl,(0) ^0 for l<i. 

The last line holds as dMo.i{M, J, (3') = dL = % and TUf ^(Af, L, J, 0) = 
for ^ < 3. Observe that we have replaced the quotient by Z2 in ()162|) by the 
factor i in P7(7)l . using relation Definition WM iv) in XC*({0};i?). This was 
an important reason for including Definition I4.4r iv) amongst the relations for 
Kuranishi (co)chains; as discussed in Remarks I4.5r b) and IClT a). we do not 
need Definition I4.4f iv) to define a good theory of Kuranishi (co) homology, and 
we do not use it in effective Kuranishi (co)homology. 

Here is an important point. As we will see in tj6.6l most of Lagrangian Floer 
cohomology for one Lagrangian is a purely algebraic consequence of equation 
(|169[) . together with an analogue of (|169p for families of almost complex struc- 
tures Jt t G [0,1], to express the dependence of the 9Jl/(/3) on the choice of 
almost complex structure J. Also, as in §6.6( much of the theory of genus zero 
open Gromov-Witten invariants is a purely algebraic consequence of equations 
(|169p - p70p . and analogues for famihes J( : t e [0,1]. So, CoroUarv 16.301 and 
results of the same kind are powerful tools for turning geometry into algebra. 

It is a natural question whether any parts of Theorem 16.281 and Corollary 
16.301 have analogues for effective co-gauge-fixing data Ci{M, L, J, /?), so that we 
can work in KC*f{L^] R) for R a commutative ring, rather than a Q-algebra. 
When / = the answer is definitely not: in the 7,5 term in (|162p . to make 
the co-gauge-fixing data descend to the quotient Z2, we need fibre products of 
co-gauge-fixing data to be commutative, and this does not hold for effective 
co-gauge-fixing data. For similar reasons, the part in Theorem 16.281 on choosing 
Ci{M, L, J, P) Z;-invariant for Z ^ 2 cannot extend to effective C';(M, L, J, (3). 

However, the first part of Theorem 16.281 on choosing Ci{M, L,J,l3) for I ^ 
1, works in the eflFective case provided the Kuranishi spaces M'^'^{M, L, J, f3) 
are effective. This is because the proof relies on the associativity of products 
C *j: ^ J C, but not their (super)commutativity. We can generalize Definition 

16. 271 to give an associative product C"*^ ^ ^ C of effective co-gauge-fixing data. 
We choose an injective map : L M™ C P for some m ;» 0. In defining 

the maps C_ : E — > P we must multiply together three factors using the 
associative, non-commutative multiplication ^ on P. These factors come from 
C" in C, from G^, and from G' in G, and we must multiply them in this order, 
so that G^ is in the middle, to get the associativity we need. 
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Now if ['S,y,w] e M'^'^{M,L, J, /3) for I ^ 1, then the only way in which 
we can have Aut{^, y,w) ^ {1} is if S has a nonconstant CP^ component (or 
several CP^ components) joined to the rest of E by a node, and Aut(E, y, w) acts 
nontrivially on this CP^, but trivially on the disc part of E. If we assume that 
there are no nonconstant J-holomorphic CP^'s in M, then this cannot happen, 
so Aut(E,y,w) = {1} for all [E,y,w], so A^p(M, L, J, /?) for / > 1 has trivial 
stabilizers, and is an effective Kuranishi space. (Note that this does not work 
when ^ = 0, as we need at least one marked point to prevent the disc part of E 
from having automorphisms.) Then we can prove: 

Theorem 6.31. In the situation above, suppose there are no nonconstant J- 
holomorphic CP^'s in M. This happens for instance if there exist no spherical 
f3' G H2{M;Z) with [uj] ■ f3' > 0, or if J is generic and for all spherical G 
H2{M]1) with [oj] ■ P' >0 we have ci(M) ■ /?' < 3 - n, where dimM = 2n. 

Extend Definitions \6.27\ and 16.291 to effective co-gauge-fixing data in the ob- 
vious way. Then we can choose effective co-gauge-fixing data Ci{M, L, J, (3) 
for (Aip(M, L, J, /?), evi X ■ • ■ X ev;) for all I ^ 1 and (3 in H2{M, L; Z) such 
that under (|159p . the restriction Ci{M, L, J, /3)|aA<|"'»(M,L,j,/3) is identified on the 
j,k,j,S ter m wit h Ci^j_y.^^{M,L,J,^) *ev,+i,L,evi Cf^_j^^{M,L,J,5). The 
analogue of (|169[) is 

d(M/(/?)) = (171) 

which holds in KC*^{L^\R) for all I ^ 1 and j3, with R a commutative ring. 

Remark 6.32. In §6.3.1l we sketched a blow-up procedure for turning an almost 
complex Kuranishi space X, (J, K) into an effective almost complex Kuranishi 
space X, (J, K). This was central to our programme for understanding integral- 
ity properties of Gromov-Witten invariants. We compared our idea to a scheme 
of Fukaya and Ono [26] for defining Z-valued Gromov-Witten type invariants. 

Now in [26], Fukaya and Ono also apply the same ideas to indicate how 
one could define Lagrangian Floer cohomology over the integers, for general 
symplectic manifolds. Parallel to this, one should be able to adapt our ideas 
in ii6.3l to define Lagrangian Floer cohomology for general symplectic manifolds 
using effective Kuranishi cochains, which would then work over arbitrary rings 
i?, not just Q-algebras. That is, the Gopakumar-Vafa integrality story for closed 
Gromov-Witten invariants should have an open version, in which Lagrangian 
Floer cohomology works over Z not Q. 

We would start by using the blow-up procedure of H6.3.1l to modify the mod- 
uli spaces 7W™''(M, L, J, (i) to make new, effective spaces M^l^^{M, L, J, (3), sat- 
isfying the analogue of (fT59l) . Replacing >ip(M, L, J, (3) by Mf'iM, L, J, (3), 
we could then prove the analogue of Theorem 16.311 without assuming there are 
no nonconstant J-holomorphic CP^'s in M. 

Now the Aif^'^lM, L, J, /3) do not have almost complex structures, so appar- 
ently we cannot use the blow-up procedure on them. However, as above, all 
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the nontrivial orbifold strata Mf^'iM, L, J,P)^^p come from CP^ bubbles with 
a F-action. These CP^ bubbles come lie in moduli spaces Mo,iiM, J, f3') which 
do have almost complex structures (J, K). From these (J, K) we can construct 
almost complex structures on the virtual normal bundle of A4f^'^{M, L, J, (3)^''' 
in MY^^{AI, L, J, /3), and this is enough to perform the blow up procedure. 

6.6 Lagrangian Floer cohomology for one Lagrangian 

Lagrangian Floer cohomology is defined and studied by Fukaya, Oh, Ohta and 
Ono in the monumental [24], which is nearly 1400 pages long. Much of the 
length and technical complexity of [24] is due to problems caused by perturbing 
moduli spaces M™^-^{M , L , J , (i) to choose virtual moduh chains in singular 
homology, and ensuring these choices of perturbations and virtual chains are 
compatible at the boundaries with choices for other moduli spaces under the 
isomorphism (|159p . 

One difficulty Fukaya et al. face is making their singular chains suitably 
transverse; a singular chain of positive codimension is never transverse to itself, 
so they can never arrange for all the singular chains they consider to be pairwise 
transverse. A second difficulty is that one can in effect make only finitely many 
choices of perturbations and virtual chains compatible at once, so Fukaya et al. 
build their A^o algebras through an algebraic limiting process from a series of 
finite geometric approximations called Ajq i^ algebras. 

If we develop the theory of Lagrangian Floer cohomology using Kuranishi 
cochains instead of singular chains, there is no need to perturb moduli spaces, 
and no problems with transverseness. Instead we choose co-gauge- fixing data, 
which is a much less disruptive thing to do, and there is no problem in making 
infinitely many choices of co-gauge-fixing data for the A45J^j^(M, L, J, /3) com- 
patible at their boundaries, as we have shown in Theorem 16. 281 Because of this, 
the treatment of [24] can be hugely simplified and shortened. 

Manabu Akaho and the author will define Lagrangian Floer cohomology 
using Kuranishi cochains in [4]. Our goal here is only to whet the reader's 
appetite, to show that Kuranishi cochains are an elegant and economical setting 
for Lagrangian Floer cohomology, and so to justify all the effort we have put 
into developing Kuranishi (co)homology, and perhaps persuade the reader that 
it is worth taking the time to learn. So here we will define Lagrangian Floer 
cohomology only for one Lagrangian, not two, and we will work with a fixed 
almost complex structure J on Af, without considering the effect of changing J. 

In defining Lagrangian Floer cohomology, we have to consider sums involving 
infinitely many terms, coming from J-holomorphic discs of larger and larger 
area. To ensure these sums converge, we work over a ring of formal power series 
known as a Novikov ring, as in Fukaya et al. [24, Def. 6.2]. 

Definition 6.33. Let T and e be formal variables, graded of degree and 2, 
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respectively. Define two universal Novikov rings (over Q) by 

Anov = {E,^o fli^^'e"' : tti e Q, Ai G R, in G Z, limj^oo Aj = oo}, 
Anov = {E,^o aiT^'ei'* : G Q, A^ G [0, oo), m G Z, limi^^ A^ = oo}. 

Then A^^^ C Anov arc Q- vector spaces. Define multiplications ' • ' on Anov, A^^^ 
by (E;^o««r^'e^-) • (E,to^jr''^>>) = EZ=o '^^^.T^'^'^^ 6^-+^^ Then Anov, 
Anov commutative Q-algebras with identity 1 = lT°e°. 

Write Anov for either Anov or Anov Define filtrations of Anov by 

^^^A:,, - {ESo e A,;o, : A, > A for alH = 0, 1, . . .}, 

for A G M. These filtrations induce topologies on AJjov, and notions of convergence 
for sequences and series. An infinite sum Efc^o ^'^ Anov converges in Anov if 
and only if for all A G M wc have ak G F^A*-^^^ for all except finitely many k. 

As T, e are graded of degrees 0,2, we can regard Anov, A^ov as graded rings. 
Write Anov, Aniv^ for the degree k parts of Anov, A^^^, for fc G Z. Then 

Aiot^ = { E aiT^-e'' : G Q, A^ G R, lim A^ = oo}, Ag^+^^ = 0. (172) 

We can also consider modules over AJjov Let V = 0fcgz be a graded Q- 
vector space. Then V (g) AJov is a Anov-module, with grading {V Anov)' = 
®j+k=i V^' ® Aniv', and filtration F^(y ® A*„J = V ®F^A*„^ for A G M. Write 
Fig)Anov for the completion of V (S> AJjov with respect to this filtration. Then 
F(g)Anov bas a topology, and an infinite sum Efelo "^k converges in V^A*^^ if 
for all A G M we have Vk G F^iV^A'^^^) for all except finitely many k. 

If L is a manifold KC*{L; A*^^^) = KC*{L; Q) ® A*„^. Write KC*{L; A*^^) 
for the completion KC*{L; Q)(giAnov We consider the grading on KC*{L; AJjov) 
to be the combination of those on KC*{L; Q) and Anov 

Next we define gapped filtered A^o algebras, following Fukayaet al. [24, §7.2]. 

Definition 6.34. A gapped filtered A^c algebra {A<Si A'^g^,xn) consists of: 

(a) A graded Q- vector space A = ^^^^ A"^; 

(b) Graded Anov-multihnear maps rtife : (A(8)Anov) x — "x (A^iAl^^) -^A^A^^^ 
for A; = 0, 1, 2, . . ., of degree +1. Write m = {mk)k^o- 

These must satisfy the following conditions: 

(i) there exists a subset Q C [0, oo) x Z, closed under addition, such that 
efn({0}xZ) {(0,0)} andan([0,C] xZ) is finite for any C > 0, and the 
maps TUfe for A: ^ may be written rrifc — E(a /i)ee ^'^e'^tn^'^, for unique 

Q-multilinear maps m^''' : A x'^—'^x A ^ A graded of degree 1 — 2/U. 

When A: = 0, we take trio G (A (g) A°o^)(i) and m^''' G A^-^**; 

(ii) mo'° = 0, in the notation of (i); and 
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(iii) call a e A (g) A^^v pure if a G (A (g) A^qv)^"'-' \ {0} for some d £ Z, and then 
define the degree of a to be deg a = d. Then we require that for all fc ^ 
and all pure ai, . . . ,ak in A (g) A^^^, we have 

X! (-l)^'=i'^°*^°'mfc,(oi,...,a,_i,mfc2(ai,...,ai+fc,_i), 



fc2>0, fcl+fe2 = fc + l 



Equation (|173p may be rewritten in terms of the m^'^ as follows: for all fc ^ 0, 
all (A, fi) £ G and all pure ai, . . . , in A, we have 

^ (-1)2:;;; dcga,^A,,^, (^^^ ^ ^ ^ ^ a,-i, m^-^^ (a„ . . . , a.+fe2-i), 

i,fci,fc2,Ai,A2,/Ji,M2: ,fe2>0, ^ — n 

fci+fe2=fc+l, Ai+A2 = A, ^i+^2=M "i+fc2 • ■ • ; "fe; — 

A gapped filtered A^c algebra (A(g)A*Q^,m) is called strict if mo = 0. Then 
(iii) imphes that mi o rrii = 0, so (A(g)A*Q^,mi) is a complex of AJj^^-modules, 
and we can form its cohomology i/*(A(g)A*Q^, mi). 

To define Lagrangian Floer cohomology we will need strict gapped filtered 
Aoo algebras. Bounding cochains are a method of modifying gapped filtered Ao^ 
algebras to make them strict, introduced by Fukaya et al. [24, §5.7, §11]. 

Definition 6.35. Let (A®A*Q^,m) be a gapped filtered A^o algebra, and sup- 
pose b G F'^(y4®A*Q^)(°) for some A > 0. Define graded A*Q^-multilinear maps 

m^ : (A®A*,J X™ (A®A,;,J->A®A;,^ for fc = 0, 1, . . ., of degree +1, by 
mj.(oi, . . . ,afe) = > mk+no+ -+nk [b, ■ ■ ■ ,b,ai,b, . . . ,b,a2,b, . . . ,b, 

no.-,n,^0 ...,b,...,b,ak,b,..'.,b). 

This converges as 6 G F^{A(§A*^^^) for A > 0. Write m*" = (m^)fcj.o. We call b a 
bounding cochain for {A ® A°Q^,m) if mp = 0, that is, if 

T.k^,mu{b,...,b) = ^- (175) 

This is the Maurer-Cartan equation^ or Batalin-Vilkovisky master equation. 

It is then easy to prove [24, Prop. 11.10]: 

Lemma 6.36. In Definition \6.35[ (vl^A*^^ , m**) is a gapped filtered A^o algebra, 
which is strict if and only if b is a bounding cochain. 

Thus, if 6 is a bounding cochain then {A^A*^^^^, mj) is a complex, and we may 
form its cohomology H* {A^A'^^^,m\). We will now show that in the situation 
of i j6.4| -i }S751 we can define a gapped filtered Ao^ algebra structure on the shifted 
Kuranishi cochains KC*{L; A'^^^)[l] of L. 

Definition 6.37. Suppose (M, uj) is a compact symplectic manifold, L a com- 
pact, embedded Lagrangian submanifold in M, and J an almost complex struc- 
ture on M compatible with uj. Fix a relative spin structure on {AI,L), so 
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that A4™''(Af, L, J, /?) for I ^ 1 are compact, oriented Kuranishi spaces with 
corners by Theorem 16.211 and "Theorems" 16.231 and 16.251 Note that the rela- 
tive spin structure includes an orientation on L. Choose co-gauge-fixing data 
CiiM,L,J,P) for {Mf^{M,L,J,/3),evi x ••• x ev,) for alU ^ 1 and /3 in 
H2{M, L] Z) by the first part of TheoremE^Hl We do not require Ci{M, L, J, (3) 
to be Z;-invariant, and we do not choose Co{M, L, J, (3). Define 3Jt;(/3) G 
KC{V-;R) for aU / ^ 1 and (3 e H2{M,L;Z) as in Definition [6^ Then 
Corollarv l6.30l shows that equation (|169p holds for alH > 1 and f3. 

Write KC*{L;Q)[1] for the Kuranishi cochains with grading shifted by one, 
that is, {KC*{L; (})[!])'' = KC'^+^mQ), and similarly for A*„^)[l]. 
We will define a gapped filtered algebra (^KC*{L; A*q^)[1], m) on the shifted 
cochains KC*{L; A*^^)[l]= KC*{L;Q)[l]^Al^^. Define gc[0,oo)xZ by 

g = |(A, /x) e [0, oo) X Z : there exist . . . e if2(M,i;Z) with 
M'^^iM, L, J, A) 7^ for i = 1, ... , k, and 
X^[ij]-{Pi + ---+ pk), M = iAiL(/3i + ■ ■ ■ + Pk)}- 

Define m^'^ : KC* {L; Q)[l] x''°^-''x kc*{L; Q)[l] KC*{L;Q)[1] for all 
k ^ and (A, /i) G by 

mr(/i) = (-ird/i, m^^^(A,...,/,) = 

^ (• • • *2,L,1 fl) *3.L.l /2) • • ■ ) *fe+l,L,l /fc), (^lYQ^ 

fe^^2(M,L;Z): (fc. A, ^i) ^ (1, 0, 0). 

Following the definitions through shows that for (fc, A,/i) ^ (1,0,0) on genera- 
tors [Xi,/,,C,] of ifC*(L;Q) this gives 

m^^^([Xi,/i,Ci],...,[Xfe,/„Cfc]) - 

[-^fc+ll^^:^! -^1^) Xev2 x•■■evfc + l,L^/lX■■■x/^ (-'^1 X • • • X -'^fc)i (-IJJ) 

I3£H2(M,L;Z): „ 1 

y./3=A, /.z,(/3)=2^, 07r^»-i(Af,L,J,/3), <-c,(M,L,J,/3),Ci,...,cJ , 

where Cci{m,l,.jjj),Ci,...,c^ is co-gauge-fixing data for {Mf_^i{M, L, J, f3) x^*. 
(Xi X • • - xXk), evi o7r^ma^(Af.L.j,/3)) obtained as a fibre product of the co-gauge- 
fixing data Ci{M, L, J, f3),Ci, . . . , Ck on the k + 1 factors by k applications of 
the product *^ j^jr of Definition 16.271 Suppose [Xi,/j,Ci] has degree in 

KC*{L; Q)[l], so that [X„ f„ C^] G KC"^+^{L] Q), and vdimX^ = n - - 1, 
where n — dimL. Then using p57p we find that the fibre product in p77p has 
dimension 2/i -I- n — 2 — oi — • • • — a^, so (|177p has degree 1 — 2/x -I- oi -I- • • • -I- Ofc 
in KC*{L; Q)[l], and m^''' is graded of degree 1 - 2^. 

Now define :]?d*(L; A*„J[1] x'^"^' x]i^*(L; A*„J[1] ^i^^ 
for fc = 0, 1, 2, . . . by rufc = J2{x ti}eg T^e^m^''^. As the m^''' are graded of degree 
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1 — 2^, nik is graded of degree +1. Using (|169p and (|176p one can show that the 
m^'^ satisfy l|174p . and thus the trifc satisfy (|173p . Write m = {mk)k^Q- Then 
(if C*(L; A*Qy)[l], m) is a gapped filtered A^o algebra. 

Let 6 be a hounding cochain for (iirC*(i; A*Qy)[l], m), and define m'' as in 

Definition iSSl Then : KC*{L;Al^^) ^ ]fC'*(L; A*„^) is graded of degree 
+1 with m\om\ — 0. Define the Lagrangian Floer cohomology HF*{L, b; A*^^) 
to be the cohomology of (iirC*(L; A*^^), mj) . Note that we drop the shift in 
gradings, so that the grading of H F* {L , b; A*^^^) agrees with that of ordinary 
cohomology. We can think of 7Ji^*(L, 6; A*^^) as a 'quantum deformation' of 
Kuranishi cohomology KH*{L; A*^^). 

The important thing is that HF*(L,b; A^^^) is independent of all the ar- 
bitrary choices involved up to canonical isomorphism, including the choice of 
almost complex structure J. (It does depend on the bounding cochain b, so to 
make sense of this we must introduce a notion of equivalence between bound- 
ing cochains b for J, and bounding cochains b' for another almost complex 
structure J'.) Thus, Lagrangian Floer cohomology 6; A*^^) basically 

depends only on (M, lu) and L, as for Gromov-Witten invariants in Theorem 
16.101 Also, the gapped filtered ^oo algebra above is independent of choices up 
to quasi-isomorphism. 

Now compare Definition 16.371 with the construction of gapped filtered Aa^ 
algebras for Lagrangian submanifolds in Fukaya et al. [24, Chapter 3]. Briefly, 
they construct a countably generated subcomplex X of the complex of smooth 
singular chains C^'(L; A*q^) on L with values in A*^^, and multilinear operators 
TTifc : — > X satisfying the Aoo relations (|173p . Roughly speaking, trife is a sum 
over all (3 of intersections with virtual cycles for moduli spaces A^™+i {M, L,J,(3). 

The details of the construction, however, are horrible. For each Kuranishi 
space M'^^iiM, L, J, f3) we must choose a virtual moduH chain, an abstract per- 
turbation, which must be compatible at the boundary dM'^^i{M, L, J, (3) with 
the choices of virtual chains for other A^™'\(M, L, J, 7) under ()159p . Worse, one 
virtual moduli chain for M-'l}^^{M, L, J, P) is not enough, because of transver- 
sality problems: we must choose one for each fc-tuple (Pi, . . . ,Pk) in X''. Worse 
still, it is not actually possible to make all these choices consistently for all fc ^ 
and (Pi, . . . , Pfe), but only for finitely generated X and bounded k. 

Therefore Fukaya et al. construct ^ at, k- algebras Xn,k for increasingly large 
A'^, K , prove homotopy equivalences between them, and finally use an abstract 
algebraic construction to prove existence of the (now non-geometric) Aoo-algebra 
they want. With Kuranishi cohomology we can avoid all this, and^ directly to 
a geometric ^oo-algebra structure on the full Kuranishi cochains KC*{L; A*^.^,). 

If there are no nonconstant J-holomorphic CP^'s in M then we can use 
Theorem l6.31l to define Lagrangian Floer cohomology using effective Kuranishi 
cochains, and the construction then works with Novikov rings over the integers 
Z, or over an arbitrary commutative ring R, rather than just over Q. 

These ideas are also relevant to the construction of the Fukaya category 
Fuk{M,uj) of a general symplectic manifold {M,lu), as in [22,24,67,69]. The 
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derived Fukaya category D^F\ik{M, uj) is an essential part of Kontsevich's Ho- 
mological Mirror Symmetry programme [44], and so is a very important piece 
of mathematics. Roughly speaking, the objects of Fuk(M, w) should be pairs 
(L, b) of a Lagrangian L and a bounding cochain b for L, and the morphisms 
between such pairs in D^Fuk{M, uj) are given by Lagrangian Floer cohomology. 
The author believes that by using Kuranishi cochains as above, it should be 
possible to write down a reasonably clean and simple model for Fuk(M, w). 

6.7 Open Gromov— Witten invariants 

As in H6.21 (closed) Gromov-Witten invariants 'count' J-holomorphic curves 
without boundary in a symplectic manifold {M,lu), and are independent of 
the choice of almost complex structure J. In a similar way, if L is Lagrangian 
submanifold of (M, w) we can attempt to define open Gromov-Witten invariants 
which 'count' J-holomorphic curves in M with boundary in L, and hope to make 
them independent of J. This is a more difficult problem than the closed case, 
since as in §6. H and §6.4l the moduli spaces have no boundary in the closed case, 
but have boundary and corners in the open case. 

Quite a lot of work has already been done on open Gromov-Witten invari- 
ants. In String Theory, it is expected that open Gromov-Witten invariants 
should exist and play a role, and String Theorists can even compute them in ex- 
amples; see for example Ooguri and Vafa [58], Aganagic and Vafa [3], Aganagic, 
Klemm and Vafa [2], and Graber and Zaslow [30], and others. Some mathemat- 
ics papers on open Gromov-Witten invariants are Katz and Liu [42], Liu [51], 
Li and Song [47], Welschinger [76,77], Cho [14,15], Solomon [73], and Pandhari- 
pande, Solomon and Walcher [61]. 

Despite these, there does not yet seem to be a satisfactory definition of open 
Gromov-Witten invariants (by 'satisfactory' I really mean that the invariants 
should be defined using any almost complex structure J on AI compatible with 
07, and give an answer independent of J). It is clear from these references (see 
Aganagic et al. [2, §5], and computations by Cho [15], for example), that just fix- 
ing (M, Lu), L is not enough to get open Gromov-Witten invariants independent 
of J, one needs some extra assumptions or extra data. 

Liu [51] defines open Gromov-Witten invariants for the case in which there 
is a U(l)-action on {M,oj),L, and J is U(l)-invariant. Welschinger [76,77], 
Cho [14] and Solomon [73] define open Gromov-Witten invariants in the case in 
which dimAf is 4 or 6, and L is the fixed point set of an involution a : M —>■ M, 
which is antiholomorphic with respect to J; these invariants are calculated when 
M is the quintic Calabi-Yau 3-fold by Pandharipande et al. [61]. 

We now present a part of the author's solution to the problem of defining 
open Gromov-Witten invariants; the complete picture will be explained in [39]. 
For genus zero open Gromov-Witten invariants, the key idea is this: we need 
to fix some extra data to define open Gromov-Witten invariants independent 
of J, and the right kind of extra data is a choice of bounding cochain b for 
Lagrangian Floer cohomology of L, in the sense of §6.61 The open Gromov- 
Witten invariants will then depend on {L,b), and they will be independent of 
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the choice of J in the same sense that Lagrangian Floer cohomology is. To 
correct for the Mi^^i{M,J,P') terms in (|162[) we need to assume [L] = in 
Hn{M;Q), and choose an {n + l)-chain B in M with dB = L. In [39] we will 
also explain how to define higher-genus open Gromov-Witten invariants under 
stronger assumptions, including requiring L to be a Q-homology sphere. 
Warning: most of the signs below are probably wrong, but I'll fix them in the 
final version. 

We work in the situation of H6.4| -t j6.(3l Let 6 be a bounding cochain for 
(^*(L; A°„^)[l],m). Then b satisfies ([T75t . which by pTS]) means that 

(-l)"d6+ 

J2 rH-/3eM.(/3)/2(. . . (/?) *2,La b) *3X,i &)•••) *fe+i,L,i b) = 0. (178) 

Let inc : L M be the inclusion. Define gauge-fixing data Gl for (L,inc) 
to be Gl = (/l, rj^, Gl), where II has indexing set / = {n}, one Kuranishi 
neighbourhood (L, L, 0, id^), and map inc : L M, and rj = {f^n^Vn) with 
rjn = 1 ^ Vini : i — > -P is the function used in the definition of the 

products * ^ ^ ^ in Definition 16.271 As L is compact, oriented and without 
boundary, we have [L,inc,GL] G iCC„(M;Q) with 9[L, inc, Gl] = 0, so the 
homology class [[L,inc,GL]] is defined in KHniM;q). We have Ilf^{[L]) = 
[[L, inc, Gl]] , where [L] e H^{M;Q) is the homology class of L in M, and 
n^'' ■ Hf;{M;Q) KH„{M;Q) is an isomorphism by Corollary OHl 

Suppose that [L] = in 77"(M;Q). Note that we don't require L to be 
connected, it can be the union of several compact lagrangian submanifolds whose 
homology classes sum to zero. Then [[L, inc, Gi,]] = in KHn{M;Q), so we 
can choose a Kuranishi chain B G KCn+i{M;Q) with dB = [L,inc, Gl]. Let 
/?' G H2{M; Z), and form the cap product 

Cn[MoAM,J,f3'),evi,CoAM,J,P')] € KC^M-Q), 

where Co,i(M, J, /?') is the co-gauge- fixing data for (A4o,i(-^, J, P'), evi) chosen 
in Theorem 16.281 Writing tt : M ^ {0} for the projection, we apply the 
pushforward tt* : XC*(M;Q) ^ ifC*({0};Q) to define 

^*(Cn [A^o,i(M, J,/3'),evi,Co,i(M, J,/3')]) e KC,{{0};Q). (179) 

Now over a single point {0}, strongly smooth f : X ^ {0} coincide with 
strong submersions, and orientations for X coincide with coorientations for 
{X,f), and gauge-fixing data and co-gauge- fixing for {X,f) coincide. Thus 
there is a natural identification KCk{{0}; Q) = KC~''{{0}; Q), which identifies 
d on KC^{{0};Q) with d on KC*{{0};Q). Using this we regard (fTTg]) as an 
element of KC*{{0}; Q). Then using dB = [L, inc, Gl] and comparing the way 
Gl : L P appears in Gl and the product *evi,L,idi, we can show that 

d(7r,(Cn[A^o,i(M, J,/3'),evi,Co,i(M, J,/3')])) = 

evi ,J\/,inc 

L,TT, (180) 

inC*(Go,l(M, J,/3')) *evi,L,id^ [i,idL,GL]] =%(/?') 
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in KC4{0}; Q), by We will use this to cancel the ^oiP') terms in PTDI) . 

Now define an expression OGW{M,L) in KC*{{0}; A^^^) by 



OGW^(M,L)= t["1-V^('3)/2<Hq(/3)+ (181) 

^ rN-/?e'^^(/5)/2^(. . . (9Jt,(/3) , b) *2xa 6) • • ■ ) *i,L,i 

- J2 TH-'3'e-i(A^)-/5'^,(cn [A^o,i(^,-/:/9'),evi,Co,i(M, J, /?')]). 

f3yH2{L-I.): 
7Wo,i(M,J,/3')7^0 

Using (fT69l) . (fTTOl) . (fTTS]) and (fT80| . we compute that d(OGVF(M, L)) = 0. 

Thus we may form [OGW{M,L)] e KH*{{0}; A°^^) = i^i/*({0}; Q)®A5J„^. 

Identifying KH*{{0};Q) ^ 7?*s({0};Q) = Q we have KH*i{OhKov) = 
A^Q^. Computing dimensions shows that OGW{M, L) is graded of degree 3 — n, 

so [OGW{M,L)] G A°,^v""^ When n is even we have A°iv""^ by (HHl), so 
[OGVF(M, L)] = 0. When n is odd, we may write 

[OGW{M, L)] = OGW{M, L, A)r^e(3-«)/2, (182) 

with OGW{M, L, A) e Q. 

We interpret these rational numbers OGW{M, L,X) as open Gromov-Witten 
invariants which 'count' all stable J-holomorphic discs in M with boundary in 
L in classes /3 G H2{M, L;Z) with [lu] ■ f3 = X and — i ~ n. The mean- 

ing of the restriction — 3 — ri is that by (|157p this is the condition 

for vdimA4;f^(M,L, J,^) = 0, and [OGW(M,L)\ 'counts' only moduh spaces 
M^'^{M, L, J, (3) of virtual dimension zero. When n is even all Al™''(Af , L, J, (3) 
have odd virtual dimension, so there are no A^™^(Af, L, J, f3) with virtual di- 
mension zero. Probably the most interesting case is that of a graded Lagrangian 
L in a Calabi-Yau 3- fold {M,oj), when = 3 — n holds automatically. 

We will show in [39] that the OGW{M, L, A) are independent of the almost 
complex structure J, in the same sense that Lagrangian Floer cohomology is. 
They do depend on the choice of bounding cochain b. They depend on the 
chain B with dB = [L, inc, Gl] only through the relative homology class of B in 
Hn+i{M, L; Q). That is, if we replace B hy B' = B + dC for C e KCn+2{M\ Q), 
then the OGW{M, L, A) are unchanged. 

The fact that we can only count discs with fixed area and Maslov index, 
rather than counting discs in a fixed f3 G H2{M, L;Z), is because we are using 
a bounding cochain b defined using a Novikov ring A^^^ which only keeps track 
of the area and Maslov index of curves. As we explain in [39], we can refine 
the invariants if we either work over a refined Novikov ring, or make stronger 
assumptions on the topology of M, L. 
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6.8 Conclusions 



There is a large area of symplectic geometry which uses moduh spaces of J- 
holomorphic curves in a symplectic manifold (M, w) to define some homologi- 
cal structure, and then shows that this structure is independent of the choice 
of almost complex structure J, up to some kind of isomorphism, so that the 
structure basically depends only on (M, lS) . This includes Gromov-Witten in- 
variants and Lagrangian Floer cohomology, as discussed above, and also contact 
homology [20], Symplectic Field Theory [21], Fukaya categories [22,67,69], and 
symplectic cohomology [68]. 

To carry out such a programme, one has to solve four problems: 

(a) Define a geometric structure which is the model structure for the moduli 
spaces of J-holomorphic curves we are interested in - for example, Fukaya- 
Ono Kuranishi spaces. This structure should be powerful enough that 
analogues of differential-geometric ideas for manifolds such as orientations, 
smooth maps, submersions, fibre products work for it. 

(b) Show that the moduli spaces of J-holomorphic curves we wish to study 
carry the structure in (a) , and that natural maps of these moduli spaces are 
'smooth'. Prove identities between these structures, such as the boundary 
formulae ((TCg)) and 

(c) Use this geometric structure to construct virtual cycles or virtual chains 
for the moduli spaces, in some (co)chain complex. Translate relationships 
between moduli spaces into algebraic identities upon their virtual chains. 

(d) Draw some interesting geometrical conclusions — for instance, define 
Gromov-Witten invariants, prove the Arnold Conjecture, and so on. 

In this book we have developed new tools for solving problem (c). Previous 
virtual cycle or chain constructions for solving problem (c) in symplectic ge- 
ometry have been given by Fukaya and Ono [24,25], Li and Tian [49], Liu and 
Tian [52], Lu and Tian [53], McDuff [55], Ruan [65], Siebert [70], and in the 
context of their theory of polyfolds Hofer, Wysocki and Zehnder [37]. All these 
other constructions involve perturbing the moduli space in some way. 

Defining virtual chains and cycles using Kuranishi (co)chains is very simple, 
and it eliminates perturbation of moduli spaces, and problems with transversal- 
ity. Relationships between moduli spaces can often be translated into algebraic 
identities between Kuranishi (co)chains in a very direct way, as we saw in pass- 
ing from "Theorem" l6.26l to Corollarv l6.301 and these identities are likely to hold 
exactly, rather than in some weak homotopy sense owing to errors introduced 
during the virtual cycle construction. 

Also, for moduli spaces without boundary, Kuranishi (co)bordism classes are 
in effect a kind of virtual cycle, and so a new kind of solution to problem (c). 
Kuranishi (co)bordism groups are huge, much larger than the corresponding 
(co)homology groups. This has the disadvantage that they it is probably not 
feasible to compute them, but the advantage that they contain more information 
than (co)homology, and are also useful tools for studying integrality questions. 
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We have based our theory upon Fukaya and Ono's solution to problem (a), 
that is, their notion of Kuranishi spaces, with some modifications of our own. 
For our applications above we have simply assumed the solution to problem (b), 
when in N6.1l and tj6.4l we quoted results of Fukaya et al. [24, 25] on existence of 
Kuranishi structures on the moduli spaces Mg^m{M, J, (3),Mf^'^{M, L, J, 13). 

Both of these might be seen as a weakness. There are other solutions to prob- 
lem (a) in the literature, notably the theory of polyfolds due to Hofer, Wysocki 
and Zehnder [33-37] . If the theory of polyfolds (or some other alternative) be- 
comes widely adopted, then our Kuranishi space framework might come to seem 
obsolete. Also, as discussed in Remark 16.51 it is not clear to the author that the 
proofs of the solution to problem (b) we assume are complete, and rigorous in 
every detail, and some of the proofs are based on weaker definitions of Kuranishi 
space than the one we use. In their polyfold programme, Hofer et al. aim to 
give a fully rigorous treatment of problem (b). 

In fact this is not a weakness, because a polyfold structure can be truncated 
to a Kuranishi structure in a simple way: Hofer [34, p. 2-3] says: 

'The work to build a Kuranishi structure or to build a polyfold struc- 
ture (which is a finer structure) is approximately the same and seems 
to have more or less the same ingredients. The polyfold structure 
captures not only more information but comes with a strikingly eas- 
ier formalism. There is in fact a trivial functor from the polyfold 
Fredholm theory into the Kuranishi structures.' 

Kuranishi structures are probably more-or-less the weakest feasible solution 
to problem (a), because they are built out of finite-dimensional data, that is, 
Kuranishi neighbourhoods {Vp, Ep, Sp,tpp). Other solutions such as polyfolds 
are generally built from infinite-dimensional ingredients, and are much richer 
structures, with more information; one passes to Kuranishi structures by for- 
getting much of this information. Thus, one can use the theory of polyfolds to 
solve problems (a) and (b), and then truncate to Kuranishi structures, and use 
our Kuranishi (co)homology or Kuranishi (co)bordism to solve problems (c) and 
(d). This gives an alternative to the virtual cycles for polyfolds defined by Hofer 
et al. [37], which work by perturbing the polyfold structure using Q- weighted 
multisections in a similar way to Fukaya and Ono [25] . 

A Tent functions 

We will now define and study tent functions, which are the principal tools we 
will use in the proofs of Theorems 14.81 and 14.91 in Appendices [B] and [C] Here is 
the rough idea. For S a set, write ^(5*) for the set of finite, nonempty subsets 
of S. Let X be a compact, oriented n-manifold with g-corners. A tent function 
on X is a function T : X — > F{[1, oo)) which locally near p ^ X may be written 
T{p) = {flip), fk{p)} for smooth functions fi, . . . , fk ■ X ^ [1, oo) called 
the branches of T, such that fi — fj : T ^ R is a submersion near (/,; — /j)^^(O) 



178 



for 1 ^ i < J ^ fc, and more complicated transversality conditions hold when 
several fi are equal in X . 

Then minT : X ^ [1, oo) is a continuous, piecewise smooth function, and 

Zx,T = { (t, p) G [0, oo) X X : t < min T(p) } (183) 

is a compact, oriented (n + l)-manifold with g-corncrs. Also 

dZx,T = -Zax,T\o. n -{0} X X n U,ec (184) 

in oriented n-manifolds with g-corners, where C is a finite indexing set, and 
Xc for c € C are the connected components of the portion of dZx,T meeting 
(0, cxd) X X° . Locally the X^. correspond to branches /c : T ^ [1, oo) of T, and 
Xc = {p G X : /c(p) = minT(p)}. The reason for the name 'tent function' 
is that when we sketch Zx,t in (|183p . it looks like a tent, as in Figure ETT] on 
pageim 

We will also define tent functions on orbifolds, and on ( effective ) Kuranishi 
chains [X, /, G] or [X, f,G]. The Kuranishi chain version of ()184|1 is 

d[Zx,T, f ° T^, Hx.t] = - [ZdX,T\ax^ f\dX ° T^, Hgx^Tlax] ,.a^^ 

-[X,/,G]+Ecec[^c,/c,Gc]. 

This says that [X, /, G] is homologous to X^cecl^'^c, /ci Gc] , modulo terms over 
dX. Much of Appendices 151 and ICl will involve showing that some Kuranishi 
cycle which is a combination of [X, /, G] is homologous to a second Kuranishi 
cycle which is a combination of X^cgcI^c, /ci Gc], and that this second cycle 
has some better property than the first cycle. It is helpful to think of (|184p and 
(jl85[) as meaning that we have cut X into finitely many pieces Xc for c & C. 
In fact we will use tent functions for four different purposes: 

(a) To cut a Kuranishi space X into arbitrarily small pieces Xc for c G C. 
This will be needed in Step 1 of the proof of Theorem l4.9l in Appendix [Cl 

(b) To cut an effective orbifold X into pieces Xc for c G C which are manifolds., 
and more generally, to cut an effective Kuranishi space X into pieces Xc 
for c G C which are Kuranishi spaces with trivial stabilizers. This will be 
needed in Step 1 of the proof of Theorem 14.81 in Appendix [Bl 

(c) To cut a compact n-manifold X with g-corners into pieces Xc for c G C 
which are n-simplices A„. This will be needed in Step 3 of the proof of 
Theorem 14.81 in Appendix [B] to construct a cycle in singular homology. 

(d) To get round the failure of the smooth Extension Principle for manifolds 
with g-corners, Principle I2.8f c). by defining a class of piecewise smooth 
functions on manifolds with g-corners for which the Extension Principle 
holds. This is important in Step 2 of the proof of Theorem l4.8l in Appendix 
IbI when we perturb Kuranishi spaces to get manifolds; in effect we are 
choosing piecewise smooth perturbations with prescribed boundary values, 
and this would not be possible working only with smooth perturbations. 
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These different goals are responsible for the length of this appendix, and also 
for a certain lack of coherence, as we jump between (a)-(d) or mix them up. We 
start by developing our material on compact manifolds in ^^i^ then generalize 
to orbifolds in ijA.21 and finally to Kuranishi chains in ^A.3\ 

A.l Tent functions on compact manifolds 
A. 1.1 The definition of tent functions 

Definition A.l. For S a set, write F{S) for the set of finite, nonempty subsets 
of S. Let X be an n-manifold with g-corners. We call T : X ^ i^([l,oo)) a 
tent function if for each x £ X there exists an open neighbourhood U oi x in 
X, open subsets Ui, . . . ,Un ^ U and smooth functions ti : Ui ^ [l,oo) for 
i = 1, . . . , TV such that T{u) = {ti{u) : i = 1, . . . , TV, u G C/j} for all w e U, 
satisfying the following conditions: 

(a) For every subset {ii, . . . , i;} of {1, . . . , N} with I > 2, the subset 

~ {u € Ui^ n • • • n f/i, : ti^ (u) = ■ ■ ■ — ti^ (it)} is an embedded submanifold 
oi Ui^ n • • • n C X. We require that S'{ij^....i,} should intersect the 
codimension k stratum SkiX) in Definition 12.41 transversely for all fc ^ 0. 
This implies that <S'{ii,...,i,} has boundary or (g-)corners where it intersects 
the boundary or (g-)corners of X, and we require that these should be the 
only boundary or (g-)corners of S'^j^^ ^j. That is, we have d^S^^-^ i^^ = 

{ued>'{u,,r\---nu^,)cd''X:t,,lu) = --- = t,,{u)}. 

(b) In (a), for all u G S^i-^ i,}, as vector subspaces of T*X we have 

{d{t^^-t^^)\u,d{t^:,-tiJ\u, ■ ■ • , d(tj, - J | „ ) { Of G T*X : a |T„S{i^ j =0}. 

More generally, for all fc ^ and u in d'^ S^i-^ i^^, we have 

(d(ti2 - til \d''(Ui^n---nUi^)) \u, ■ ■ ■ , d(ii, — ti^ \^^'{Ui-^n■■■nu^^)) U) — 

(c) For each i — 1, . . . , N, the set {m G Ui : ti{u) — minr(ii)} is closed in U . 

We call the functions ti : Ui [l,oo) branches of T on J7, and the sets 
Ui, . . . ,Un branch domains, li T : X _F([l,oo)) is a tent function, then 
the minimum of T is minT : X —^ [l,oo), the function taking x > minT(a:), 
which is well-defined as T(x) is a finite, nonempty subset of [l,oo). Part (c) 
implies that min T is continuous. 

The point here is that locally the branches of T do not have to be defined on 
all of X, but only on open subsets. Thus, as x moves about in X, the number of 
elements T{x) can change as branches of T pop in and out of existence. However, 
(c) implies that a branch ti of T cannot disappear near x if ti{x) = minT(a;). 
Thus, disappearing branches do not cause minT to become discontinuous, and 
minT near x is locally the minimum of smooth functions ti : X ^ [1, oo) defined 
near x, so minT is continuous, and piecewise-smooth. 
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As (a)-(c) are stable under taking boundaries, ii T : X ^ F([l,oo)) is a 
tent function then T\gx '■ dX — > F([l, oo)) is also a tent function. 

The next proposition shows how we will use tent functions. Definition lA.ll 
was carefully designed just to make Zx,t a manifold with g-corners. Think of 
the proposition this way: we are cutting X into finitely many pieces Xc for 
c G C, which as we will see later can be chosen to be arbitrarily small, to be 
simplices A„, or to have other good properties. The {n + l)-manifold Zx,t is a 
kind of (solid) graph of miuT, and we will use it to define a homology between 
a chain involving X, and a sum over c G C of chains involving X^.- 

Proposition A. 2. Let X be a compact, oriented n-manifold with g-corners, 
and r : X — > -F([l, oo)) a tent function. Then 

Zx,T = { (t, a:) e [0, oo) X X : t ^ min T{x) } (186) 

is a compact, oriented (n + l)-manifold with g-corners, and 

dZx,T = -Zox,T\o,. n -{0} xXJl Ucec (187) 

in oriented n-manifolds with g-corners, where C is a finite indexing set, each 
Xc is connected, and if ttx : [0, oo) xX ^ X is the projection, then vr = t^xIx^ ■ 
Xc —>■ X is an orientation-preserving immersion of Xc as an n-submanifold of 
X for each c G C, which is an embedding on X", with X = [J^^^ 'k{Xc), and 
Tr{X°) n 7t{X°) = for all c^cl m C. 

Proof. Since minT is continuous and X is compact, minT is bounded on X, 
and Zx,T is compact. As X is an oriented n-manifold with g-corners, [0, oo) x X 
is an oriented (n -\- l)-manifold with g-corners. We claim Zx.t is an embedded 
(n + l)-submanifold of [0, oo) x X. It is enough to verify that Zx,t is locally 
modelled on a region with g-corners in R""*"^ near each point {t, x) G Zx,t with 
t — minr(a;), since if {t,x) G Zx,t with t < minr(x) then Zx,t coincides with 
[0, oo) X X near (t, x). 

For such {t,x), let U,Ui, . . . ,Un, fi, ■ ■ ■ , fN be as in Definition lA.U and 
let {ji, ■ ■ ■ ,jk} be the subset of j in {l,...,iV} with x e Uj and tj{x) = 
minT(x). Choose a small open neighbourhood U oi x in U such that U C Uj^ 
for a = 1, . . . ,k, and if i G {1, . . . , N} \ {ji, . . . ,jk} and u & Ui Ci U then 
ti{u) > minT(M). This last part is possible by Definition lA.lf c). as for each 
i e {1, . . . , N} \ {ji, . . . ,jk}, we have to choose U not to intersect a closed set 
in U not containing x. Then tjjj^, . . . , ij^ | : U — > R are well-defined, and 
minT(M) = min{tjj(u), . . . ,tj^{u)] for all u e IJ. 

Now let ([/', 4>') be a chart with g-corners on X with x G 4>'{U') C JJ . Then 
U' is a region with g-corners in R", defined as in Definition 12.11 using some 
W C R" and /{,... , /^,. As in Definitiond^l the smooth maps tj^ocf)' : [/' ^ R 
extend smoothly to some open subset of R" containing U' . Make W' smaller 
if necessary so that tj^ o 0' extends to W for a = 1, . . . ,k, and choose such 
extensions so that Definition I A. iT a) . (b) still hold. 
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Define W C R"+^ hy W ^ (0, cx)) x W and A, . . . , / 



fc+A" 



by 



fait,Xi 



t.j^ O 4>'{xi, . . .,Xn) -t, a = 1, , 



a = /j + 1, 



Then Definitions 12 . If a) . fb) and lA.lT al.fb) for /{,..., and tj^, . . . , tj^ imply 
that W, /i, . . . . fk+N' satisfy Definition l2.ir a).fb'). and the corresponding subset 

il = {(s,xi, . . . ,Xn) ■■ (xi, . . . , Xn) e U' , < s ^ min T o (^'{xi, . . . ,Xn)} 

is a region with g-corners in M"^^. Define 4> ■ U Zx.t by : {s,xi, . . . , x„) i— *■ 
(s, (f>'{xi, . . . , Xn)) ■ Then {U, 4>) is a chart with g-corners on Zx,t with {t, x) in 
</>([/). Compatibihty between such charts {U',(j)') on X imphes compatibihty 
between the corresponding charts (U , (f>) on Zx^t- Therefore Zx.t is a compact, 
oriented (n + \)-manifold with g-corners. 

In (|220p . the first two terms —Zqx.t\sx ^~{^} x X on the right hand side are 
the portion of dZx.T coming from the boundary of [0, oo) x X , and their signs 
come from ^([O, oo) x = —[0, oo) x dX 11 —{0} x X. Apart from these two 
terms, dZx,T also has other contributions from points (i,a;) with t = minT(a;). 
As dZx,T is a compact manifold, these other contributions have only finitely 
many connected components. Define these connected components to be Xc for 
c in C , some finite indexing set. Then (|187p holds, by definition. If (i, a;), . . . are 
as above with U° connected and {{t, x),B) G Xc for some c G C then the local 
boundary component B is of the form {(i, u) G Zx.t u U° , t — 0j„(w)} for 
some a = 1, . . . , k, and then | {t, u) G Zx.t '■ u (z tj , t = (f)j^ (m)} is a local model 
for Xc- The remaining claims about the Xc follow. □ 



The reason for the name tent function is that when we sketch Zx,t in l|186p . 
it looks rather like a tent. We illustrate this in Figure IAtI 



(a)X 




X 




(c) Zx 



(b) subdivision of X into ti{Xc 





Figure A.l: Example of a tent function used to subdivide a polygon 



A. 1.2 Cutting a compact manifold into arbitrarily small pieces 

Here is our first method for constructing tent functions. 
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Definition A. 3. Let X be a compact n-manifold with g-corners. Let g be a 
Ricmannian metric on X, and choose e > with 2e < 5{g), where S{g) is the 
injectivity radius of g. Write d{ , ) for the metric on X determined by g. For 
p £ X and r > write Br{p) for the open ball of radius r about p, that is, 
Br{p) ^ {x e X : d{x,p) < r}. Then using geodesic normal coordinates on X 
near p, we see that for any p X , the map X —> [0, oo) given by a; >— > d{p, x)^ is 
continuous, and smooth wherever d(p,x) < 5(g). Hence x i-^ d{p,x)'^ is smooth 
on B2e{p), as 2e < S{g). 

The open sets B^{p) for p ^ X cover X, so as X is compact we can choose a 
finite subset {pi, . . . ,pn} of X with X = IJ^^ B^(pc)- Choose pi, . . . ,pN to be 
generic amongst all such A^-tuples p'l, ■ ■ ■ ,p'n', this can be done by first choosing 
any p'l, . . . ,p'j^ with X — [j^^i B^{p'^), and then taking pc & X to be generic 
with d{pc,p'J < e. Define T : X -> F([l,oo)) by 

T{x)^ {l + d{pc,xy ■.c=l,...,N, dip,,x)<2€}. (188) 



Proposition A. 4. In Definition \A.3l T is a tent function on X. In (|187p . we 

can take the indexing set C to 6e {1, . . . , with pc G 7r(X°) C 7r(Xc) C B^{pc) 
for c — 1, . . . , N . We can choose T so that the pieces Xc are 'arbitrarily small', 
in the sense that if {Vi : i G 1} is any open cover for X then we can choose T 
so that for all c = 1, . . . , TV there exists i G I with tt{Xc) Q Vi. 

Proof. Since X — U^i-^cl-Pc), it x E X there exists at least one c with 
d{pc,x) < 2e, and then 1 + d{pc,x)'^ S T{x). So T{x) is nonempty, and T 
does map X F{[t, oo)) . In Definition I A. li for any x G X we can take U — X 
and Uc — B2e{Pc) and define tc '■ Uc —>■ [1, oo) by tc{u) = 1 + d{pc, uf' . Then Uc 
is open in [/, tc is smooth, and T{u) — {ti{u) : i = 1, . . . , N, u G Ui^ . 

Definition I A. 1 T a) . (b) hold because pi, . ■ . ,pn are generic, and we also have 
the extra property that dim S'{ii....,i,} — n — l + l for all {ii, . . . , i/} C {1, . . . , N} 
with ^ ^ 2, so that d{ti.^ — t^^), . . . ,d(ii, — tt-^) are linearly independent along 

S^i-^ ij. To see this, note that S'{ii,...,i,} = {x G X : d{pi-^,x) = d{pi^,x) = 

■■■ = d{pii,x) < 2e}, and as pi-^,...,pi^ are generic, the / — 1 equations 
, x) = d{pi2 ,x) = --- — d{pii , x) are transverse. 

For i = 1,...,A, we have {u G Ui : ti{u) = minT(w)} — {^u G B2c{Pi) ■ 
d{pi,u) — min{d{pc,u) : c — 1,...,A}}. Since X = U^i^e(Pc), we have 
inm{d{pc,u) : c — 1,...,A} < e, so {u G Ui : ti{u) = minT(w)} C B^{pi). 
Thus {u G Ui : ti{u) — minr(u)} is a closed subset of Ui = B2e{Pi), and is 
contained in Be{pi). Since B^{pi) is closed in both Ui and A, it follows that 

G Ui : ti{u) — minT(u)} is closed in A, and Definition IATT c) holds. Thus 
T is a tent function. 

For the second part, it is easy to see that the remaining boundary compo- 
nents Ucec in (|187p may be written 

lJfLl{(l+rf(Pc,^t)^'«) -.ugX, d{pc,u) = inm{d{pa,u) : a = l, . . . , A}}, (189) 
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omitting local boundary components B. Now each u in the set {u £ X : 
d{pc,u) = miii{d{pa,u) : a — 1, . . . ,-/V}} is joined to Pc by a unique geodesic 
segment of length d{pc, u) which also lies in the set. Hence the c term in (|189[) is 
nonempty and connected. But by definition the connected components of p89p 
are Xc for c G C. Therefore we can take C = {!,..., TV}, and X^ to be the c 
term in (|189p . This gives Pc £ 7''(X°) C Tr{Xc) C Bf{pc), since mm{d{pa,u) : 
a = 1, . . . , iV} < e for all u e X. 

Given an open cover {Vi : i € /} for X, we fix g in Definition lA. 31 and choose 
e sufficiently small that for all x e X there exists i G / with Be{x) C Vi, which 
is possible by compactness of X. The final part of the proposition then follows 
from Tr(Xc) C Be{pc) in the second part. □ 

A. 1.3 Cutting a compact manifold into simplices 

In Definition lA.3[ regard X and g as fixed, and choose e > very small compared 
to all the natural length-scales of {X,g). That is, choose e with e <^ <^(ff), and 
e < Siglsux)) for < /c < n, and \\R{g)\\co < e'^, and \\Rig\s,{x))\\co < e"^ 
for < fc < rt, where S{g) is the injectivity radius and R{g) the Riemann 
curvature of g, and the second fundamental form of Sk{X) in X is <^ e"'^ for 
< fc < n. Then using geodesic normal coordinates, we see that balls B2i{x) of 
radius 2e in the interior of (X, g) are approximately isometric to balls of radius 
2e in with its Euclidean metric, and balls of radius 2e close to the boundary 
are approximately isometric to balls of radius 2e in a polyhedral cone in M" with 
its Euclidean metric, since as in Remark I2.3r c).fd'). manifolds with g-corners 
are approximately locally modelled on polyhedral cones in R" . 

Therefore geodesic normal coordinates at pc approximately identify 'k{Xc) C 
X with a subset of R", or a polyhedral cone in R", defined by inequalities 
dF,\i(Pc, u) ^ dEu(Pa, u) for all a = 1, . . . , A^, for some distinct points pi, . . . ,pAr 
in R", where Jeu is the Euclidean metric on R". Such inequalities define a 
convex polyhedron in R", which is compact as Xc is compact. So we deduce: 

Lemma A. 5. In Definition \A.3\ if e is small compared to the natural length- 
scales of {X,g), then geodesic normal coordinates at pc in X approximately 
identify t:{Xc) C X with a compact convex polyhedron in Tp^X = R". 

Note that Remark l2.3r e) implies that tt{Xc) need not be diffeomorphic with 
a convex polyhedron in R", so our notion of 'approximately identifies' does not 
imply diffeomorphism, just that the defining equations of it{Xc) can be slightly 
perturbed, without changing the discrete structure of n{Xc) as a manifold with 
g-corners, to give a compact convex polyhedron. 

There is a standard way of dividing a compact convex polyhedron in R" into 
n-simplices A„, called barycentric subdivision, as in Bredon [10, §IV.17]. 

Definition A. 6. Let K he a. compact convex polyhedron in R". For each k- 
dimensional face F oi K for k = 0, . . . , n, define the barycentre bp of F to be 
the point in the interior of F whose position vector is the average of the position 
vectors of the vertices of F. Let F = Fq C Fi C ■ ■ ■ C Fn = K he a. chain 
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of faces of K with dim Fj — j for j = 0, . . . , rt; we call F a flag for K. Write 
Po, . . . ,Pn for the vertices of A„, where pj = {6jo, Sji, . . . , Sjn)- 

Let ap : A„ R" be the unique afBne map with apiPj) = bp for j = 
0, . . . , n. Then K is the union of api^n) over all flags F for K , and api^n) ^ 
(Ti;"(A° ) = for F 7^ i^'. This division of K into n-simplices crF(A„) is called 
the barycentric subdivision of i^. It is compatible with boundaries in two ways: 

(i) Suppose F = i^o C i^i C • ■ • C F„ = and F' = C C • ■ • C F;; = 
K are two flags for K, and Fj = F- for j G {jo, ji, ■ ■ ■ iji} ^ {0, • ■ ■ , k}, 
with Jo < ji < • ■ ■ < ■ Let Aj* C A„ be the Z-diniensional face A; of A„ 
with vertices pj„ , . . . , pj, . Then <7p\^j = crpi . 

(ii) The barycentric subdivision of K restricts on dK to the disjoint union of 
the barycentric subdivisions of each boundary face of K . 

We can construct the barycentric subdivision of K using a tent function. 
Choose constants = cq < ci ^ C2 ^ • • • ^ c„. For each flag F = Fo C Fi C 
■ ■ ■ C Fn = K for K, define Ap : R" — > M to be the unique affine function with 
Apibp^) = Cj for j = 0, . . . , n. Then define T : K ^ F([l, oo)) by 

T{x) = {2 + 5Ap{x) : F is a flag for if}, 

where (5 > is sufficiently small that 6Ap ^ —1 on X for all F. One can show 
that if the ratios C2/C1, . . . , c„/c„_i are large enough then T is a tent function, 
where in Definition lA.ll we take U = Ui = . . . = Un = K and tj^2 + SAp. , 
where Fi, . . . , Fn are the possible flags for K, and 

ap{An) ^ {x eK : Ap{x) ^ Ap'{x) for all flags F' for K}, 

so in ()187p . the pieces Tr{Xc) for all c G C are ap{An) for all flags F for K. 

We can combine the ideas of the last four definitions and results to construct 
a tent function T for X such that each Xc for c G C is a simplex A„. That is, 
we use a tent function to construct a triangulation of X by n-simplices, in the 
sense of Bredon [10, p. 246]. This will enable us to show that chains defined 
using compact manifolds X with g-corners are homologous to chains defined 
using simplices A„, that is, to chains in singular homology. 

Theorem A. 7. Let X be a compact n-manifold with g-corners. Then we can 
construct a tent function T : X F([1,cxd)) such that the components Xc, 
c G C of dZx,T in (|187[) are all diffeomorphic to the n-simplex A„, with diffeo- 
morphisms CTc ■ A„ — > Xc for c € C. Thus 

d'Zx.T 3 Ucec dXc - U.^c '^clSA,,) = U^^^ UJ^^ a, o F," (A„_i). (190) 

Definition \2.7\ gives a free, orientation-reversing involution a : d^Zx.T 
d^Zx,T- We can choose the Oc to have the following boundary compatibility: 
suppose that a exchanges two {n~l)-simplices ac°Fj'{/S.n^i) and (Tc'oFJ!'(A„_i) 
in pro . Then j ^ j' , c c' and aocTcO F^ = ctc' o F^ : A„_i d'^Zx,T- 
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Proof. We first sketch the construction, and then fill in some details. As in 
Lemma IA.51 use Definition IA.3I with e small compared to the length-scales of 
{X,g) to construct a tent function we will write a,s T : X f ([l,oo)), using 
points pi,...,p7v, and functions ti : B2e{pi) [l,oo) given by ti{u) = 1 + 
d{pi, u)^, for i = 1, . . . ,N. Use the notation Xi for i = 1, . . . , iV for the X^ 
in (|187p for Z^f, where pi G TT{Xi). Then as in Lemma |A.5[ using geodesic 
normal coordinates at pi, n{Xi) approximates a compact convex polyhedron Ki 
in Tp^X ^ R" for i = 1,. ..,7V. 

Define C = {{i,F) : i = l,...,N, F is a flag for K^}. We shall first 
choose embeddings CT(i.F) ■ Xi for all (i, F) ^ C such that for each i = 

1, . . . ,N, the <J{i.F) for all faces F of Ki form a triangulation of Xi, where CT(i,F) 
approximates ap in Definition IA.6I for Ki under the approximation Ki = Xi in 
geodesic normal coordinates. These c^i^i p) will satisfy boundary compatibilities 
analogous to Definition lA.Gf i) . (u) . 

Choose constants = cq < ci ^ C2 ^ • • • c^,, such that the ratios 
C2/C1, . . . ,c„/c„_i are large enough for the tent function construction in Def- 
inition |X]6] to work for Ki for all i = 1,...,N. Choose smooth functions 
^{i,F) ■ B2e{pi) ^ K for all (j, F) g C, such that ^(i,F) ° tt o a(^i^F) : An M 
is the unique affine function with o tt o <^{i,F){Pj) = cj for j = 0, . . . , N, 

where tt : rp X is the projection so that tt o ai p ■ A„ — > B2t{pi) C X , and 
using geodesic normal coordinates to identify B2e{pi) with the ball of radius 2e 
in Tp.X, ^(i.F) approximates an affine function on the whole of B2t{pi). 

Choose (5 > sufficiently small that SA^i p) ^ — 1 and |(5j4(j F)| on 
B2e{Pi) for ah (i, F) e C. Generalizing define T : X -> 00)) by 

T{x) = {2 + d{p,.xf + 5A^,^py.{i,F)(^C, d{p,,x) <2e]. (191) 

Then similar proofs to Proposition lA.2l and Definition I A. 61 show that T is a tent 
function, and the components Xc for c G C of Zx,t in (|187p can be written with 
the indexing set C above such that 7r(X(i f)) = tt o (T(i.F)(An), so that i5'(i,F) 
lifts to a unique diffeomorphism (^(i.p) ■ A„ — > ATj^ f) with 7ro(T(i^F) = ''i'°o'(j,F)- 
In carrying out this programme, two points need special care: 

• Because of the local variation of polyhedral cone models along codimension 
I strata of manifolds with g-corners for I ^ 3 discussed in Remark I2.3r e) , 
we cannot assume that Xi is diffeomorphic to Ki for i — 1, . . . ,N. 

• The Xi for i = 1,...,N are in general manifolds with g-corners, not 
corners, and the smooth Extension Principle, Principle I2.8f c). fails for 
manifolds with g-corners. So in the proof we must avoid choosing data 
such as ^(i.F) on dXi and trying to extend it smoothly over Xi. 

We now explain how to choose the embeddings f) • A„ — > Xi for all 
{i,F) € C. For the o'(i,F) to lift to cr^i^p) satisfying the boundary compatibility 
a o ac o Fj'- = Gc' o F^ : A„_i d'^Zx.r in the theorem, the ^{i^p} must 
satisfy boundary compatibilities on 9A„, and these in turn imply compatibilities 
between the f7{i^p) on d^^An for to = 1, 2, . . . , n. In order to satisfy all these 
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compatibilities, we must choose the d'(^i^F)\dm^^ by induction on decreasing m = 
n,n — 1, ... ,1,0. Similar proofs where we choose data on d'^Xa by induction 
on decreasing codimension m will appear in ii|B.H -i )B.3l and HCl\ 

We introduce some notation. For to = 0, . . . , n, let 5'™ be the set of (n — m)- 
dimensional faces of A„. Each A in 5™ is a simplex A„_m, the convex hull of 
its n — m + 1 vertices, which are a subset of the vertices po, ... ,pn of A„ , and any 
n — TO + 1 out of Po, . . . ,pn determine some A in S*^. Hence jS*™] = (^r^^^)- 
Note that it is not true that i9™A„ — U^gg™ A, but instead, each A in 
appears to! times in 9™A„, indexed by a choice of order of the m codimension 
1 faces of A„ that meet at A. Wc shall describe the compatibilities between the 
^{i,F)\A for all {i,F) e C, A e 5™ using an equivalence relation on C x 5™. 

Let {i, F, A) G C X 5'™. The flag F for Ki determines a simplex ctf : A„ — > 
Ki in the barycentric subdivision of Ki in Definition IA.6[ so ap (A) is one of 
the (n — TO)-dimensional simplices in the associated triangulation of Ki. The 
interior aF{^°) is a subset of the codimension k stratum Sk{Ki) for some unique 
fc = 0, . . . , to; in fact n~ k = max{j : pj is a vertex of A}, so k is determined by 
A. Let K^ ' be the unique {n — fc)-dimensional face of Ki containing (7f{A). 
Then K^ '"^ is an (n — fc)-dimensional compact convex polyhedron in an afflne 
subspace of Tp.X isomorphic to M"^'^, and the barycentric subdivision of Ki 
restricts to the barycentric subdivision of Kf''^, with crir(A) one of the simplices 
of the barycentric subdivision of K- ' . 

Now Xi approximates Ki, and this approximation identifies the face struc- 
ture of Xi and Ki as manifolds with g-corners, the connected components of 
Sk{Xi) and Sk{Ki), and so on. As {Kf'^)° is a connected component of Sk{Ki), 
there is a unique corresponding connected component of Sk{Xi). Let Xf''^ be 
its closure. Then Xf'"^ C Xi is an (n — fc)-dimensional face of X^, which approx- 
imates the convex polyhedron K^ ' . As Xi C dZ^f, the natural immersion 
t : dZ-^f — > Z^f restricts to l : Xi ^ ^xt' ^^'^ so to l : X^ ' ^xf- 
Then is a connected component of Sk+i{Z^ f), and L{xf'^) is an 

(n — fc)-dimensional face of Z^ f. 

Let {i,F), ii' ,F') lie in C. We use the same A and k for both. Then we 
get {n — fc)-dimensional faces i{xf'^), l{X^ of Z^f. Suppose i{xf'^) = 
t{X^ ''^). As L{xf''^), i{X^ are approximately identified with convex poly- 
hedra Kf'^,Kfi , there is an approximate identification between Kf'^ and 

F' ^ F ^ F' ^ 

K^, ' , which identifies the faces of K^ ' with the faces of K^, ' , and the sim- 
plices of their barycentric subdivisions. Now crir(A) and ap'{l^) are (n — to)- 
simplices in the barycentric subdivisions of K^'^ and Kfi . 

Define a binary relation ~ on C x S*™ by {i, F, A) - {i' , F' , A) if i{xf'^) = 
i{X^i '^'), and (Tir(A) and air' (A) correspond under the identification of sim- 
plices of the barycentric subdivisions of Kf'^ and K^, . Define {i,F,A) 7^ 
{i',F',A') if A ^ A'. It is easy to see that ~ is an equivalence relation on 
C X 5^. Note that we allow i = i' but F ^ F', and then crir(A„), ap'iAn) are 
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two n-simplices in the barycentric subdivision of Ki which share an (n — m)- 
dimensional face CTir(A) = ap'{A). 

By reverse induction on to = n, n — 1, . . . , 0, we will choose maps (J(i^F,A) '■ 
A Xf'^ C X, for aU (i, F) e C and A £ 5™ satisfying the conditions: 

(i) Under the approximate identification of Xi and K^, ^{i,F.A) approximates 

(ii) If A S 5,™ for rn < n then there is a natural identification dA = A*' 11 
• • • n A"^", where A°, . . . , A""™ G Under this identification we 
require that cr(i ir.A)|AJ = o'(i.f,Aj) for all (i, F) £ C and j = 0, . . . ,n — m, 
where (J{i.F,Ai) 'was chosen in the previous inductive step. 

(iii) If (i,F),(i',F') e C and A e S*™ with (i,F,A) ~ (i',F',A) then io 

^(i,FA) = °^(i',F'A) ■ A — > •Z'^ f • 

The idea here is that ir^j = o'(i,F)|A- Then (i),(ii) are obvious, and (iii) is 
the boundary compatibilities that the i5'(i,F) rnust satisfy over 9™A. For the 
initial step m = n, each A in 5'^ is a point, one of the vertices pq, . . . ,pn of 

~ F A ~ 

A„, and X^ ' is a point, one of the vertices of Xi. So the maps (T(i^F,A) are 
uniquely determined. Parts (i),(iii) are immediate, and (ii) is vacuous. 

For the inductive step, suppose we have chosen i7(i^F.A) satisfying (i)-(iii) 
for all {i, F) e C and A G S'™ for m = n, n - 1, . . . , A: + 1, where < fc < n. 
We shall choose a'(i,F,A) satisfying (i)-(ui) for all {i,F) e C and A e S^^. Part 
(ii) determines o'(i,F,A)laA uniquely. Part (ii) for m = fc + 1 implies that these 
values for ^{i^F. A)\dA, when restricted to 9^ A, are invariant under the natural 
involution <t : d^A ^ d^A from i j2.1l Since A is a manifold with corners (not 
g-corners), the Extension Principle, Principle I2.8r c) holds, and it is possible 
to smoothly extend the prescribed values for (y(i.F,A) on dA smoothly to A, 
at least near dA. As in (i) we know approximately what CT(i.F,A) should be, 
and (i) when m = fc + 1 implies that the prescribed values for o'(i^F,A)|9A are 
approximately right. 

Thus there are no global topological problems in extending o'(i^F,A) from its 
prescribed boundary values to a global embedding satisfying (i),(ii), and for any 
given (i, F, A) in C x we can choose ^(^i F^A) satisfying (i),(ii). To make our 
choices satisfy (iii), we choose i5'(i^F,A) a-s above for one representative in each 
equivalence class of ~ in C x S*^, and this choice and (iii) determine o'(i',F',A) 
uniquely for aU {i' , F' , A) in C x 5,^ with {i' , F' , A) ~ {i, F, A). These choices 
then satisfy (i)-(iu) for all {i,F,A) in C x 5^, completing the inductive step. 
When TO = we have 5" ~ {A„}. Define cmbeddings i5'(i^F) — ^{i,F,A„) '■ A„ 
Xi for all (i,F) e C. 

Most of the rest of the proof follows the sketch above with few complications. 
Our choice oiui^i F) determines ^(i,F) on the simplex vr o (7(j^-,(A„) in B2c{Pi)- 
Our definition of smooth maps between subsets of K" in Definition 12.21 implies 
that A^i.F) extends smoothly to an open neighbourhood of tt o a[i_F){An) in 
B2t{pi), so there is no problem in extending ^(i,F) from its prescribed values on 
T^°^(i,F){An) to i?2e(pi)j ^ud in getting an approximately affine function. Then 
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provided cq, . . . , c„ and S are chosen as above, we get a tent function T with the 
properties in the theorem, and unique difFcomorphisms ""(i^ir) : A„ -^{i.F) 

with TT O (T(i^ir) = TT o d(j^ py 

For the final part, writing c = (i,-F) and c' = {i',F'), suppose that a 
exchanges two (n — l)-siniphces cr(i p-) o F"(A„_i) and crj-^/ o i^j}(A„_i) in 
(|190p . Applying 6 : d'^Zx,T Zx,t gives i o tT(j o FJ'(A„_i) = l o cr^i'^p') o 
Fp (An-i). Applying tt : Zx,t ^ X gives tt o (jf^i^p) o ^J-(A„_i) = tt o (T(j',f') o 
-FJ}(A„_i), since tt o t = tt. But tt o (T(i^ir) = tt o cr(i_ir) and tt o a(^ii^F') = 
TT o a(^ii^p>), so TT o (T(i.ir) o i^"(A„_i) = TT o dfii p') o i^JJ(A„_i). This then lifts 

to L O ^p) O Fp{An-l) = t O CT(i',F') ° (A„_i). 

Now ^]^(A„_i),FjJ(A„„i) lie in 5^, so a(i^ir) = o-(i^i;-^A„) and (ii) above for 
m = give a-(i_j')|i;.j.(A„_i) = o-(j,f,F"(a„_i)), and similarly o-(j,_f')If';(A„„i) = 
o'(i',F',_Fj;(A„_i))- Therefore toCT(i_F,F;-(A„_i))(^"(A„-i)) = toCT(i',F',F'5 (A„_i)) 
(-FJ}(A„_i)) , as in part (iii) above. This implies that j — j', since the image 
of i o a(i_F,A) ill J, determines A uniquely; this is why we put {i, F, A) 
(i',F',A') 'if A 7^ A'. 

By considering the faces of Ki, Kii corresponding to 5'(i,F) ° -Fj*(A„-i) and 
o'(i'.F') ° Ppi^n-i), we see from the definition of ^ that (i, F, F"(A„_i)) ^ 
(i', F', F"(A„_i)), and so (in) above with m = 1 gives t o a'(i,F,F"(A„_i)) = 
(- o o-(j/,f',f;'(a„_i)), yielding t o (5-(,, f) o -F" = t o o-(j/^f') o -F""- Applying tt gives 

7irO(T(j_F) = 7rOCT(j/ F') as TTOt = TT, so TTOfJ^j F) O^j" = 71'°f(i'.F') 

Since a exchanges cr(i f) o ^J'(A„_i) and <T(i'_F') ° ^/(An_i), and vr o cr = tt, 
this hfts to cr o cr(i^F) ° Fj^ = <^(i',F') ° Fj" , as we have to prove. □ 

A. 1.4 Tent functions and piecewise smooth extensions 

As in H2.1[ the smooth Extension Principle, Principle 12. Sf c). fails for manifolds 
with g-corners. We will now introduce a notion of piecewise- smooth function 
associated to a tent function, and show that the Extension Principle does hold 
for such piecewise smooth functions. 

Definition A. 8. Let A" be a compact manifold with g-corners, T a tent function 
on X, and tt : Xc ^ A for c G C be as in Proposition lA.2l A function / : A ^ K. 
is called piecewise smooth subordinate to T if f is continuous and f\Tr(^Xa) is 
smooth for each c G C, that is, / o tt : Xc — > M is smooth for each c G C. 

Similarly, if F — > A is a vector bundle then a section s of F is called piecewise 
smooth subordinate to T if s is continuous with s|jr(Xc) smooth for each cGC. 

We shall define a tent function T on A for which a piecewise version of the 
Extension Principle holds. 

Definition A. 9. Let A be a compact n-manifold with g-corncrs. Choose a 
smooth vector field w on A such that v is nonzero and inward pointing at every 
point of dX. That is, we require that whenever {p, B) G dX and {xi, . . . ,a;„) 
are coordinates on X near p such that xi ^ on A and = on B, then 
dxi{v\p) > 0. Then for all t ^ 0, the exponential map exp{tv) : A ^ A is a 
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well-defined smooth embedding, which is the identity for t — 0, and maps X to 
a subset of X° for t > 0. Essentially, the flow exp{tv) for t ^ shrinks X away 
from its boundary. 

Write Xi — exp{v)X and X2 = exp(2v)X. Then Xi,X2 are embedded 
submanifolds of X°, and exp(w) : X ^ Xi, exp(2w) : X X2 are diffeomor- 
phisms. The inclusion l : 8X2 X is an immersion. We wish to extend 8X2 to 
a (n — l)-manifold Y without boundary, not necessarily compact, with 8X2 C Y 
an embedded (n — l)-submanifold, and extend l : 8X2 ^ X to an immersion 
i -.Y ^ X with the properties: 

(i) i{Y\8X2)^X^\X2. 

(ii) V is transverse to i{Y) at every point of Y . 

(iii) there exists M ^ 1 such that for each x ^ X there are at most M points 
(t, y) e [0, 2] X y with exp(to)x = 

(iv) Si = {{yi,...,yi) G : = is a disjoint union of 
embedded submanifolds of y', for each 1^1. 

(v) In (iv), the map ii : Si X, ii : (yi, . . . ,yi) i—>- i(yi) is an immersion, and 
'^'ii{T{y,,...,yi)Si) = C\^=lMTv^Y) in T,(^yi)X for all {yi, ...,yi)e Si. 

The basic idea is that we are adding a small 'collar' to 8X2 near 8^X2- If 
8^X2 = then we can think of Y as 8X2 H (0,e) x 8^X2 for e > small. If 
we choose any F, l extending 8X2, i. then l{Y \ 8X2) C Xi\ X2 near 8^X2, so 
making Y smaller if necessary (i) holds. Since v is exp(2u)-invariant and v is 
nonzero and inward-pointing at each point of 9X, it follows that v is transverse 
to l{8X2) at every point of 8X2- This is an open condition, so for any Y, t 
extending 8X2, t, v is transverse to i{Y) on an open neighbourhood of 8X2 in 
Y. Thus making Y smaller if necessary, (ii) holds. 

For (iii), using (ii) we find that the set of {t, y) G [0, 2] x F with exp(tw)x = 
i{y) is discrete, that is, it has no limit points. So if Z is any compact subset 
of Y, then there are only finitely many {t, z) G [0, 2] x Z with exp{tv)x = i.{z). 
The number of such (<, z) is an upper-semi-continuous function of x G X, and 
so bounded by M ^ 1 as X is compact. Thus, given any Y,l satisfying (ii), 
replacing Y by an open neighbourhood Y' of 8X2 in Y with Z — Y' compact in 
Y, there exists M ^ 1 with at most M pairs {t, y) G [0, 2] x Y' with exp{tv)x = 
i(y) for any x d X . So making F smaller if necessary, (iii) holds. 

To arrange for (iv) and (v) to hold, let x G 1(8X2) C X, and choose a chart 
(U, (p) for X near x, so that U C M" is open and (f) : U X is a diffeomorphism 
with its image, with x G 4>{U). As X2 is an embedded submanifold of X, 
0~^(X2) is a region with g- corners in R". Thus there exist smooth /i, . . . , /^r : 
;7 ^ R satisfying Definition[2U;a),(b), such that (/("^(Xz) = {u G f/ : /^(-u) > 0, 
i — 1, . . . , N^. Choosing such /i, . . . , /jv with N least, and making U smaller if 
necessary, we see that 8X2 is locally modelled on {(m, z) : u G C/, i = 1, . . . , A^, 
f^(u) = 0, fj{u) > 0, j = l,...,iV} over (t>{U). We choose F to be locally 
modelled on {(u, i) : u G i = 1, . . . , A^, /i(M) = 0} over <p{U). Then Definition 
I2.1f a).(b) for /i, . . . , /jv imply (iv),(v) above. Hence we can choose F, t satisfying 
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(i)-(v) near any point of ^(9X2). Patching together such local choices, we can 
define Y, l globally. Now define T : X ^ F{[1, 00)) by 

T(a;) = {2} U {3 -t : t e (0,2], exp(iu).x G i(r)}. (192) 



Proposition A. 10. In Definition IA.9[ T is a tent function on X. Further- 
more, if TT : Xc X and C are as in Proposition IA.2I for T, then there is 
a unique diffeomorphism <& : Xi 11 [0, 1] x dX — > Ucec such that tt o $ : 
Xi n [0; 1] X dX X maps x x for x E Xi and (t, {x, _B)) 1-^ exp{tv)x for 
(t, {x, -B)) G [0, 1] X dX . If X is oriented then (f> is orientation-preserving on Xi 
and orientation-reversing on [0, 1] x dX, so we can regard $ as an orientation- 
preserving diffeomorphism $ : Xi]l—[0,l]xdX ^Ylc£C -^<^' -^^^^ minr|gx = l- 



Proof Define Z = {{x,t,y) G X x (0, 3) x F : exp{tv)x = t(y)}. Regarding 
Z as & fibre product (A x (0,3)) Xx Y and noting that {x^t) 1— > exp(tu)a; is a 
submersion X x (0, 3) X, we see that Z is an ri-manifold. Using Definition 
IA.9f ii) and the fact that (0, 3) x y has no boundary, we can show that the 
projection ttx ■ Z — > X, ttx '■ {x,t,y) i-^ x is a local diffeomorphism. Definition 
rOl iil imphes that L{Y)nX^ = 0. But if x e A and t>2 then exp(to)a; e A|, 
so there exists no y e Y with exp{tv)x = i{y). Hence Z C A x (0, 2] x F. 
Therefore Definition IA.9r iii) implies that |7r^^(a;)| ^ M for all a; G A, and ttx 
is a globally finite map. Note too that T[x) = {2} U {3 — t : (x, t, y) G Z}. 

Let X & X. Since ttx : ^ ^ A is a globally finite local diffeomorphism, 
if [/ is a sufficiently small open neighbourhood of x in A, then we may split 
TT^^{U) = n ■ • • n Wn for some open subsets W2, ■ ■ ■ , Wn of Z for which 
T^xlwi : W^i ^ A is injective. Set Ui = U and Ui = 7rx(Wi) for i = 2, . . . , A. 
Then Ui are open subsets of U, and T:x\wi ■ —^Ui'isa, diffeomorphism for 
i = 2, . . . , A. Define : L/^ [1, 00) for i = 1, . . . , A by ti = 2 and t^{u) ^'i-t 
when (m, y) G H^i for i = 2, . . . , A. Since TTx\wi ■ Wi ^ Ui is a diffeomorphism 
there is a unique {u,t,y) G Wi for each u E Ui, which depends smoothly on u, 
so ti is well-defined and smooth. 

We now see that T(u) = {ti{u) : i = 1, . . . , A, u G C/i} for all u E U, as in 
Definition lA.ll We must verify Definition lA.lT al-fc). For subsets {ii, . . . ,ii} 
of {1, . . . , A} with 1 ^ {ii, . . . ,ii}, Definition lA.lT al.fb) follow directly from 
Definition E9l;iv),(v), with S^,^^,,,^,^y C {x G A : exp(to)x G ii{Si), t G (0,3)}. 
When 1 G {ii, . . . ,ii}, Definition lA.ir a).(b) follow from Definition IA.9r iv).fv). 
with 5'{ii,...,i,} C {x G Ajexp('y)x G ii_i(5;_i)}. 

To prove Definition EUc), we shall show using ()192|) that 

minTfx) = < ^' a; G Ai, 

|l + inf{i G [0,1] : X G exp(to)A}, xgA\Ai. ^ ^ 

For the first fine of (|193p . note that if x G Ai and t G (1, 2] then exp(to)x G A|. 
But Definition IA.9r i) implies that l{Y) fl A2 = 0. So T{x) cannot contain 3 — t 
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for t E (1,2], implying that minT(a;) = 2. For the second Hne, let x G X \ Xi, 
and set s = infjt € [0, 1] : a; G exp(iw)X}. (This set contains 1, so the infimum 
is well-defined.) By compactness of X we see that there exists x' E X with 
exp(sw)a;' = x. As s is smallest we must have x' £ t(9X), so we can lift to 
{x',B') G dX. We have a diffeomorphism exp(2v) : dX 8X2 C Y. Define 
y = exp{2v){x' , B'), and set t ~ 2— s. Then L(y) = exp{2v)x' = exp{{t+s)v)x' = 
exp(tv) exp{sv)x' = exp(tv)x. Hence 3 — t = l + sG T{x), and minT ^ 1 + s. 
But using Definition lA.Qf i) we can show that minT ^ 1 + s, proving (|193p . 

Equation (|193p implies that minT(a:) occurs either at the extra branch 2, or 
at 3 — i when exp(tv)x = i{y) for y G 8X2- The minimum can never occur at 
2> — t when exp{tv)x = i{y) for y G Y\8X2- Definition I A. If c) now follows using 
compactness of 8X2- Therefore T is a tent junction on X. The remainder of 
the proposition is a consequence of (|193p and its proof. We showed that either 
X € Xi and minT(a:) = 2, or minT(x) — \ +t for t G [0, 1] and there exists 
(a;', B') G 8X with exp{tv)x' = x. These possibilities correspond to the fibres of 
TT : Ucgc ^ X over x, and show that we can write Ucec -^c — Xill[0, l]x8X 
as in the proposition. □ 

Here is our first version of Principle I2.8r c) for piecewise smooth functions. 
The proof is easy, we just have to check (|194p is well-defined. 

Proposition A. 11. Let X be a compact manifold with g-corners, and suppose 
C, : dX — > R is smooth, with C,\q2x invariant under the natural involution a : 
d'^X 8'^X of SjSm Let v, T, Xi be as in Definition IA.9| and <i> be as in 
Proposition lA.lOl Choose any smooth function rji : Xi —> R. Then there is a 
piecewise smooth function r] : X M. subordinate to the tent function T with 
'n\dx = C: by 

{77i(x), XGXi, 
(l-t)C{x' B')+tn,(exp(v)x') ^--^^HtA^',B')), (194) 
(1 tK[^,B)+tr^,[cxp[v)x), (^^(^.^5.)) £ [0^1] 

Similarly, if E ^ X is a vector bundle and f is a smooth section of E\qx 
with fld'^x cr -invariant, then by choosing a smooth section ei of E\x-i we can 
write down a piecewise smooth section e of E subordinate to T with e\gx = /• 

Proposition lA.llI is not adequate for our later applications as we cannot 
apply it iteratively, by induction on dimension, since the inputs Ci f £^re smooth 
but the outputs 77, e are piecewise smooth. We shall generalize it to a construc- 
tion in which both input and output are piecewise smooth. First we generalize 
Definition lA. 91 to extend a tent function T' on 8X to a tent function T on X. 

Definition A. 12. Let X be a compact n-manifold with g-corners, and let 
T' : dX — > F([1, cx))) be a tent function on 8X, such that min T'\q2x is invariant 
under the natural involution a : 8^X — > 8^X. We will construct a tent function 
T : X — > _F([1,cx))) with T\qx = T', with useful properties we will explain in 
Propositions IA.13I and IA.14I 
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Let V, Xi, X2 and t : F ^ X be as in Definition lA. 91 Then exp(2?;) induces 
a difFeomorphism exp(2?;) : dX 8X2, so that T' o exp(2w) is a tent function 
on 8X2, and 8X2 C Y. Extend r'oexp(2i;) to a tent function T" on Y. Making 
Y smaher if necessary, this is possible, except that we may need to relax the 
condition that minT" ^1. So we take T" :Y ^ 00)) to satisfy Definition 

EUreplacing [1, 00) by [i, 00), with T"\ox2 = T' o exp(2'i;). 

As minT' : dX [l,oo) is continuous and dX is compact, minT' is 
bounded above. Choose D > 1 such that minT' < D on dX. So minT" < D 
on 8X2, as T"\dX2 =T' o exp(2ti). Making Y smaller if necessary, we can also 
assume that minT" <D onY. Define T : X ^ F{[\, 00)) by 

T{x) = {D}\j{u + 6{2-t) : ie(0,2], yeY, ueT"{y), exp(iw)2; = i{y)}, (195) 

where 6* > D — 1 is chosen large enough to satisfy conditions in Proposition lA.13l 

Proposition A. 13. In Definition \A.12l making Y smaller if necessary, if 9 > 
D—\ is sufficiently large then T is a tent function onX, and minT\gx = minT', 
so that Zgx,T\ax — ^dX.T', O'Ti'd equation (|187p becomes 

dZx.T = -Zax,T' U -{0} X X n U,ec (196) 

Let X'^i for c' G C be as in (I187p for Zqx,t' > o,rid Xc for c d C be as in 
(fTST]) for Zx,T- Define X = {x e X : minr(a;) = D} . Then X is a compact, 
embedded submanifold of X with g-corners, with Xi d X C X° . There are 
unique diffeomorphisms 

<I>:Xn([0,l]xU,,gc'^c') — ^Ucec^c, --Mrjec K' ^ dX (197) 

which satisfy Tlx ° ^{x) — x for x & X, and for t G [0, 1], x' G Uc'gC -^'d^ 

TTx 0$ : {t,x) i — > exp(— ^-^ TT^T") '^x{x'), 

\0[U — mm I ' o TTgx[x )) / 

(198) 

TTx o * : a;' I — > exp(— — — v) ttx{x'), 

\0[U — mm I ' o ttqx[x )) / 

(199) 

and minToTTx o$(t,a;') = (1 -t)minT'o7rax(a;') (200) 

writing ttqx : jJc'eC^c' ■ Uc'eC'^'c' ""^ UcsC^c ~^ ^ f"'^ 

natural projections. If X is oriented then $ is orientation-preserving on X and 
orientation-reversing on [0, 1] xJJ^,^^, X^, , and ^ is orientation-preserving. 

Proof. Our first goal is to prove that making Y smaller if necessary and taking 
e> D -1 sufficiently large, if x G X and minr(a;) ^u-\-9{2-t) for t G (0, 2], 
y G y and u G T"{y) with exp(t?;)a; = t(i/), then y G 8X2- That is, the choice 
of 'collar' Y \ 8X2 and the values of T" upon it do not affect minT, since the 
branches of T coming from T" on y \ 8X2 are never minimal. 
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Let y £ Y \ 8X2- Then there exists unique s £ (0,1) with exp(si;)t(j/) G 
i{dX2). Thus exp(sw)t(y) — l{z) for some (not necessarily unique) z S 8X2- We 
claim that if Y is small enough and 9 is large enough, then min T" (y) + 0s > 
min T"(z) for all such y,s,z. This implies what we want, for ii x £ X and 
t € (0,2] with exp{tv)x = i(y): then exp{{s + t)v)x = l{z), so min T" (z) + 6^(2 - 
s-t) e T{x), and minr"(z) + 61(2 - s - i) < min T" (y) + 6^(2 - 1) u + B{2-t) 
for all u £ T"iy). 

To prove the claim, choose a Riemannian metric g on X, let be the 
pullback metric on Y, and dy the induced metric on Y. As minT" is continuous 
and locally the minimum of differentiable functions, it is Lipschitz. Thus by 
compactness of 8X2, making Y smaller if necessary, there exists E ^ such 
that I minT" (yi) — minT" (1/2) I ^ EdY{yi,y2) for all j/i, 2/2 ^Y. Now let y,s,z 
be as above. Then y, z are on different sheets of F in X locally, but these sheets 
should intersect in X, so we can choose y', z' G 8X2 such that y' is close to y in 
Y , and z' is close to z in Y , and t(y') = ^(2'). 

Since mimT'\g2x is cr-invariant, it follows that minT' pushes down to a 
function on i{8X) C X. Hence minT"|ax2 pushes down to a function on 
l{8X2) C X, and t(y') = l{z') implies minT"(y') = minT"(z'). Think of 
P = L{y), Q = l{z) and R = t(y') — b{z') as the vertices of a small triangle 
in X. The side PR has 'length' dY{y,y')- The side Qi? has 'length' £iy(z, z'). 
The side PQ has 'length' at most s||w||co, where ||w||co is computed using g. 
The angle in PQR at R is the angle at i(y') between the two sheets of l{Y) 
containing i(y), l{z). By compactness of 8'^X2, and using Definition IA.9r iv.)(v). 
there is a global, positive lower bound for all angles of different sheets of Y 
meeting at 1(8^X2) ■ Hence there exists small e > independent of y, s, z such 
that \PQ\ ^ e{\PR\ + \QR\). So we have 

s\Mc° ^ '^{dY{y,y') + dY{z,z')) 

^ eE-W min T"(y) - minT"(y')| + | minT"(z) - minT"(z')|) 
^ ei?^^(| min T"(y) — minT"(z)|), 

since minT"(y') = minT"(z')- Hence if 6* > \\v\\coEe-^ then min T"(y) + 0s > 
minT"(z) for all such y, s, z, as we have to prove. 

One can now show that T is a tent function by a modification of the proof 
of Proposition lA.lOl using the fact that T" is a tent function. We can then give 
an expression for minT: if {x,B) G 8X and s G [0, 2) then 

minT(exp(sw)x) = min(minT'(x, -B) + 0s, Z?). (201) 

This holds as putting t = 2 — s, we have t G (0, 2] and exp{tv) exp(su)x = 
exp(2w)a; = L(^exp{2v){x, B)) , where exp(2D)(a;, i?) G 8X2, and T"(exp(2u)(a;, 
B)) = T'{x, B). Hence by (PSj) . T(exp(sz;)x) is the union of {£>}, and {u + Os : 
u G T'(a;,i?)}, and contributions from y £Y \ 8X2 which from above cannot 
be minimum in T(exp(su)x). Equation pOip follows. When s = 0, it implies 
that minT I ax = minT', as we want. 
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Since minT' ^ 1 as T' is a tent function, and 6* > D — 1, we see from (|20ip 
that minT(exp(sti)a;) = _D if {x,B) G dX and s E [1,2). Hence minT = D on. 
Xi \ X2. But gives T{x) = {D} for x e X2, so minT = D on X2, and 

so on Xi. Thus Xi C X. Since minT' < D on dX and minTjax = minT' we 
have minT < on L{dXi). Therefore Xi C X C as we have to prove. 

We can now describe the pieces Xc for c G C in (|187p for Zx,t- Each X^ 
for c S C is the graph of a smooth branch of T on a connected component 
of the subset where it minimizes T. Therefore {£>} x ^ is a union of some 
of the Xc in C, those associated to the constant branch x D oi T . Hence 
X is a compact, embedded submanifold of X with g-corners. We define on 
X hy ^ : X ^ {D,x), and this is a diffeomorphism of X with these Xc with 
TTx o '^{x) — X for X (z X^ as we want. 

For the remaining Xc for c G C on which minT ^ D, we can see from (|201l) 
that these correspond to X'^, for c' G C", since the smooth branches of T on 
their minimal subsets in X correspond to the smooth branches of T' on their 
minimal subsets in dX. In fact, if c' G C" then 

Xc= {{u + es,cxp{sv)x) : {u,{x,B)) e X'c,, ^ Os !^ D - u} (202) 

is one of the Xc- We define a diffeomorphism $ : [0, 1] x X'^, — > Xc by 

t 



$ : {t,{x,B)) I — > (^(1 -t)minT'(.x,S) +tT),exp(^ 



6'(T>-minT'(x,B)) 



V X 



Equations pM)) and follow. For in and p^ . we note that 

^l{i}xU 'ec' ™^P^ Uc'ec "'^c' ^'^ t^*^ faces of in (|202p on which minT = 
£), and these correspond to faces of X. The remainder of the proposition follows 
as for Proposition I A. lOl □ 

Here is a generalization of Proposition lA.llI The proof is easy. 

Proposition A. 14. Suppose X is a compact manifold with g-corners, and T' : 
dX ^([1,00)) is a tent function, and ( : dX ^ M. is a piecewise smooth 
function subordinate to T', such that mmT'\Q2x and Cla^x a^'e invariant under 
the natural involution a : d^X —> d^X . 

Let T he as in Definition IA.12[ and A", $, ^ he as in Proposition IA.131 
Choose any smooth function f] : X ^ M.. Then there is a piecewise smooth 
function rj : X ^M. subordinate to the tent function T with 77] ax = Ci given by 

{rj(yX^ , X G X, 

n iv 'I '\^,~\ '\ x^nxo^{t,x'), (203) 

(l-t)Co^ {x )+t^\,^o^{x ), g ^ iUcecK')- 

Similarly, if E ^ X is a vector bundle and f is a piecewise smooth section 
of E\dx subordinate to T' with minT'|a2x and f\d^x cr-invariant, then by 
choosing a smooth section e of E\-^ we can write down a piecewise smooth 
section e of E subordinate to T with e\Qx = f- 
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A. 1.5 Cutting a manifold into small pieces with boundary conditions 



We now combine the ideas of i )A.1.2l and i )A.1.4l Given a compact manifold 
X and a tent function T' on dX with T'\g2x tr-invariant, we construct a tent 
function T on A with minTjgx = minT', which cuts X into 'arbitrarily small 
pieces' Ac for c e C, as far as this is possible given the boundary conditions. 

Definition A. 15. Let A be a compact n-manifold with g-corners and T' : 
dX — > _F([1,cxd)) a tent function such that minr'|g2x is invariant under the 
involution a : d'^X d'^X. Letv,L:Y ^ A, T", D, 9 be as in Definition EH 

Choose a Riemannian metric 17 on A. Note that g is not required to take 
any particular values on dX — it is unrelated to any metric used to construct 
T' . Choose e > with 2e < 5{g), the injectivity radius of g. Write d{ , ) for the 
metric on A determined by g. For p G A and r > write Br{p) for the open 
ball of radius r about p. Then x 1-^ d{p, x)'^ is smooth on B2e{p), as 2e < 5(g). 

The open sets Be{p) for p € X° cover A, so as A is compact we can choose 
a finite subset {pi, . . . ,pn} of A° with A — lJi=i B^{pi). As in Definition IA.3[ 
choose pi , . . . , pN to be generic amongst all such A-tuples p'l, . . . , p'j^ . Since 
Pi G X° and dX is compact, there exists C S (0, e) such that d{pi,x) ^ ( 
for all i = 1,...,A and {x,B) e dX. Make 9 larger if necessary so that 
9 > D + — 1 and 1 + fi'Clkllc > D, where ||w|ic° is computed using g. Define 
T:X^F{[1,^)) by 

T{x)={D + d{p,,xf ■.i^l,...,N, dip„x)<2e}u 

r , (204) 

{m + 61(2 - i) : i e (0,2], y e r, u e T"(2/), exp(to)a; = 



Proposition A. 16. In Definition \A.15[ T is a tent function on X, and minT' 
= m.mT\gx- Let X'^, for c' e C" be as in p87p for Zqx^t', o,nd X^ for c £ C be 
as in (fWl) for Zx,t- Then we can take C = C" 11 {1, . . . , A}, where for c' e C 
there is a natural identification between A^, and a component of dXc' , and for 
i=l,...,N we havep, e 7r(A°) C 7r(Aj) <ZB^{p{). 

We can choose T so that the pieces Ac are 'arbitrarily small', given the A^, 
which are already fixed. That is, if {Vi : i £ 1} is any open cover for X such 
that for all c' G C there exists i £ I with 7r'(A^,) C dVi, then we can choose T 
so that for all c £ C there exists i £ I with 7r(Ac) C Vi. 

Proof. The proof is a straightforward generalization of those of Propositions lA.4l 
and IA.13I The first and second lines of (pOi)) are analogues of (fT^ and 
respectively. Since A — IJ^j^ B^ijpi), the minimum of the terms D + d{pi,x)^ 
in the first line of (|204p is a continuous function on A with values between D 
and D + e^. The condition 9 > D + — 1 strengthening 9 > D — 1 in Definition 
I A. 121 ensures that in the second line of (|204p . u + 9{2 — t) is never minimal in 
T{x) for t e [1,2), which helps to ensure Definition lA.lf c) holds and minT is 
continuous. It follows as in Propositions lA.4l and ETTSl that T is a tent function, 
and minT' = minTjax- 
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For i — 1, . . . ,iV, we claim that mmT{pi) — D, and D + d^pi^x)"^ is the 
only branch of T achieves this minimum. For j ^ i we have d(pj,pi) > 0, 
so D + d{pi,x)'^ > D aX X ^ pi. Suppose t G (0,2], y e Y, u e T"{y) and 
exp(to)a: = L{y) — pi such that u + 9{2 — t) is minimal amongst the branches of 
the second line of (|204p at pi. Then as in the proof of Proposition I A . 1 3l we have 
y G dX2, soy = exp(2u)(x', B') for (x', B') G dX. Hence p, = exp((2 - t)v)x' . 
Therefore (2 - i)||w||co ^ C, since d{p^,x') > C- Also u = miiiT'{x' , B') ^ 1. 
The condition 1 + 6'C||w||c" > D thus gives u + 0{2 — t)>D, proving the claim. 

The pieces Xc for c G C are thus of two kinds: the branches D + d{pi,x)^ 
of T for i — 1, . . . ,N from the first line of (|204p are minimal near pi and so 
yield components Xi with pi G tt{X°) C Tr{Xi) C B^[pi), as in Proposition [XH 
The remaining X,. come from minimal branches u + 9(2 — t) from the second 
line of (|204p . and these correspond to minimal branches of T' on dX and so 
to components X'^,, with 7r(Xc') C X the union of segments of flow lines of v 
starting in 7r(X^,) C L{dX). This proves the next part of the proposition. The 
final part holds provided e > is taken sufficiently small with fixed g and 9 
is taken sufficiently large, since then the 7r(Xc') for c' G C become very thin 
neighbourhoods of the ■k{X'^,), and the 7r(Xj) for i = 1, . . . , TV are contained in 
small balls B^{pi). □ 

A. 1.6 Cutting a manifold into simplices with boundary conditions 

We would also like to extend Lemma IA.5I and Theorem IA.7I to the case of 
prescribed boundary data. However, we cannot do this with arbitrary T' : 
dX J^([l,oo)), since Lemma [A. 5 1 relies on taking e very small so that the 
pieces n(Xc) approximate small convex polyhedra in M", but as in Proposition 
lA. 161 the X'^, for c' G C" appear as components of dXc, and the X'^, depend on 
T' and are of a fixed size, so this prevents us making the Xc arbitrarily small. 

To get round this, we assume that T' has been constructed using Lemma lA.51 
or Theorem lA.TI for. recursively, using Lemma lA.lTl or Theorem lA.lSl below with 
dX in place of X), using a sufficiently small constant e' > 0, where 'sufficiently 
small' depends not just on dX and choices made during the construction of T', 
but also on X and choices to be made during the construction of T. Thus, T' 
depends not only on dX, it also has a minimal dependence on X as well. The 
argument here appears circular: we are trying to choose T' depending on T, 
and T depending on T'. However, it is not circular, as the only data on X that 
e' must depend on are the choices of g,v,D in Definition IA.15[ and these are 
independent of T', that is, they are chosen without reference to T'. 

Here is our generalization of Lemma [A. 51 There is one subtle point: at the 
junction between a region Tr{Xi) in X coming from a branch D + d{pi, x)'^ of T in 
the first line of ([204]), and a region 7r(Xc') in X coming from a branch u + 9{2 — t) 
in the second line of (|204p . the common boundary may not approximate a 
hyperplane K"~^ in R", but rather a piece of a quadric in M". The condition 
^inf^x 1^1 » ensures this piece is approximately fiat and parallel to dX, so 
we can still approximate 7r(Xi) and 7r(Xc') by compact convex polyhedra. 

Lemma A. 17. Suppose X is a compact manifold with g-corners. Let T' : 
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dX — !■ i^([l,cxD)) he constructed in Definition IA.3I (or Definition IA.15[) using 
some metric g' on dX and constant e' > 0, and suppose niinr'|g2x is invariant 
under the natural involution a : d^X — > d^X. Let T : X ~> _F([1,cxd)) be 
constructed in Definition \A.15\ for this T', using some metric g on X, vector 
field V and constants D,6,e. We regard g',g,v,D as chosen in advance and 
fixed, and e',e, as satisfying inequalities which may depend on g',g,v,D. In 
particular, e' can depend on g,v, D. 

Suppose that e is small compared to the natural length-scales of {X, g) and 
V, that e' is small compared to the natural length-scales of {X, g),v, {dX, g') 
and constants comparing g\dx cmd g' , and that 9 is chosen large enough that 
Omfgx \v\ 3> e^. Then geodesic normal coordinates in X approximately identify 
the Tr(Xc) C X for c C with compact convex polyhedra in R". 

For c' £ C Lemma lA. 51 approximately identifies Tr'{X'^,) C dX with a com- 
pact convex polyhedron in R"^^. Also, Proposition IA.161 identifies X'^, with a 
component of dXc, and we have approximately identified Xc with a compact 
convex polyhedron in R". Combining these three gives an approximate identifi- 
cation of a compact convex polyhedron in R"~^ with a codimension one face of 
a compact convex polyhedron in R". This is approximately affine. 

Here is our generalization of Theorem lA.71 The proof is an easy modification, 
as we have already done the hard work in Definition IA.15I and Lemma IA.171 
The main points are to take T' and cr|j, p,^ to be built in Theorem IA.7I using 
data on dX in Lemma IA.5I chosen with e' sufficiently small as in Lemma IA.171 
Then when we choose the cr(j a) inductively in Theorem lA.7[ those lying over 
dX rather than X° are equal to (t|,-, p,^\a' for some natural choice of i' ,F' , A' . 

In the last part of Lemma IA.171 we comment that identifications of X'^, 
and a component of dXc with convex polyhedra in R"^^ and R" are related 
by an approximately affine transformation. The point here is that we have 
two metrics g' and g\dx on dX, with geodesic normal coordinates on X'^, are 
defined using g' , and on the component of dX^ using glgx (approximately). 
Since e' is chosen small compared to the length scales of both g' and g\dx and 
any comparison between them, the geodesic normal coordinates on dX using g' 
and g\dx differ by approximately affine transformations at length scale e'. This 
is important in Theorem IA.171 since the barycentric subdivision of a compact 
convex polyhedron is invariant under affine transformations, so the barycentric 
subdivision steps in Theorem lA.7l for T' and Theorem lA.lSl for T are compatible. 

In (ii) below, only the last sentence is an assumption, the rest follows from 
Theorem ET] for T' and from (i). 

Theorem A. 18. Suppose X is a compact manifold with g-corners. Let T' : 
dX — > i^([l,oo)), X'^,, c' G C" and diffeomorphisms a'^, ; A„_i X'^, for 
c' G C" be constructed in Theorem I A. 71 (or Theorem \A.l%\ for dX . Suppose: 

(i) Assume minT'|g2^ is invariant under the involution a : d^X — > d^X. 

(ii) The maps tt' o cr^, : A„_i — > dX for d G C" are a triangulation of dX 
by in — l)-simplices. They induce a triangulation of d^X by (n — 2)- 
simplices, of the following form: let F^Zi '■ A„_2 ^ A„_i be as in §4.11 
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Let C' be the subset of c' G C for which n' o o F^^i : A„_2 ^ dX 
maps A„_2 to i{d'^X). For each c' G C" there is a unique embedding 
a'^, : A„_2 d^X with l o a'^, = n' o a'^, o F/^ri , where t : d^X dX is 
the natural immersion. Then a'^, for c' G C" are a triangulation of d^X 
by (n — 2)-simplices. Part (i) implies that the set of images (t^/(A„__2) in 
d^X for c' G C" is a-invariant, since o"^, (A„_2) are the tt{Xc) for T'\q2x. 

Assume the a'^, for c' G C" are invariant under a : d^X d^X , in the 
sense that if (t{<j'^, (A„_2)) — o'^, (A„_2) for c', c' G C" then <J o cr'^, = a-, . 

(iii) Let the initial application of Definition IA.3I in the construction of T' use 
some metric g' on dX and constant e' > 0. Assume e' is chosen small 
enough, compared to geometry on X, that Lemma IA.17I applies. 

Then we can construct a tent function T : X —> oo)), with mmT\ox = T' , 

such that the components Xc, c G C of dZx,T in (|187p are all diffeomorphic 
to the n-simplex A„, with diffeomorphisms Uc ■ A„ — > Xc for c G C, and for 
each c' G C" there exists a unique c £ C .such that t o tt' o a^, =7100-^,0 
as maps A„_i —^ X, where l : dX X is the natural immersion. We can 
also choose the to have the boundary compatibility described in Theorem \A.7\ 
under a : d^Zx,T — d^Zx,T- 

The reason why we use F^Zi '■ A„_2 ^ A„_i in (ii), and i^," : A„_i ^ A„ in 
the last part, rather than just referring to some codimension 1 faces of A„_i and 
A„, is that the barycentric subdivision of a convex n-polyhedron K in Definition 
IA.6I automatically triangulates dK by {n — l)-simplices ap o F^(A„_i), so we 
know that the {n — 2)-simplices in the triangulation of d^X induced by CTj,', 
c' G C are all of the form tt' o a'^, o for some c' G C", and similarly 

the (n — l)-simplices in the triangulation of dX induced by ac, c G C are all of 
the form 7100-^° ^"(A„_i) for some c G C. 

A. 2 Tent functions on orbifolds 

Next we extend §A.ll to orbifolds X. Here is the analogue of Definition lA.il 

Definition A. 19. Let X be an n-orbifold with g-corners. Then as in W2.2[ X 
is covered by orbifold charts {U, T, 0), where F acts linearly on M", U C R" is a 
F-invariant region with g-corners, and : U/T — > X is a homeomorphism with 
an open set (j){U/r) C X. Write tt : U ^ U/T for the natural projection. Then 
(j) o n maps U X . A function T : X ^ -^([11 00)) is called a tent function if 
for all orbifold charts ([/, F, (f) on X, the map T o cf) o n : U F{[^, 00)) is a 
tent function on the n-manifold U, in the sense of Definition lA.il 

Equivalently, T is a tent function if for each x £ X there exists a small 
orbifold chart (C/, F,(/)) with x G (/>(C//F), open subsets Ui, . . . ,Un ^ U and 
smooth functions ti : Ui [1, 00) for i = 1, . . . , N satisfying Definition lA.lf a)- 
(c), such that T o </> o 7r(u) = {ti{u) : i = 1, . . . , iV, u G Ui} for aU u £ U. We 
can take the ti to be locally distinct, that is, ti ^ tj in any nonempty subset of 
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Ui n Uj , and the Uj to be connected. Then U and T o (pon determine the Ui, ti 
uniquely up to permutations of {1, ... , N}. 

Since T o (jy o -k is invariant under the action of F on J7, it follows that T 
acts on {!,..., iV} such that 7(t/i) = U^.i and t^.i o -f = ti for all 7 e F and 
i = 1, . . . , N. Note that we do not require this action of F on {1, ... , N} to be 
trivial. This means that tent functions on an orbifold X in general cannot be 
written locally as the union of finitely many smooth, single- valued functions on 
X near orbifold strata of X, it really is necessary to lift to orbifold charts. 

Much of i ^A.ll extends from manifolds to orbifolds with almost no change; 
this holds for iiA.1.41 for instance. We will comment only on new issues in the 
orbifold case. There is one significant idea in Definition lA.3l and Proposition lA.4l 
which does not work for orbifolds, and needs revision. It is this: in Definition 
IA.3|, with X a compact manifold, g a Riemannian metric on X, and d{ , ) the 
metric induced by 5, we used the notion of injectivity radius d{g) > 0, and the 
fact that for any p ^ X and < r < 6{g) the map Br{p) [0, r^) taking 
q I— > d{p, qY is smooth. 

For orbifolds this is no longer true: if X is an orbifold and 17, d are as above, 
then for any r > 0, if p e A" is sufficiently close to an orbifold stratum of X, 
then the map Bj.{p) —* [0, r^) taking q d{p, qY is only piecewise smooth, not 
smooth. We get round this by replacing q i— > g)^ by a smooth, multivalued 
function measuring the squared lengths of all geodesic segments of length less 
than r joining p and q. 

Here are our generalizations of Definition IA.3I and Proposition IA.4I 

Definition A. 20. Let X be a compact n-orbifold with g-corners. Choose a 
Riemannian metric g on X, and write d{ , ) for the metric on X determined by 
g. As X is compact we can choose a finite system of orbifold charts ([/■' , F-' , (^ ) 
for j e J with A = Ujgj (t>'{U^ /T^). Write tt' : W /T^ , so that 0^ o tt^ 

maps — > A. Define g^ — {(fP 0TT^)*{g), a Riemannian metric on . Write 
d^{, ) for the metric on induced by g^ . Even though may not be compact, 
one can use the compactness of X to show that g^ has a positive injectivity radius 
S{g^) > on [/•', so that u 1-^ d^{p,uY is a smooth map [0,r^) for all 

p G U and < r ^ S{g^), where B-^p) is the open ball of radius r about p in U 
defined using d^ . 

Choose e > satisfying two conditions: (a) 2e < 6{g^) for all j e J, and 
(b) for all p G A, there exists j e J such that Sg^b) C (j>>{W/r^). This 
holds for all sufficiently small e as J is finite, S{g^) > and X is compact. 
The open sets B^{p) for p G A cover A, so as A is compact we can choose a 
finite subset {pi, . . . ,pn} of A with A = Uc=i ^dPc)- Choose pi, . . . ,pn to 
be generic amongst all such A^-tuples p'l, ■ ■ ■ ,p'j^, as in Definition IA.3I Define 
T:X ^F{[l,<x)) by 

T(x) = |l + : Z G [0, 2e), there exists a geodesic segment of length I 

. . . \ (205) 

in (A, g) with end points x and pc for some c — 1, . . . , N\ . 

Note that T does not depend on the choice of {U^ , (fP), j G J, except through 
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the smallness conditions (a),(b) on e. These are a substitute for the condition 
2e < S{g) in Definition IA.3[ and are needed because the notion of injectivity 
radius does not behave weU on orbifolds. 

Proposition A. 21. In Definition \A.20l T is a tent function on X . In (I187p . we 

can take the indexing set C to be {1, . . . , N} with pc G tt{X°) C tt(Xc) Q B^{pc) 
for c — 1, . . . , N . We can choose T so that the pieces Xc are 'arbitrarily small', 
in the sense that if {Vi : i G 1} is any open cover for X then we can choose T 
so that for all c = 1, . . . , N there exists i £ I with n(Xc) Q Vi. 

If X is an effective orbifold then the Xc for c C in (|187[) are compact 
manifolds with g-corners. 

Proof. Let x £ X. Then by choice of e > in Definition IA.201 there exists 
j e J such that B^^ip) C (j>>{U^/r^). Choose y £ with o 7r(y) = x. Let 
r = {7 S '■ J ■ y = "t}i the stabihzer group of y in F. Then if 7 G F-' \ F we 
have y ^ j-y, so (y, 7-2/) > 0. Choose 6 G (0, e] such that {y, ^ -y) '^25 for 
aU 7 G F-' \ F, and define U — Bg{y), an open neighbourhood of y in U. Then 
J7 is a F- invariant subset of , and ?7 n 7 • C/ = for all 7 G F-' \ F. Hence 
the projection U/T /T^ given by Tu F-'u is a homeomorphism with its 

image. Define : U/T X by (p -.Tu (t>>{T3u). Then ([/,F, is an orbifold 
chart on X with x G (j){U/r). 

Write qi, . . . , qm for the points of i?2£_^^(y) n((/)^ o7r^)^i({pi, . . . ,pjv})- That 
is, (7i, . . . , qM are those preimages of pi, . . . ,pn in with distance less than 
2€ + 6 from y. Since \{(f>' o 7r-')~^({pi, . . . ,_PAr})| < TVjF-'l this is a finite set, 
and M ^ jF-' jA^. The action of F on B^^^giy) C [/•' permutes qi, . . . , qM, and 
7 G F-' \ F may also identify distinct qa,qb- For a = 1, • . • , M, define an open 
set Ua Q U by Ua = U n i?2e ilj), and define a smooth fimction ta : Ua ^ [1, 00) 
by ta{u) = 1 + d^ {qa, m)^. It is now easy to check from (I205P that 

Tof/ioTTiiti — ^ {ta{u) ■.a^l,...,M, ueUa}. (206) 

We claim that Definition ETJa)-(c) hold for these Ui,. . . , Um, ii, ■ • ■ , ^Af- 
The proof is a little different to that in the manifold case in Proposition IA.4[ 
and the extra property dim S'{ij_..._i,} = n — / + 1 for all . . . , z;} C {1, . . . , N} 
with / ^ 2 in Proposition IA.4I in general will not hold here. The point is that 
although pi, . . . ,pn are generic in X, as each pi in X lifts to finitely many qa 
in U, the M-tuple qi, . . . , qM may not be generic in U. 

However, (0^ o tt-')~^ (^{pi, . . . ,pn}) is generic amongst F^ -invariant finite 
subsets of , and this is enough to imply Definition lA.lf a^.fb'). The con- 
ditions d^ [qi-^ ,u) = ■ ■ ■ = d^ (qi^ , u) may intersect non-transversely, so that 
dim5'{ij^...^iji, > n — I + 1, but this can happen only if a nontrivial subset of 
{gij , . . . , gi, } is preserved by a nontrivial subgroup G of F^ , and is 
contained in the fixed-point set Fix(G) of G in . Since Fix(G') is a subman- 
ifold of , one can show S'{ij_..._i,} is a submanifold of U. Therefore T o </) o tt 
in (|206[) is a tent function on the manifold U. As every x £ X has an orbifold 
chart (U, F, 0) with x G 4>{U/T) and T o cj) o n a tent function on U, equation 
(|205p defines a tent function on the orbifold X, as we have to prove. 
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The second and third parts of the proposition, that we can take C = 
{!,..., TV} and choose the Xc arbitrarily small, follow as in Proposition IA.4I 
For the final part, suppose X is an effective orbifold. Then acts effectively 
on for each j e J. Let x & X, and define {U, F, <^), J7i, . . . , Um, ti, ■ ■ ■ , as 
above. Write tt : Zx,t — * X for the projection. Then there is a diffeomorphism 

^x,T^7r-i(<?!>([//F)) {{t,u) -.ueU, O5;ts;minro0o7r(w)}/F = Zc/,To0o^/F. 

Points of UcGC-'^c C dZx,T are of the form [{t,x'),B) for {t,x') G Zx,t with 
t = minT(x'), and B a local boundary component of Zx.t containing (t,x'). 
Lifting from Zx.t up to ^^u.To^ott, choices of B correspond to choices of branch 
tb oi T o (j) o TT inducing the value minT(x'), for M. Therefore 

U 2 (7rot)-i(</)([//F)) = {{t,u,b) :ueU, t = minT o o 7r(w), 
cec . (207) 

6=1,..., ill, minT o (j) o tt{u) — ti,{u)\ /F, 

where l : Yicec ^ Zx.t is the natural immersion. 

Here in (|207p . F acts trivially on t e [0, oo), in the usual way on w £ [/, and on 
6 G {1, . . . , Af }, the action is induced from the action of F on {gi, . . . , qm} C U . 
Now F acts effectively on [/, and pi, . . . ,pjv are generic in X, so that each qj, is 
generic in U . Together these imply that the stabilizer group of each qi, in F is 
trivial, so F acts freely on {1, ... , M}. Thus the action of F in (|207p is free, so 
the quotient {n o {<j){U /T)) is a manifold. Since Ucec'^c is covered by such 
open sets (tt o t)^^(0([//F)), wc sec that Ucgc'^c ^"^^ each Xc for c £ C are 
manifolds. This completes the proof. □ 

Remark A. 22. In Remark I2.10r bl. we explained that for orbifolds X with 
corners or g-corners, restricting to orbifold strata X^'P in the sense of i i5.6l does 
not commute with taking boundaries, and therefore no information from orbifold 
strata X^''' survives in Kuranishi homology. Proposition I A. 2 ll is an illustration 
of this. Given some Kuranishi cycle K defined using effective orbifolds X, 
Propositions I A. 2| and I A. 2T] enable us to construct a homologous Kuranishi cycle 
K' defined using manifolds Xc for c e C, where the homology between K and K' 
is defined using the orbifolds Zx,t- This works because d{Z^'''rp) ^ {dZx,TY ■ 
So, a homology theory defined using effective orbifolds with (g-)corners as chains 
is equivalent to a homology theory defined using manifolds as chains. This will 
be important in making the Xac have trivial stabilizers in the proof of Step 1 
in ^Bll 

The rest of i jA.ll extends to orbifolds X without any further significant prob- 
lems or changes, except those already explained in Definitions IA.19fET20l and 
Proposition IA.21I In fact we will not need analogues of i jA.1.31 and i ^A.1.61 for 
orbifolds, but we will need versions of i^A. 1.41 - i jA. 1.51 Section IA.1.41 holds for 
orbifolds with essentially no change. The choice of vector field v and flows 
exp(to) work for orbifolds X as well as manifolds; note that v is automatically 
tangent to each orbifold stratum X^'f of X, for F a finite group, and exp(tu) 
takes X^'P to X^'P. In § A. 1.51 we restrict to effective orbifolds, so that we can 
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use the last part of Proposition lA.2ll and we must modify the first hne of (|204p 
as in (|205[) , and the proof of Proposition IA.16I as in Proposition IA.21I 

Theorem A.23. The results of ^A.lA\ - ^A.l.b\ all hold when X is a compact n- 
orbifold with g- corners, restricting to effective orbifolds in i )A.1.5[ In Proposition 
IA.161 if X is an effective orbifold and the X'^, are manifolds for all c' G C , 
then the Xc are manifolds for all c & C . 

A. 3 Tent functions on Kuranishi chains [X, /,G], [X,f,G] 

In i]A.3.1l we discuss some of the new problems in generalizing ijA.lt -i iA.2l from 
manifolds and orbifolds to Kuranishi chains [X, /, G], [X, /, G], and how we 
solve them. Section IA.3.21 defines tent functions on Kuranishi chains, and 
ijA.3.3l -i jA.3.5l give analogues of sections IA.1.21 IA.1.41 and IA.1.51 respectively. 
We will not need Kuranishi chain analogues of i ]A.1.3l and ijA.1.61 

A. 3.1 Preliminary discussion 

Let X be a compact Kuranishi space, Y an orbifold, f : X ^ Y he strongly 
smooth, and G (or G) be (effective) gauge- fixing data for {X,f). Then G,G 
include an excellent coordinate system (J, ry) for {X, /), where / = (/, (F*, E'\ 
s% tfj"^) : i G I, . . .). Roughly speaking, a tent function for {X, f, G) or {X, /, G) 
is T = (T* : i G /), where : i^([l, oo)) is a tent function on for each 

i € I, such that if j ^ i in / then minT-'lyij = miuT' o cj)^^ . 

However, we need to modify this definition a little, to make it easier to 
construct tent functions T. Here are the two main new problems we will meet 
in trying to extend the results of SjA]l]-5|A2] to Kuranishi chains: 

(a) One thing we will need to do very often below is to choose some smooth 
data (5* on for each i £ I, (such as a Riemannian metric g, or a trans- 
verse perturbation of the Kuranishi map s*), with compatibility condi- 
tions 6^v'^ = (0*-')*(^') when j ^ j in /. Our basic method for doing this 
is to choose by induction on increasing i € I, where 6''\^ij (^y^i) for 

j < z in / is (partially) prescribed by S^lyij = (0*-')*((5') and the choice of 
in a previous inductive step. 

Since 0*-' (T^'-') need not be closed in V^, we may not be able to extend 
smooth prescribed values for on (p^^{V^^) smoothly to V^. In fact, 
if (F*^) is badly placed in V^, then smooth prescribed values for 
on (f)^^ (y^^) may not even extend continuously to the closure 0'-' (F*^) of 
(j)^3(V'^^) in V^. Thus, the inductive step may not be possible. 

(b) All our results in §A.1I - §A.2I involve compact manifolds and orbifolds. In 
particular, compactness is used to choose finite covers by balls B^{pc)- 
However, the are in general noncompact orbifolds. 

Here is an example of problem (a) . 
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Example A. 24. Let X be the compact topological space {{x,y) G [—1,1]^ : 
xy — O}. Define Kuranishi neighbourhoods {V^ , , ,tp^), {V"^ , , s-^ ,1/;^) on 
XhyV^ = {ix,0) : < |a;| s$ l}u{(0,?/) : < |?/| ^ l}, and E^ ^ , regarded 
as the zero vector bundle over V^, = and tp-^ — idyi, and V'^ = [—1, 1]^, 

= R X : y2 ^ M is s'^{x,y) = xy, and = idx- Then X has a 

unique Kuranishi structure whose Kuranishi neighbourhoods (Vp, . . . ^ipp) are 
equivalent to (y\ . . . , t/-!) for p ^ (0, 0) and to {V^, . . . for p = (0, 0). 

We can complete {V^, . . . ,tp^), (F^, . . . , tp'^) to a very good coordinate system 
for X, with indexing set / = {1, 2}, and V'^^ = V^. Suppose we want to choose 
some continuous or smooth data for each (V^, . . . ,ip^) by induction over i in 
/ = {1, 2} with compatibilities on . Having chosen data for {V^, . . . , i/'^), we 
have to choose data for {V'^, . . . , ■0^) taking prescribed values over the subset 
of V^. In general this is not possible, even continuously, near (0, 0) in \ 
since the four different ends of at (0, 0) can prescribe four different limits at 
(0,0), if the limits exist at all. 

This example also illustrates a different problem with choosing transverse 
perturbations, which appears to have been overlooked in the proofs of Fukaya 
and Ono [25, Th. 6.4], [24, Th. Al.23]. To carry out Step 2 in ijR2l we would 
like to choose small, smooth, transverse perturbations s-^ , of the Kuranishi 
maps s^,s^, satisfying iji^^os^ = s^o<jP'^ on V^^ . This is not possible near (0,0), 
not even using multisections, and not because bad choices of may not extend 
smoothly, but for a different reason. As E^ is the zero vector bundle, the only 
choice for s^ is s^ = 0, and thus we must have = on and hence on in 
y^. But this implies s^|(o.o) = ds^|(o,o) = 0, and is not transverse at (0,0). 

Our solution to problem (a) above, which we used in the proof of Proposition 
13.151 above, is to replace the by smaller open subsets . We now define 
these using the partition of unity data rj in {I,t]), and complete the 
to a modified really good coordinate system {I, rj). The advantage of doing it 
this way, rather than choosing some arbitrary smaller subsets C V^, is that 
passing from {I,r]) to {I,r)) is functorial in chains [X,f,G] or [X,f,G], and 
compatible with relations in KC^,, KCf{Y; R) that we need to preserve. 

Definition A. 25. Let A be a compact Kuranishi space, Y an orbifold, f : X ^ 
Y be strongly smooth, and (/,rj) an excellent coordinate system for (A,/), 
where I = (/, {V\ E\ s\ ip^) : i e I, . . .) and t] — (rji : i e I , ry- i,j ^ I)- 
Let > be small. For each j G /, define 77^ : [0, 1] for i G / by 

r,i{v)^mid{0,{l + d)Tf,{v)+c{v),l), (208) 

where mid{x, y,z) is the middle one of x,y,z, that is, rmd{x, y,z) = y when 
x^y^z or z^y^x, and so on, and c{v) G M is chosen so that Vi (^) — 
1. From (|208p we see that J^ieiVii"^) ^ continuous, monotone increasing 
function of c(v) with minimum and maximum |/| ^ 1, so there exists c(v) 
with X^iG/ (^) = 1 by the Intermediate Value Theorem, and this defines the 
r]l{v) (though not necessarily c{v)) uniquely. It is easy to see that the 1)^ are 
continuous. Define continuous % : A ^ [0, 1] from the r/i in the same way. 
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By construction J^iei^f = ^ ^^'^ Sie/ '^i = Definition I3.4f i').fii). 

Definition l3.4r iii) implies that ^7^ |(s3)-i(o) = Vi°'4''' for ^-U J ^ -^7 ^-i^d Definition 
I3.4f iv) implies that if i,j,k G I with k ^ j then jyf |yjfc = vl ° Define open 
subsets C V' and C V'^ by = e T/V ?7j(w) > 0} and V'^ = {v e 
V^^ : ijiiv) > 0}. Let s*, -0* be the restrictions of E\s\ V* to for all i <E I, 
and (/)*^ the restrictions of f^,<}>^^ to F'^. Set / = {i G / : 0}- 

When d > 0, the effect of (|208p is to move the points rjf (v) in [0, 1] away from 
the middle and towards the end points 0,1. Thus, if rjj (v) > is small then rif (v) 
is smaller, and may be zero. So we have supp(?7^) C supp(?7^), and V"^ C V^. 
When I? = we have 77^ — rjl and V'^ = V^. Also rj^ varies continuously with 
■(9, and supp(?7*) is a monotone decreasing, lower semicontinuous function of i?, 
so V and Iratp^ are also monotone decreasing and lower semicontinuous in i?. 
Hence, when i5 > 0, is small, V^,lmip^ are just a little smaller than V^,lmip^. 

We have X = [J^^j Imip^, where X is compact, and {Imip^ : i G /} is a finite 
open cover for X. Being a finite open cover of a compact space is not changed 
by making all the sets a little smaller. Therefore, for sufficiently small i? > 0, 
we have X = IJ^gj Imip^. Let > be chosen small enough to achieve this. 

It is not difficult to show that apart from the condition X — IJjg/ Imip'^, all 
the conditions for this data /, {V^, . . . , tp^), ... to define a really good coordinate 
system follow from the corresponding conditions on /, . . . ,ip^), . . .. Thus 
we have defined a really good coordinate system (J, r)) for {X, /). We can apply 
Algorithm 13 . 161 to {1,1^) to get an excellent coordinate system (J, 17) if we wish. 

We shah show that if j ^ i in / then 4>^^V^'l) C fi{V'^), where (jj^ilV^i) 
is the closure of ) in F*. This property will be important in problems 

involving choosing smooth data on the V^* with compatibilities over the V"^^ . 

^ ~ ^- Suppose rij{v) ^ e for some v G . We will prove that 

rij{v) = 0. Since J2i'eiVi' = 1> the average value of the rij,{v) for i' G |/| is 

> e, so rij{v) is not the maximum of the rj^,{v). If any rj^,,{v) = 1 then 
rfl,,{v) must be maximum amongst the rf^,{v), so i" ^ i, and thus ?7j(w) = 0. So 
suppose rjf, (v) ^ 1 for any i' G /. Then (|208p gives rj^ {v) ^ (1 + 'djrjj, {v) + c{v), 
so summing over i' G |/| and using = '^i'ei'^l' = ^ implies that 

c{y) < . But then (1 + d)-q^{v) + c{v) ^ 0, so (pOg]) gives = 0, as we 

want. Thus //j — wherever ryj ^ e. 

Since 77^ > on V^^ we have rf^ > e on V^'^, so rf^ > e on 0*-' by 
Definition ISHiv), and thus r;] > e > on <j>'^V'^). But (p'^iV^) is closed in 
{v € : rfj{v) > 0} by Definition I3.4r ii). and (I/*-?) lies in the intersection 
of the closure of 4)^3 {V) and {v <^V' : r^]{v) > 0}, so (t)^3{V'3) C (t)'3{V). 

We can now explain our solutions to problems (a) and (b) above. 

Remark A. 26. Here is how to use Definition I A . 2 51 to avoid problem (a) above. 
Suppose we want to choose some smooth data (5* on for i G / with 5^ \ yij = 
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(5* o (j)^^ when j ^ z in /. Then, what we actually do is to choose (5* on by 
induction on increasing i £ J, with S^lyij = o c/i*-' for all j < z in /, such that 

6^ extends smoothly to an open neighbourhood of the closure of V in V'^ . 
Thus, in the inductive step where we choose 5*, we have prescribed values for 5^ 
on the subsets (j>^^ {V"^^) of for j < i in /. The prescribed values are consistent 
on the overlaps (j)^^{V^^) n ^'''(F''') for A; < j < i because 6''\yjk = 6^ o 0^'=. 

Since C (j)'^{V'^) as in Definition [OSl we see that (j)i^V^3) = 

cj)''^{V'i) C (f>^i(V'^ nU^). As SI extends smoothly to , it follows that the 
prescribed values for 5^ on c/i*-^ extend smoothly to (F'^) in V^, and 

thus, to a neighbourhood of (j/^{V^^) in V^. This overcomes problem (a). 

Here is how we deal with problem (b) above. In choosing data such as a 
tent function on V"', the values of T* only really matter near n (s')~^(0), 
since this is the part of identified with X. So we can use compactness of X 
to control the near the fl (s*)~^(0), and then take to be constant away 
from n (s')~^(0), for instance. 

Note that when we apply Definition IA.25I we must choose some > 0, 
which must be chosen small enough that X = Uie/ I^i When we do this in 
Appendices [B] and [Cl we will generally be working not with one X, f, (J, r/) but 
with a finite collection of Xa,fa, {la, Va) for a € A. We choose the same -d for 
all a e A, and make it small enough that Xa = Uie/ -'-^V'a all a G A, which 
is possible as A is finite. 

A. 3. 2 The definition of tent functions on Kuranishi chains 

Definition A. 27. Let X be a compact Kuranishi space, Y an orbifold, / : 
X ^ Y he strongly smooth, and either G be gauge-fixing data for {X,f), or 
G be effective gauge-fixing data for {X, f) . Then G or G includes an excellent 
coordinate system ( J, ry) for {X,f), where I = {I , (V^ , , s^ , ip^) : i e /,...). 
Let {i,r)) be as in Definition EISI where / = {L {V\ E\ s\ : i G /,...), 
depending on the choice of some small d > 0. 

A tent function for {X,f,G) or {X,f,G) is T ^ (T^ : i e I), where T' : 
F(\1,oo)) is a tent function on the orbifold for each i ^ I, such 
that extends to a tent function on an open neighbourhood of the closure 

of V'^ in V^, and if j ^ i in I then minT^\yij = minT* o ^'-J, and the 
subnianifolds S^i-^ i^-j of Definition [^T] for T* intersect (p^^ (V^^) transversely in 

wherever ti-^ (u) — minT*(u). When V'' is an orbifold, this last condition must 
be expressed in orbifold charts, as follows. Suppose ([/, F, (p) is an orbifold chart 
for y'. Since <p'3(y'^) is an embedded suborbifold of , V = {(pon)-'^ {^^^ {V^^ )) 
is a submanifold of U. By Definition I A. 191 T*o(/)07r:J7— ^F([l,c>o)) is a tent 
function on the manifold U. We require that each of the submanifolds S'{ii,...,i,} 
of U given in Definition lA.ll for T = T^ o (f) o tt should intersect V transversely 
wherever ti^ (u) = minT* o o 7r(u). 

If T, T are tent functions for {X, f, G) or (AT, /, G) then we write minT = 
minf if minT^ = minf* on V' for all i £ /. If T = (T' : i G I) is a tent function 
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for iX,f,G) or {X,f,G) then Tjax = [Tt' = T%y, : i e I, dV^ ^ 0) is 
a tent function for {dX, f\gx,G\ax) or Glex)- Often, given some 

tent function T' for {dX, f\dx,G\dx), we will wish to construct a tent function 
T for (X, /, G) with min(T|ax) = minT'. 

For tent functions T on an oriented manifold or orbifold X, we defined an 
oriented manifold or orbifold Zx.t in (|186p . with dZx.T given by (|187p . Here 
are analogues of these for tent functions on (effective) Kuranishi chains. 

Definition A. 28. Suppose X is a compact Kuranishi space, Y an orbifold, 
f : X ^ Y strongly smooth, and G (or G) is (effective) gauge-fixing data for 
{X, /). Let T be a tent function for (X, f, G) or {X, f, G). Since the continuous 
functions minT* : ^ [1, oo) for i E I satisfy minT* o t/)*^ = mmT^\yij , they 
induce a unique continuous function minT : X [l,c>o) with minT o ip^ = 
minT*|(^i)-i(o) for i E I. As in l|186p . define Zx.t as a compact topological 
space by 

Zx,T = {{t,x) e [0, oo) X A : t minT(x)}. 

We will define an oriented Kuranishi structure on Zx.t and (effective) gauge- 
fixing data Hx.T or Hxt for {Zx,T,f o ''t), where tt : Zx,t A is the 
projection. Set J = {i + 1 : i £ /}. For each j G /, define 

T/F*+i = [0, i)xy*n{(i,i;) e [i,oo)xl/* : i vtm^T\v)] C T^'x[0,oo). (209) 

Then is an orbifold with g-corners, as T* : V'^ — > T([1,c>o)) is a tent 

function, by the orbifold version of Proposition IA.2I Write iryi : W"^^ 
for the projection. Define an orbifold vector bundle T*+^ Vl^'+i by T*+^ = 
■jTyi{E'^), a section of T*+^ by = o iTyi, and a continuous map 
^i+i . ij^i+iyi^Q-^ _^ f+^(t,w) = (i,'0*(w)). Define a smooth map 

g^+i : W'+^ ^ Y hy g'+^it,v) = P{v). Then {W^,F^,P,^^) for j e J are 
Kuranishi neighbourhoods on Zx.t- 

If j ^ i in /, define an open subset in W^+^ by = 

n ([0,oo) X yy), and define a coordinate change (,/,(*+i)0'+i),,/,(*+i)0+i)) 
from (iy(*+i)(^'+i\...,e^'+i|M/(.+i)U+i)) to (iy*+i,...,e+i) by V'(^+i)(j+i)(t,z;) 
= (t,(/!i*J(f)) and V;(*+i)(J+i)(t,e) = (t,(^*J(e)). The condition in Definition [X27] 
that the S{i^.....i^y for T' should intersect (p^^V'-^) transversely in V'- ensures that 
is compatible with boundaries and g-corners, as in Definition l2.18f aV 

Since A is an oriented Kuranishi space, [0, oo) x A is an oriented Kuranishi 
space. It is now easy to check that there is a unique oriented Kuranishi structure 
on Zx,T such that Zx.t is a Kuranishi subspace of [0, oo) x A, with natural 
strongly smooth map rr : Zx.t ~* X induced by the projection [0, oo) x A ^ A, 
and J = { j,{W\F^,P,^^),g^ j ^ J, (M^J^ V^^'^) : ^ j G j) is a very 
good coordinate system for {Zx.t, f ° tt). 
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For ij G /, define continuous (i+i : Zx.t ^ [0, 1], Clti ■ ^^^^ ^ [0- 1] by 
/(l-2i)7;,(x)+2t77,(x), tG[0,i), 



good coordinate systems for {X,f), one can show that ( J, C) is a really good 
coordinate system for (Zx.t, f ° t^)- 

Let (J, (J) be the excellent coordinate system for {Zx,t, f ° t^) constructed 
from (J, by Algorithm 13.161 Then is an open subset of for each 
j G J. As (JjTj) is excellent, no pieces of [0, |) x V C 1^*+^ are discarded, so 
[0, i) X C W^'+i for aU i G /. This imphes J ^ J = {i + 1 : i e I}. 

If we have gauge-fixing data G for {X, /), define : — > P for each 

i G / by H'+Ht,v) = G\v) if i = 0, and H'+^{t,v) = Sn+i{t,xi, . . . ,Xn) if 
t > and G'*(w) = Sn{xi, . . . , x„), and write Hz,t — {{J, C), : j & j). If we 
have effective gauge-fixing data G for {X, /), define ^'"''^ : W^^^ P for each 
i G / by = G'*(w) if i = 0, and H'+\t,v) ^ (t, xi, . . . , x„) if t > 

and G\v) = (a;i, . . . ,a;„), and write H^ j, — {{J,C),H^ : j G J). Then if^^x 
or H^ rj. is (effective) gauge- fixing data for (Zx,t, / o tt). 

If T,!" are tent functions for {X,f,G) or {X,f,G) and minT = minf 
then Zx,T, and H x.t or t coincide with f-, tt, -ffx t "-"^ t- 

Here is the analogue of Proposition [A?2l The proof is straightforward. 

Proposition A. 29. In Definition \A.28\ we have 

d[Zx,T,foTV,Hx,T] = - [Zgx,T\ax^ fldX ° ■n-,HQx,T\ax] /r,ii^ 



in KC^,{Y; R) and KC^^{Y; R). Here C is a finite indexing set and {Xc, f^, Gc) 
for c in C in (|21ip are the connected components {in the sense of Lemma \Z.7\ 
of {dZx.T, f ° T^ldZx TJ Hx,T\dZx t) which meet (0, cx)) x X° , and similarly 
for {Xc, fc,G^) in (I212p . For each c d C, 7r|xc ■ A"c —> X is an orientation- 
preserving immersion of Kuranishi spaces which is an embedding on X°, with 
X = \J^^^Tr{Xc), and Tr{X°) D 7t{X°) = for all c ^ d in C. 

We think of this as cutting X into finitely many pieces 7r(A"c) for c G C. 

A. 3. 3 Cutting a Kuranishi chain into arbitrarily small pieces 

We now generalize ijA.1.2l to Kuranishi chains. Here are analogues of Definitions 
rO and rOOl and Propositions El and [OTl 




[Zax.Tlax^ flox 7r,H'Qx,T|a; 



(212) 
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Definition A. 30. Suppose X is a compact Kuranishi space, Y an orbifold, 
f : X ^ Y strongly smooth, and G (or G) is (effective) gauge-fixing data for 
(X,/). Let I = {I,iV\ E\s\ Tp') : i e /,...) and j = {I , {V\ E\ s\i]j') : i G 
J, . . .) be as in Definition IA.27I 

In the following, when we choose some data on V"^ and require that it should 

extend to an open neighbourhood W of in V", we do not mean a fixed 
neighbourhood but a different [/* each time. We should think of W as 
getting smaller each time it is used in an inductive proof, so that in effect we 
are choosing a series of neighbourhoods J7{, C/ji C^si • ■ • with 

This convention eliminates problems about extending data from W to U"^. 

By induction on increasing i G I, choose a Riemannian metric g* on 
which extends to a neighbourhood W of V'^ in V^, such that whenever j ^ i in 
/ we have (0*^)* (5*) = on V'^ DW n{(l)'3)-\ W) an d (/)*J(F'J) is geodesically 
closed in {W,g^). This is possible as in Remark lA. 261 These conditions imply 
that the metrics d\ on V\ induced by g\ g^ satisfy (0'-' )*(d') = on V^^ , 
for small distances, and (p^^ maps g^-geodesic segments in y*-' to g*-geodesics 
in V\ 

In Definition IA.20| to construct tent functions T on an orbifold X, we in- 
troduced a finite system of orbifold charts on X, but the only way in which 
we used them was to determine injectivity-radius-type smallness conditions on 
e > 0. We need to do the same here, but for simplicity we will not go into 
detail. In brief, for each i e / we choose a finite system of orbifold charts on the 
orbifold [/' C which cover the compact subset H (s')~^(0), but need not 
cover the possibly noncompact orbifold W. Then we choose e > sufficiently 
small such that the conditions of Definition IA.20I hold for these charts on W 
with metric g^, for all i & I. 

Now choose finite subsets {p\ , . . . , p^yi } in for each i e / satisfying: 

(a) n (s*)-i(0) C \J^2i BHpI), where B;(p) is the open ball of radius r 
about p in {W,g^). 

(b) ({pi , . . . , p'^, } n V^^ ) = M , . . . , p5v. } n [V^' ) for aU J < z in /. 

(c) {p\, . . . ,_p]Yi} \ iJjej j<i <j>^-'{V^-') is generic amongst finite subsets of V'\ 
for all i E I. 

(d) if j < i in / and v G V'^^ C , then either d^{pl,v) > e for all b = 
1, . . . , with pI ^ I/*-' , or there exists pi € V'^^ for some c — 1, . . . , 
such that d^pl, v) < di{pl, v) for all = 1, . . . , with pi ^ V'^ . 

(e) if j < i in / and v G (]/*■') C V\ then either d^{pl,v) > e for all 
b — 1, . . . , A* with pI ^ (y*-' ), or there exists p* G (]/*■' ) for some 
c = 1, . . . , A' such that d*{pi, v) < d*{pl, v) for aU = 1, . . . , A* with pi ^ 
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Here is one way to do this. For each subset 7^ J C /, let j = min J, and 
choose a finite subset 

Sj c Pi V'^ \ U (fP'^iV^'') C (213) 

such that 

{■s^)-\0)nf]V^i C y Blip), (214) 

where in (|214p . the closure is taken in , and balls Biijj) are in {U^,g^). It is 
possible to choose such a finite set as the left hand side of (|214p is compact, and 
is also contained in the closure of the right hand side of (|213p , since the deletions 
^jfe(p^ifc) have strictly smaller dimension than , so they do not change the 
closure. Then for each is/, define 

{Pli ■ ■ ■ jPjV'} = tjsets J with i e J C I: 0*"' ('S',/)- 
set j — min J 

Then conditions (a),(b) above hold automatically. For (c), it is enough to 
take each Sj to be generic amongst such subsets. For (d),(e) we have to work a 
bit harder. Basically we should choose the Sj by induction on | J|, and when we 
choose Sk with k = min K, we should ensure that for all ^ J C A' with J ^ K 
and j — min J, each point of <l>'^{f]i^K l^*'^) is either distance at least e from 
each point of Sj (which was chosen in a previous inductive step), or is closer to 
some point of (/)'''' {SIk) than to any point of Sj. This is possible if the points in 
Sk are sufficiently close together. But to deal with some noncompactness issues 
we may need to make e smaller, and to require the points in Sj to be close to 
{s^)~^{0), so that we are really working in a compact subset of . 

Following (|205| . define T* : -> F([1, 00)) for each i £ I hy 

T"^ (v) — i 1 + 1'^ : I G [0, 2e), there exists a geodesic segment of length / 

. . V . , (215) 

in (V^*,5*) with end points v and pi, some 6 = 1, . . . , iV' }u{l + e }. 

Then by a very similar proof to Proposition IA.211 T* is a tent function on 
V*. We added the extra branch 1 + in (|215p because the balls Bl{pl) for 
b = 1, . . . need not cover F*, but only n (s*)~^(0), so without including 
1 + we might have T^{v) = 0, which is not allowed. 

Let J ^ i in /. Then (d) above implies that min | yij is the same whether 
we compute it using all of , . . . , p''j^j , or only those pi lying in V^^ . Part (e) 
implies min | fyij ^ is the same whether we compute it using all oip\, . . . , p'j^i , 

or only those lying in ^^^{V'^). Part (a), {'p'^Yig') = on F''^ and 0*-'(y*-') 
geodesically closed in (F%5'), imply that minT^\yij computed using only in 
(j)^^{V'^^) agrees with minT*|^ij (.^ij^ computed using only pi in (j)^^{V'^^) under 

0*-'. Therefore minT' o c/i*-' = mmT^\yij, as we have to prove. 

It remains only to verify the condition in Definition IA.27I that the subman- 
ifolds S'{ii,...,i,} of Definition lA.ll for T* intersect (j)^^{V'^^) transversely in 
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wherever ti^{u) = minT*(it). Part (e) above implies that any branch of tk of 
T* on (j)^i{y^^) with tk{u) = minT*(u) comes either from a point p\ in (j)^^{V^^), 
or the extra branch 1 + in (|215p ; we cannot get such branches tk from p\, in 
\ <f)^^{V'^^). Using this and the genericness condition (c), one can show that 
the intersect (F*-') transversely. This proves that T = (T' : i £ I) 

is a tent function for (X, f,G) or {X, f,G). 

Proposition A.31. In Definition lKM if Ic = {h-, (K*, . . . ,i>l) : i £ h, ■ ■ ) 

is the very good coordinate system for {Xc, fc) in Gc or G^ in Proposition 
IA.29[ then by construction Ic Q I and tt : X^ — > X lifts to natural embeddings 
TT : ^ for i G Ic- For each i € Ic there is a unique fe*'"^ = 1, . . . , with 
p\i.<i e 'K{Vc)^ and ^{Vc) C B\(j)\i.<:). If j = min/c then for each i d Ic we have 
pl...eV'^andpl.^.^^^i{pi,^.). 

By taking e > sufficiently small we can choose T to make the Xc and Vc 
'arbitrarily small', jn the sense that given open covers {Uj : j £ J} for X and 
{C/j : j G J*} for C for each i £ I, we can choose T such that for all 
c £ C there exists j G ./ with Tr{Xc) C Uj, and for all i £ Ic there exists j G 
with 7r{Vc') C Uj. 

In the case of effective gauge-fixing data G,H,G^ the Kuranishi space Xc 
has trivial stabilizers for all c £ C, and the Vc are manifolds for all i £ Ic- 

Proof. The first part follows quickly from the construction. To make sense 
of it, note that W^'+i in (|209p has boundary composed of {0} x V^, and a 
portion lying over dV^, and a connected component for each pi, b — 1, . . . , iV% 
and possibly also a piece from the branch 1 + in (I215|) . However, when we 
apply Algorithm 13.161 and pass to we discard boundary components not 

intersecting (t*+^)~^(0). This includes the whole of the piece from the branch 
1 + e^, since Definition IXM a) implies that minT' < 1 + on (s*)"i(0) n V\ 
It may also include some components from the pi. Hence dW''^^ is the union 
of {0} X V^, a portion lying over dV^, and a component associated to pi for 
a subset of 6 G {1, . . . , iV*}. Definition lA.SOf b) then implies that the Xc for 
c G C must correspond to points pli.c as in the proposition. In particular, no 
Xc corresponds to the branch 1 + in (|215p . 

For the second part, note that each Tr{V^) is contained in i?*(p|,i,c) and 

intersects (s*)^^(0) fl V^, and (s*)^^(0) fl is compact. Given any open cover 
{C/j : j G J'} for V\ as (s')"^(0) n is compact, if e > is sufficiently smah 
then every ball of radius e intersecting (s*)~^(0) n must lie in Uj for some 
j G J'. Hence, if e > is sufficiently small then each Tr{Vc) lies in some Uj. For 
X we use a similar argument, noting that tt{Xc) has diameter at most 2e in the 
metric on X obtained by gluing together the metrics ipl{d'^) on Imi/)* C A for 
i G I. For the last part, as G is effective gauge-fixing data the are effective 
orbifolds, so the are manifolds as in Proposition ! A. 2 ll and thus Xc has trivial 
stabifizers as Stabjc^(p) = Stabyi(i;) — {1} for p in Xc and v in (s*)^^(0) C Vc 
with p = iIjKv). □ 
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A. 3. 4 Piecewise smooth extensions on Kuranishi chains 

We extend i|A.1.4l to Kuranishi chains. Here is our analogue of Definition lA. 91 

Definition A. 32. Suppose X is a compact Kuranishi space, Y an orbifold, 
/ : X — > y strongly smooth, and G (or G) is (effective) gauge-fixing data for 
(X,/). Let I = {I,{V\ E\s\ '>P') : I G J,...) and j = {I ,{V\ E\ s\'^') : i G 
/,...) be as in Definition [OtI 

We will choose a smooth vector field on V"^ for each « G / such that: 

(a) is nonzero and inward pointing at every point of dV^ . 

(b) For any xq G , there exists a smooth path x : [0, oo) — > such that 
x(0) = xq and ^{t) — v^\x(t) for all t G [0, oo). That is, is a complete 
vector field on . This implies that exp(tu*) : is a well-defined 
smooth embedding for all t ^ 0. 

(c) There exist open neighbourhoods W of in for each i G /, such that 
whenever j ^ i in / we have (pl^ (v^) = on (jf^{V^^ DU^) HW. 

(d) The U'^ in (c) have the following property: if a: G and exp(tw*) G 
for some t G [0, 2], then a; G C/*. 

Before doing this, we pause to explain the issues involved. One of our prob- 
lems is ensuring that the exponential maps exp(iu*) : are well-defined, 
at least where we need them. If X is a compact orbifold without boundary and 

V is a smooth vector field on X then exp(tv) : X ^ X is a. well-defined diffeo- 
morphism for all i G K. If X is a compact orbifold with boundary or (g-)corners 
and w is a vector field on X then exp(to) : X ^ X is a well-defined embedding 
for all t ^ provided v is inward-pointing along dX. 

However, if X is a noncompact orbifold and v a vector field on X then 
conditions for exp(iw) : X ^ X to exist for t ^ are more complicated. In 
effect, X has two kinds of boundary: the usual boundary dX , along which v 
must be inward-pointing for exp(tw) to exist, plus some noncompact ends, which 
we think of as being 'at infinity' in X . If some fiow-line of in X goes to infinity 
in finite time, then exp(tu) does not exist for i > 0. For instance, if X M then 

V = is complete, with exp(t?;) : x ^ x -\- 1, but "v = x^-§^ is not complete, as 
the flow-line i i— > (1 — t)~^ of v for t G [0, 1) goes to infinity in finite time. To 
avoid this kind of behaviour we have to ensure that \v\ does not grow too quickly 
near infinity in X , so that fiow-lines of v can only go to infinity in infinite time. 

Unfortunately, this issue of completeness of vector fields causes difficulties 
with compatibility of under (jf^. In general, if are to be compatible 

on /7% as in (c), we cannot also choose v'^^v^ to be complete on W,U^, 
because as must grow slowly near the noncompact boundary of , we find 
that the hmit of (j)l^{v^) at any point of (/)y(yy n U^) \ (V'^ n U^) must be 
zero, so must be zero there by continuity, but this could contradict being 
nonzero at boundary points in (a). Therefore we make w* complete on V' but 
not on W . Part (d) will be used later to ensure that the tent functions T* on 
we construct using satisfy minT^\yij = minT* o 0*-', as in Definition rOTl 
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Next we explain how to choose v'^,W satisfying (a)-(d). Firstly, for each 
fixed i G /, here is a way of constructing satisfying (a),(b). Choose some 
Riemannian metric on V^. For each x G V'\ define /*(a;) = supje € (0, 1] : 

!B^(a;) is a compact subset of V^, where bI{x) is the closed ball of radius e 
about X in (V^,g^). Then f^{x) is the minimum of 1 and the 'distance d{x,oo) 
from X to infinity in F", measured using g', and p : ^ (0, 1] is continuous. 

Let be a vector field on V which is nonzero and inward pointing at 
every point of dV^. Then a sufficient condition for to satisfy (b) is that 
^ Cf^{x) for some C > and all x G V^, where |w*(a;)| is computed 
using This is because if d{x,oo) = oo then as fiow of v moves at speed 
at most C then it must take infinite time to reach infinity, and if d{x, oo) is 
finite then logd{x, oo) decreases with speed at most C, so logd(x, oo) — > — oo in 
infinite time, and the fiow of v takes infinite time to reach infinity in V^. 

Thus, given any satisfying (a), which are easy to make by joining local 
choices together by a partition of unity, we can make it satisfy (b) as well by 
multiplying it by a smooth function F : — > (0,1] which approaches zero 
sufficiently fast at infinity that \F{x)v'^{x)\ ^ Cf'^{x) for all x € and some 
C > 0. Note too that if satisfies (a),(b) and F : y — > (0, 1] is smooth then 
Fv^ also satisfies (a),(b), since the flow- lines of Fv'' are just the flow-lines of 

reparametrized to move more slowly, so they still must take infinite time to 
reach infinity in V'^ . 

Secondly, by induction on increasing i £ I, we choose w*, for each i I 
satisfying (a)-(c). In the inductive step, having chosen for all j < i, 

choosing smooth w', W satisfying (c) is possible as in Remark lA.26[ making the 

for j < i smaller if necessary as in Definition IA.30I To choose to satisfy 
(a) is also possible, since the prescribed values <j)l^{v^) for (j)'-^ {V^^ n J7^) n W 
satisfy (a) by (a) for , and (a) is an open convex condition. To make f ' 
satisfy (b) as well, we make some initial choice not necessarily satisfying (b), 
and then multiply it by some smooth function F : (0, 1] which is 1 on 

(j)i3 (yij 01/^)0 W for each j < i in I and decreases sufficiently fast near infinity 
in V^. For portions of (j>^^ {V^^ nU^)r\U'^ which go to infinity in V^, the prescribed 
values for are already complete by (b) for , so it is not necessary to make 

smaller there. 

Finally, having chosen v^, W for i £ I satisfying (a)-(c) but not necessarily 
(d), we fix these and choose some smooth functions i^* : V'^ (0, 1] for 
i e / with F' o EE F^ on V'^ H W n {cj)'^)-^[W), such that = F'v^ for i £ I 
satisfy (d) with the given This holds provided is sufficiently small; what 

we need is that the fiow of — = — F'w* cannot start in and reach \ W 
within time 2. Hence we can choose w% W for i £ I satisfying (a)-(d) above. 

We now continue the argument of Definition IA.9I Write = exp(u*)F* 
and = e^p{2v')V\ Then V/,V5 are embedded submanifolds of {V')°, and 
exp(w') : Vi, exp(2w*) : — > V2 are diffeomorphisms. The inclusion 

: V' is an immersion, with closed image. As for Y in Definition IA.9[ 

for each i £ I we extend to an (i — l)-orbifold without boundary, with 
C Y a closed embedded {i — l)-submanifold, and extend : — > to 
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an immersion : satisfying Definition I A. 9r i)-(v) with w', 1^', Vi, V2 in 

place of V, X, Xi, X2, and where we only need (iii) to hold locally in V^, that 
is, such a bound M should exist for each compact subset of V^. In addition, we 
require the y , to be compatible with coordinate changes (jf^ , in the sense that 
if j < Hn J then defining Y'^ = (J)-^ {V^ n W H {(f>'3)-^{U')) , and open set in 

, there should exist an embedding '0'"' : Y'^^ — > such that o ijj'^^ = (jf^ o 
on . By Remark IA.26I and the proof in Definition IA.9[ we can choose such 
Y\ l' for all ie I. As in define T' : V' ^ F{[1, 00)) by 

T\x) = {2} U {3 - t : i e (0, 2], exp(iw*)a; e l^{Y')} (216) 

for each i e I. Write T ^ {T' : i e I). 

The proof of Proposition lA.lOl shows that is a tent function on V'^ for 
each i € I. It extends to a tent function on also given by (|216p . so 

certainly extends to a tent function on an open neighbourhood of V"^ in V''. 
The construction implies that if j ^ i in I then \ = T* o (f)'^^ , and thus 
minT^ [yij = miuT* o 0'^ . Note that we use (d) above to prove this: (|216p and 
(d) imply that for each x S F'-' , (x) depends only on the values of on , 
rather than on the whole of , and then (c) shows that computing (x) in 
is equivalent to computing T* o c/)'^ (x) in V^. 

The suborbifolds of Definition lA.ll for T* are all locally either the 

images of some codimension k corner of under the flow of , or the intersec- 
tion of such an image with Since 0*-' : V^^ is an embedding which 
takes to w*, it follows that the for intersect (j)^^ {V'^^) transversely. 
Hence T is a tent function for {X, f, G) or {X, f,G) by Definition IA.27I 

We can also combine Definitions IA.12I and IA.32I to extend a tent function 
for {dX, flax, G\9x) to one for (X, /, G). 

Definition A. 33. Let X be a compact Kuranishi space, Y an orbifold, / : 
X ^ Y strongly smooth, and G or G (effective) gauge-fixing data for {X, /). 
Suppose T' is a tent function for {dX, f\gx,G\dx) or {dX, f\gx ,G\ox) such 
that mm{T')\g2x is invariant under the natural involution cr : d^X d^X. 
That is, for I = {I,{V\E\s\iIj^) : i e /,...) in G or G, for each i e I 
the tent function T' gives a tent function T'^*^^^ on dV^, and we require that 
minT''^'"^) |g2yj should be invariant under the involution a : d^V^ d^V^ . For 
simplicity, suppose also that miuT'^*"^^ is bounded above on dV^ for all i e /. 
This holds automatically in all our constructions. 

We will construct a tent function T for (AT, /, G or G) with min(T|ax) = 
minT'. Choose z;*,J7%y%t* for i e / as in Definition IA.32I Then we have 
a diffeomorphism exp(2-y') : dV^ — > dV2, so that T'^'"^) o exp(2w*) is a tent 
function on exp(2w*)(aF*) C dV^ C Y\ Extend T'('-i) o exp(2w*) to a tent 

function on an open neighbourhood Y'^ of exp(2t>*)(91/*) in F*, relaxing 

the condition min T"(»-i) ^ 1. We require too that minr"(*-i) should be 
bounded above on Y'^. This is possible, as minT'^*"-'^' is bounded above. 
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Choose D > 1 such that minr"(*-i) < D on Y'^ for all i e I. As in 
define TV T([1, oo)) by 

T^{x) = {D} Li{u + e{2-t):te (0, 2], y G Y'\ u e T"(-i)(y), ^^^^^ 

where > D — 1 is chosen large enough to satisfy conditions in Proposition 
IA.13I for each i e /. Actually, because of the noncompactness of it may 
not be possible to choose 9 sufficiently large everywhere. We can deal with 
this by replacing 6 by smooth functions 0^ : V"^ ^ {D — l,oo) for i e / with 
9'^ o 0*-? = 9^\yij for j < i in /, which are sufficiently large locally in 

The proof of Proposition IA.13I now shows that is a tent function on V'' 
for each i € I, with min(T'|gyi) = minT'^*^^^. It extends to a tent function 

on an open neighbourhood of V'- in V^, given by the same formula (|217p . For 
j < i in / we find as in Definition IA.32I that minT^ l^ij = minT* o c/;*^ , and the 
S{t,,....ti} for intersect transversely. Therefore T = (T* : i e /) is a 

tent function for {X, f, G) or (X, f,G), with min(T|ax) = minT'. 

Analogues of Definition IA.8I and Propositions lA.lOi lA.lli IA.13I and IA.14I 
hold for T in Definitions IA.32I and IA.331 so that we have a well-defined no- 
tion of piecewise strongly smooth functions subordinate to a tent function T on 
(X, /, G?), for which an Extension Principle holds. We will not write these out, 
as they are cumbersome to state. However, Step 2 of the proof of Theorem 
14.81 in i iB.2l depends on this piecewise smooth Extension Principle for effective 
Kuranishi chains, so we will discuss some of the ideas there. 

A. 3. 5 Cutting into small pieces with boundary conditions 

Section IA.1.51 combined ijA.1.21 and i jA.1.41 to define tent functions T cutting 
a compact manifold X into arbitrarily small pieces, with boundary conditions 
minT I ax = minT' over dX. We now combine gA.3.3l and gA.3.4l to do the same 
thing for Kuranishi chains. Here is our analogue of Definition lA. 151 

Definition A.34. Let X, Y, /, G or G and T' be as in Definition 1X331 We 
will construct a tent function T for (AT, /, G or G) with min(T|ax) — minT', 
such that the pieces Xc in (|21ip - (|212p can be made 'arbitrarily small', subject 
to the boundary conditions T'. 

Choose metrics on [/' D V'- for i G /, e > 0, finite subsets {p\, . . . ,p]Yi} in 
for i G /, as in Definition lA. 301 with the extra condition that p\ G {V^)° for 
aU i, c. Choose v\ U\ Y\l' for i G / as in Definition 1X32] Choose Y'\T"^'-^') 
for i e I a.nd D > 1, 9 > D ~ 1 oi 9' : V' ^ {D - 1, oo) as in Definition OH 
Make 9, or the functions 9^ for i G /, larger if necessary so that 9 > D + ~ 1, 
and an analogue of the condition 1 + 6'C||w||(70 > D in Definition IA.15I holds 
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locally in V\ Combining (pOi)) . (PTS| and (PT7|) . define : cx))) by 



2^'(^) = {^ + '^ • ' £ [0, 2e), there exists a geodesic segment of length Z 
in [V^g"^) with end points v and p^, some 6=1,.. . , 7V*}u{D + e^}U (218) 
{m + 0(2 - i) : i e (0, 2], y e Y'\ u e r"(''-iny), exp(to'')2; = i\y)), 

for each i e /. Write T = {T^ : i e I). 

The proofs of Propositions [A . 1 61 1 A . 3 1] and Definitions lA.30[|A.33l then yield: 

Theorem A. 35. In Definition IA.341 T is a tent function for {X, f, G) or 
{X,f,G), with min(T|ax) ==minT'. 

Let Xc, /c, Gc for c & C be as in Provosition \A.29] for Zx.t, and X'^,, f'^,, 
G'^i for d S C" he as in Provosition l A. 29\ for Zqx,t' ■ Then we can take C C C, 
such that for each c' G C there is a natural identification between (X'^,, f'^t, G'^t) 
and a component of {dXc' , /c' \dx^, , Gc' \dx^i ) ■ For c £ C\C' , the Xc correspond 
to points p\i.<: as in Provosition IA.3ri The same holds for G^^G'^' ■ 

By taking e > sufficiently small and 9^ for i G I sufficiently large, we can 
choose T to make the X^ and 'arbitrarily small', given the X'^,,V^f which 
are already fixed. That is, given an open cover {Uj : j G J} for X such that for 
all c' G C there exists j € J with tt'{X'^,) C Uj, then we can choose T so that 
for all c G C there exists j G J with 7r(Xc) C Uj, and similarly for the V^, V^f. 

In the case of effective gauge-fixing data G,H,Gc, if the X'^, have trivial 
stabilizers and the V^f are manifolds for all c' G C" and i G I'^i, then the Xc 
have trivial stabilizers and the are manifolds for all c G C and i G Ic- 

The tent functions T of Definition ! A. 34l are also suitable for piecewise smooth 
extensions, as in ijA.3.41 and we will use them for this in Step 2 of the proof of 
Theorem SH in ^^21 

Remark A. 36. It is instructive to compare our notion of tent functions on 
Kuranishi chains {X, f, G) with Fukaya and Ono's notion of multisection on 
a Kuranishi space X [25, §3, §6], [24, §A1.1]. There are many similarities, as 
in writing this book I started with Fukaya and Ono's definitions of Kuranishi 
spaces and virtual cycles and tried to improve them. Here are some: 

• In both cases we fix a good coordinate system I = (/, (V^ , ... ,-0') : i & 
/,...) on AT, and then consider a smooth, multivalued function T* on 
V'' C V^, OT section of E'^ for each i € I, which must be compatible 
with coordinate changes for j < i in /. 

• Fukaya and Ono use their multisections to perturb Kuranishi spaces to 
(non-Hausdorff, Q- weighted) manifolds, and then to triangulate these 
manifolds by simplices. We use tent functions for both these purposes. 

However, there are also important differences: 
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• For a multisection with n-branches, each branch has equal weight 1/n. 
Therefore by its nature the multisection method produces singular chains 
over Q, not over Z. In contrast, though a tent function T may have many 
smooth branches, only the minimal branch minT really counts, and it 
has weight 1. Because of this, we are able to make effective Kuranishi 
(co)homology work over Z as well as Q. 

• Fukaya and Ono use multivalued sections of orbifold vector bundles so that 
they can perturb to transverse sections, which is generally not possible for 
single- valued sections of orbifold vector bundles. 

For effective Kuranishi neighbourhoods (V, E', s, "0), single- valued sections 
of E can always be perturbed to transverse, so this problem does not arise 
in Appendix lEl where we actually do our perturbations. 

However, in Appendix[C]we use a tent function to cut a general Kuranishi 
space X into small pieces Xc for c G C which are quotients X'^/Tc for X'^ 
an effective Kuranishi space and Fc a finite group, and then we replace 
Xc by X'c with weight l/|Fc| in Q. So we are forced to work over Q in 
Appendix [Cl for essentially the same reason as Fukaya and Ono. 

B Proof that Hf{Y- R) ^ KHf{Y; R) 

We now prove Theorem l4.8l Let Y be an orbifold and R a commutative ring. We 
must show that TTj : Hl'{Y;R) KHf{Y;R) in ^ is an isomorphism. We 
do this in four steps, which we describe briefly below and then cover in detail in 

In Steps 1-3 we start with an arbitrary cycle J2aeA Pa i^a, f a^Qa] 
KCf^iY] R) representing some a e KH^^{Y; R), and progressively modify it to 
get other homologous cycles representing a with better and better properties, 
until we represent a by the image under 11°? in ([73]) of a cycle in Cl^{Y;R), 
proving that n°[ in ([76]) is surjective. Step 4 proves Ilgf is injective, using the 
same method but for chains with boundary rather than cycles. We allow fc < 
in Steps 1 and 2, and prove the last part of Theorem 14.81 at the end of Step 2. 

Step 1. Let fc e Z, a e KHf{Y-R), and EaeA Pa[^a, /a, G KCl'{Y-R) 
represent a. Then each Xa is an effective Kuranishi space, and in the excellent 
coordinate system = (4, (FJ, . . . , -0^) : « e 4, . . .) for (X^, /„) in G„, 
is an effective orbifold. As in ijA.31 we use a tent function Ta for (Xa, fa^G^) 
to 'cut' each Xa into finitely many smaller pieces Xac for c £ Ca, in triples 
{Xac, fac^Qac), where Xac is a Kuranishi space with trivial stabilizers, and 
in the excellent coordinate system lac = {lac, (^Jcj • ■ ■ j V'ac) ■ ^ ^ ^ac, ■ ■ •) for 
{^ac, fac) in Qac-, each is a manifold. We show X^aeA Ecec„ Pa[Xac, fac, 
Gad is homologous to J2aeA Pai^a, fa^Ga] in KCf{Y; R), and so represents a. 

As d{J2aeAP4^a,fa,Ga]) = 0, the [dXa, f aldx^, QaldxJ Hiust Satisfy re- 
lations in KC^^_j^{Y; R). The main problem is to choose the Ta for a ^ A 
in a way compatible with these relations, so that d{J2aeA^cec Pai^ac, fac. 
Gad) = 0- That is, the choices of Ta, Ca and Xac, facGac fo'' c G Ca cannot be 
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made independently for each a £ A, but rather, they must satisfy compHcated 
boundary conditions over dXa relating the choices for different a & A. 

To make these choices in a way compatible with the boundary conditions, 
we introduce some more notation. By Lemma 13. 7[ for each a A and to ^ 
the triple /Ja™x„ , GJa-^xJ has a splitting = E- • -EX™™ 

into connected triples {XJ^, f^\x"^ ,G^\x"^), which is unique up to order of 
the X- for b = Write fZ = f aW-, and QZ = GJx;- Then 

Aut(X,"„ fZ,GZ) - {1} by Theorem EMb). 

Define P™ = | (a, 6) : a G A, 6 = l,...,n™}. Define an equivalence 
relation ^ on P™ by (a, 5) ^ {a',b') if there exists an isomorphism (a, b) : 
{X2JZ,GZ) ^ {X^,,JZb'.GZb') as in Definition ESi where a need not 
identify orientations. Note that (a,b) is unique as Aut(X^, G^'J,) = {1}. 
Let = P"V be the set of equivalence classes of (a, 6) in P™. We shall 
treat Q"* as an indexing set. For each q G Q"^, choose (a"?, 6'') e P'" rep- 
resenting the equivalence class q. Write P™ — {(a'', 6*) : g e Q™}. Define 

. pm ^ j^m ^yy (^™(a, 6) = (o'', 6'') whcn the ^-equivalence class of (a, 6) in 
is q. Write (a, 6)™ for the unique isomorphism (a, b) : (X^JZ^GZ) ^ 

Since ^ is finite and d'^Xa = for to » 0, P", Q™, P™ are finite with P" = 
Q™ = P™ = for TO > 0. Let M ^ be largest with P*^ Q^' ,R^' ^ 0. Write 
eJJ], = 1 if a in (a, b)^ is orientation-preserving, and = — 1 if a is orientation- 
reversing. As X2 C a"'A:a, we have 3X2 C S^+iXa = Ml?^^ Kb^^- Clearly, 
(9X^ is a disjoint union of some subset of the X'^t^. Define to be the set 
of 6' ^ 1, ... , with X™+i C 8X2- Then ^X^, = Ub'^B- Ky'- 

By induction on decreasing m — M, M — 1, . . . , 1, 0, we use Definition lA. 341 
and Theorem EM] to choose a tent function for {X2h,fZb,GZ) for aU 
(a, 6) in P™, satisfying the following boundary condition: we have dX2 = 
Ub'es'", ^^fc^^ and for each such AT^'^+i we have (a, 6) = <?!>™+i(a, 5') e P"+i, 
an isomorphism (a, b)™+i : {X2t\ SZt\ G^t') - (^If G^'r^), 
and a tent function T^^^ for /™+\ G"+^) chosen in the previous 

ab ^ ab ' ■' ab ' — ab ' ^ 

inductive step. We need min(TjJ],|x'^+^) to agree with minT^"'""^ under the 
isomorphism (a, b)^^^, for all h' in B2- This is possible as in i]A.3.5l 

After completing the induction, for a G A we have Xa = Uj^^i ^ahi and for 
each such (a, 6) we have (a, 6) = (fP{a,b) G P°, an isomorphism (a, b)°j, : (X^^, 
/°„G°,) ^ and a tent function T^-, for [X"^,, fl,, GIj,) . We 

define the tent function for {Xa, ,fa,G^) to be the puUback of T^^ under 
(a, b)°{, on X°j, for each 6 = 1, • ■ • , n^. Then by construction, the Ta\dXa for 
a G A satisfy relations corresponding to d{J2aeA Pa[Xa, fa^Ga]) — 0. 

Let {Xac, facjSac) c G Cq bc the decomposition of {Xa, fajG^) into 
pieces defined using Tq in §A.3.2I Theorem IA.35I and induction on m im- 
plies that the Xac have trivial stabilizers, and the V^c are manifolds. We show 
using Proposition E29] that Z^^gA I]cec„ /'"[ATac, /^ci is homologous to 

EaeAPa[Xa,fa,Ga] m KCf{Y;R). 
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step 2. We shall make a small deformation of Xac into a compact manifold 
Xac with g-corners, for each a G A and c € Ca- This yields a new cycle 
EaeAEcec„ ^al-^ac/acGaJ 6 KCf{Y;R) which is homologous to J2aeA 
SceCa Pai^ac, fac^G^^^], and so represents a. We write fac ■ Xac Y rather 
than ■ Xac ~> ^ since fac is a smooth map of orbifolds, rather than a 
strongly smooth map of Kuranishi spaces. 

The equation d(J2a£A J2ceCa Pai^ac, fac^Sad) = yields relations on the 
[dXac, facldXaaJ^acldx^a] ™ ^^k-ii^i ^) ■ The main problem is to choose the 
deformations Xac in a way compatible with these relations, so that 9(X]aeA 
J2c(£C^ Pai^ac, fac,Gac\) = 0. That is, the perturbations Xac must satisfy 
complicated boundary conditions. Before explaining how we do this, we discuss 
how to perturb a single {Xac, f ac^Qac) without boundary conditions. 

Let (/ac, flacl be the excellent coordinate system for (Xac, fac) m G^^,, where 
lac = [lac, (Vac E^^, s^^, ^l^) , flc-i^ he, ■■), the V^^ are manifolds, and each 
Ea^ Vac is a vector bundle. 

Working by induction on i G lac, we will choose small perturbations Sac 
of sjjg on Vac for i £ lac such that Sac is transverse along (sj,j,)~^(0), that is, 
dPa, : TV:, ^ El^ is surjective on (SL)"'(0), and o S^^^ = o on 
whenever j ^ i in lac- 

By gluing together the sets isac)~^i^) we make a compact, oriented k- 
manifold with g-corners Xac which is a small transverse perturbation of Xac, 
with a smooth map fac ■ Xac Y , and an excellent coordinate system (lac. Vac) 
for {Xac, fac) with indexing set lac — {k}, one Kuranishi neighbourhood {Vac 
Eacs'^aci'ac) = {Xac, Xac, , id^J and i^ack = 1 = ^fc- We choose G^, : 
Xac — > such that Gac = (-fac, ^ac'^ac) i^ effective gauge-fixing data for 
{Xac, fac)- We also_ construct a homology [Zac,gac^Mac\ between [Xac,fac> 
Gac] and [Xac, fac,Gac] in KCf_^-f^{Y;R), modulo terms over dXac- 

Next we explain how to make these choices of perturbations Sac ^'^^ a G A and 
c G Ca compatible with the boundary conditions. Given how we chose the Tq 
compatible with boundary conditions in Step 1, one obvious approach would be 
to use the same method, and to work by induction on decreasing m = M, M — 
1,...,0 choosing the Sacl9'"V' , by splitting d"^[Xac, faciGad into connected 
components, and ensuring our choices depend only on the isomorphism class of 
the component. 

However, there is a problem with this: as the Vac are manifolds with g- 
corners, not corners, the Extension Principle for smooth sections. Principle 
I2.8f c). does not hold. Thus, given prescribed values for over dVac which are 
a-invariant over d'^Vac, we may not be able to extend these prescribed values 
smoothly over Vac choose s\^ satisfying the necessary boundary conditions. 

Our solution to this was explained in i]A.1.4l There are notions of continuous, 
piecewise smooth functions and sections subordinate to a tent function, and 
an Extension Principle holds for such functions and sections on manifolds and 
orbifolds with g-corners. So, we could solve the problem by using continuous, 
piecewise smooth sections Sac on V^c- That is, we could choose tent functions 
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Tac for [Xac, f ac^Qac) which cut Xac into still smaller pieces Xacd for d S 
Dac, and continuous, piecewise smooth sections s^^ over V^c subordinate to the 
tent function T*^ in T\^, satisfying the necessary boundary conditions. The 
restriction of to V^^^ would then be smooth for each d e Dac- 

In fact there is a simpler method. We do not need to choose more tent 
functions Tac and divide the Xac into smaller pieces Xacd- Instead, we treat 
the smooth sections on Vac foi' c £ Ca as coming from a piecewise smooth 
section sj, on Va subordinate to T^. So, we can re-use the tent functions Ta 
chosen in Step 1 to inductively construct piecewise smooth sections over Xa and 
Va satisfying boundary conditions, which restrict to smooth sections over Xac 
and Vac satisfying the necessary boundary conditions. 

The Ta are suitable for this purpose, as we were careful to define them this 
way in ijA.3.51 Also, despite the discussion after Example IA.24I in i)A.3[ in this 
case we do not need to define the on smaller subsets Vac C Kicj since the 
Vac constructed from subsets V^ in VJ, and by choosing the s\ fo extend to 
open neighbourhoods of Va in for i e la, we can define on all of V'J and 
so define Sac on of ^dc- 

Here, then, is how we actually choose the s^^. Use the notation of Step 1, and 
let the effective gauge-fixing data for {X^ fZ) contain 1^ = {Kt^E]^, 
sT^^T) ■■ and TZ = (T^ - ^ G I^), where T-" is a tent 

function on V^j^ C V^j^- By induction on decreasing m = M,M — 1,...,1,0, 
we choose a piecewise smooth section s^'^ of -E^'™ over V^j^ subordinate to 
T^^™, which is a piecewise small perturbation of s^'™, with s^'™ prescribed 
over dVai^ in the same way as for the boundary conditions for min T^j,™ in Step 
1. This is possible, in a similar way to ijA.1.41 

After completing the induction, we define piecewise smooth sections s\ of 
Ea over Va from the s^'° subordinate to T^, as for the construction of Ta from 
T^ab in Step 1. These s\ PnH back to smooth sections s^^ on each Vac, under 
the natural embeddings : Va^ — > V^- The s^^ then satisfy all the necessary 
boundary conditions. 

We then show that EaeA Ecec„ /^al-^ic, /qc, GqJ £ KCf{Y\R) is homol- 
ogous to Y^adAY^cdC^ P'^[^a<^^ f ac^Qac]^ ^ud SO represents a. If fc < then 
Xa = as AunXa < 0, so a = 0. Thus KHf{Y; i?) = for fc < 0, proving the 
last part of Theorem l4.8l Therefore we suppose fc ^ from now on. 

Step 3. For simplicity we now change notation from Xac for a G A and c £ Cq 
to Xa for a E A. That is. Steps 1 and 2 have shown that we can represent a by 
a cycle J2aeAPa[^a, fa,Ga] £ KC^^{Y;R), with each Xa a compact, oriented 
fc-manifold with g-corners, fa ■ Xa ^ Y a smooth map, and Ga = {I a^flaTQa) 
effective gauge-fixing data for [Xa, fa), where la has indexing set la — {fc}, 
one Kuranishi neighbourhood {Va , EaT^aTi^a) — (-^a, X^, 0, id^ ), and ija = 
iVa,k,ri^,k) with fja,k = 1 = ?7a,fe' ^ud : Xa ^ P is some map satisfying 
injectivity conditions as in H3.9[ 

As in i 3A. 1.31 and §A.1.6| we can choose a tent function Ta : Xa — * -^([1, oo)) 
for each a G A such that the components Xac, c G Ca of dZ^ f in (|187p are all 
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difFeomorphic to the fc-simplex Ak, with diffeomorphisms (Tac ■ Ak — > Xac for 
c G Ca- In order to make these choices in a way compatible with the boundary 
relations involved in d{J2aeAPa[^a, fa,Ga]) = 0, we follow the strategy and 
use the notation of Step 1, and by reverse induction onr7i = fc,A; — 1,...,1,0 
we use Theorem IA.18I to choose tent functions T^^ on XJ^l for (a, b) £ i?™ 
and diffeomorphisms cr^^ : Ak-m X2c for (a, b) G i?™ and c e C^, such 
that minf™|g^„ and cr^^J^jf™ are identified on X^t'^ for each b' e with 
minf^+i and under {a,b)2t\ for (a, 5) = 0"+i(a,6') in R"'+\ and 

c G C^~^^ . At the end of the induction we define Ta,Ca and aac using the 
^'"b: Ci and for = 1, . . . , nO and c e ^7°,. 

For a A and c € Cq, define eac = 1 if the diffeomorphism aac ■ Ak — > 
Xac is orientation-preserving, and eac — ~1 otherwise. We then show that 
J2aeAPa[^a,fa,Ga] is homologous in /-CCf to the cycle 

T,aeA EceC„ Paeac[AkJa OTTO CTac, G^J ^^^^^ 
Ilsf (EaeA EceCa (PaEac) (/a O TT O CTac)) • 

Since U^f : (F; i?) ^ isTCf (F; i?) is injective at the chain level, with n°[o5 = 
d o n^f , as (pig)) is a cycle in i^Cf (F; i?) we have 

d{EaeAEcecAPaeac){faO7roaac))=0 in 0^ , {Y ; R) . (220) 

Thus /? = [Z]aeAl]cGC„(/='«'^ic)(/a0 7rocrac)] is well-defined in H^'(Y;R), and 
(prg)) implies that n°[(/3) = a. Hence n°f in jTS]) is surjective. 

Step 4. Suppose /3 e Hl'{Y;R) with n^f(/3) = 0. Represent (3 by J2deDVdTd 
in C^'(F; -R), for I? a finite indexing set, rjd G R and : Y smooth. Then 

nif(EdeD Vd Td) is exact in KCf{Y; i?), so there exists J2aeA Pa[Xa, fa^Qa] € 
KCl\^iY-R) with 

5(EaeAPa[^a,/„,GJ) =E,ez3%[A;c,Trf,G^J. (221) 

We now apply Steps 1-3 to this X^aeA Pa[Xa, fa^Qal: replacing fc-cycles by 
{k + l)-chains. This eventually yields a singular (fc -I- l)-chain J2aGA Scec 
{pa<^ac){.fa°'^°o'ac)- We make choices in Steps 1-3 so that 

d( J2 J2{Paiac){faOTroaac))^J2 E (^Ce) (^d O We) , (222) 

VaeAcSCa / deD eeE 

where {vc ■ e G E} are the simplices in the iV*'' barycentric subdivision of 
Afe for some N ^ 0, so that Vc ■ A/j; — > A^ is an affine embedding for each 
e € E, with = 1 if Ve is orientation-preserving, and Ce = — 1 otherwise. 
But J2deDJ2eeEiVdCe){Td o Vc) is homologous to J^deoVdTd in C|,'(y;i?) by 
Bredon [10, §IV.17], so J2deD VdTd is also a boundary in C^'(F; -R). Thus (3 = 0, 
and Ilgj in ([76)1 is injective. 
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Remark B.l. (a) Steps 1-3 above are related to Fukaya and One's construc- 
tion [25, §6], [24, §A1.1] of virtual moduli chains for Kuranishi spaces by using 
transverse multisections, small multi- valued perturbations of the obstruction 
maps sj,^,. In our approach, we first pass from Kuranishi spaces and KHs,(Y] R) 
to effective Kuranishi spaces and KH°^{Y;R), as in Theorem 14.91 and its proof 
in Appendix [Cl Then, Steps 1-3 above in effect construct virtual moduli chains 
for effective Kuranishi spaces using single-valued transverse perturbations s^^,. 
Since we use single-valued perturbations rather than multisections, we are able 
to work over Z, or an arbitrary commutative ring R, rather than Q. 

(b) We require our perturbations s^^ in Step 2 to be close to the Kuranishi maps 
s^j, in C^, whereas Fukaya and Ono only require their multisections s^^, to be 
close to sjjc in C°. The difference comes from our new Definition 12. ISf e) . which 
replaces Fukaya and Ono's notion of 'having a tangent bundle', and alters the 
notion of compatibility of perturbations §1^^ under coordinate changes. Under a 
coordinate change (0^^^, (j)^) born (V^^, . . . , i/'D to (VJ^, . . . , ^l^), in our set-up 

determines s^^ only on (^ac(V'J^), but for Fukaya and Ono s^^ determines 
sj,j, on a neighbourhood of </'ac(K*c )- We need closeness to ensure Definition 
I2.18f e) holds for the coordinate changes (|233p below. Remark 12.191 discussed 
ways of doing without Definition I2.18f e') . 

(c) In fact the notion that 's^^, is close to s^^,' in Step 2 does not really 
make sense, as we have not said how close s^^,, s^^ need to be. As in Fukaya 
and Ono [25, Th. 6.4], [24, Th A1.23], what we should probably have done 
throughout Step 2 is not to choose a single perturbation s^^ of sj,^, but a series 
^acn fo'^ = 2, . . ., such that s^cn ~^ ^ac in C"^ as n oo, compatibilities 
between sl^c^^ac replaced by compatibilities between Sl^cm^ac.n fo'" each 
n = 1, 2, . . ., and so on. Then we take n ^ to ensure C^-closeness wherever 
we need it. But we suppress this point, as there are too many indices in the 
proof already. 



B.l Step 1: cutting Xa into Xac with trivial stabilizers 

We work in the situation and with the notation of Step 1 above, so that 
Ea&APa[Xa,fa,GJeKCf{Y;R) is a cycle representing a G KHf{Y-R). 
We will use Theorem lA. 351 to choose a tent junction Ta for [Xa, fa^Qa) ™^ the 
sense of ijA.3.21 for each a ^ A. Then Definition IA.28I defines [Zx^.Ta^ f a ° 
-^a^Hx^^Ta] K'^k+iiY;R), and equation of Proposition E29] yields 

r 1 \^^o j 

- [^9X, ,T„ I ax„ : /a I o TTa , ^ax„ ,T„ 1 J ' 

where Ca is some finite indexing set, and Theorem I A. 351 savs that each Xac has 
trivial stabilizers, and the V^^ in G^^^ are manifolds. As J2a£A Pa[Xa, faT^a] is 
a cycle we have 

EaeAPa[dXa,fa\ax^,Gj9x^]^ 0. (224) 
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We want to choose the Ta for a G A such that 

'EaeAPa[ZdX^,T^\ox^^ faldX^ O T^a, Hqx^^T^Io^J = 0. (225) 

Note that if the Ta depend functorially on [Xa, f aiGa\ some sense compatible 
with boundaries, then (I225|) would follow from ()224p . 

Assuming p25p . multiplying (I223P by pa and summing over a ^ A yields 

d{^a^APa[Zx^..T.Ja ° ^a,^X„,Tj) ^226) 
~ YliaeA YliceCa Po-i^ac, facT^acl ^ X^aeA Pa[Xa, fa-^a]- 

Thus J2aeA T^ceCa P^t^ac, fac^G^^] is a cycle homologous to J2aeA Po. [^a, fa, 
Ga] , and so represents a, as we have to prove. 

The obvious way to do this is to first choose tent functions Taldx^ for 
{dXa, f aldx^jQaldXa) Satisfying the necessary compatibilities that will ensure 
(|225p holds, and then extend these choices from dXa to Xa- However, there 
is a problem. Let (Tx^ ■ d'^Xa d'^Xa be the orientation-reversing involution 
from Definition 12.271 It is a general principle, as in Principle 12.81 and Property 
13.1( e) for instance, that a choice of data over dXa should extend to Xa only if 
the restriction of the choice to d^Xa is invariant under crx^ ■ So our choice of 
Ta over dXa should satisfy extra conditions over d^Xa- 

We can achieve this by first choosing Ta over d'^Xa satisfying the compati- 
bilities and these extra conditions, and then extending the choice from d^Xa to 
dXa- But this extension is only possible provided the restriction of the choice to 
d^Xa is invariant under crgx^ ■ d'^{dXa) — > d^{dXa). Continuing this argument 
indefinitely, we see that the right approach is to choose data Ta over d"^Xa 
for a G A by reverse induction on m, where in the inductive step we choose 
data over d^Xa which restricts on d"^~^^Xa to the data already chosen, and has 
the compatibilities necessary to prove p25p . and is invariant under the strong 
diffeomorphisms cr, : d'^Xa d"'Xa induced by <Tqix, : d^id'Xa) d^{d^Xa) 
for all ^ TO - 2. 

Use the notation n™, {X^l fZ, G™J, P™, Q", i?™, M, (a«, 5«), 0™, (a, b)Z, 
^oh' ^ab of ^^^P f above. By induction on decreasing to = M, M — 1, . . . , 1, 0, for 
aU (a, b) in i?™, we choose tent functions T^ for {X^, ^^,0"^) using Definition 
IA.34I and Theorem IA.35[ satisfying the inductive hypothesis: 

By definition of we have dX^ = Ub'es™ X2^\ and if 0™+Ha, b') = 
(a, h) in we have an isomorphism (a, 1)^+^ : {X^tK f^t^G^V) 

/"+\ G^+i). So there is an isomorphism 

W {a,b):iV : d{X2JZ,GZ) ^ Il(X™+\/™+\G™+i). (227) 

^'^^Tb b' G -B"^: define (a, &) =0'"+^(a,b') 

On the left hand side d{X2JZ,G"ab) of (^7)1 we have a tent function 
T'"ab\dx^l- On the right hand side we have a tent function Tg^"'"^ We 
require that (P?7)l should identify min(T™Jax-) with min(]Jj, T"^+^) . 
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For the first step, when m = M, as P^+^ = 0, if (a, b) G then = 0, so 

the boundary conditions in (*)*^ are trivial. Thus for all (a, b) € we choose 
T^i for {X^(,f^i,G^l) using Definition [X30] and Proposition IMH 

For the inductive step, suppose that for some / = 0, . . . , Af — 1 we have 
chosen satisfying (*)™ for aU ^ < m M and (a, 6) G i?". We will 
choose satisfying (*)^f, for all (a, 6) G i?'. The important point is this. 
Let T'^fj be the tent function for d{X]^f^, f ^f^,G\fy) obtained by pulling back 
Ufc, T'+\ By {*Y^„ we have to choose a tent function T^, for {X^,, fU^G^,) 
such that min(T^b|ax^J = niinT^V 

As in Definition IA.34[ we can do this provided minT^'^j 32^54^!^ is invariant 
under the natural involution cr : d^X^i^ d^X^fj. To see this, note that dXj^i^ = 
Uh'esi, Kt'\ and so d^X^, = IJ,,^^,^ Uf'eslt/ " T^^"' splitting of 
a^x' TGl^f,\g2x' ) into connected components in Lcmma[3T7]is 

{d^^L^ flb\d^x'^^^Gli,\Q2xiJ = II (^ah"' (228) 

The natural orientation-reversing involution cr : d^X^f^ d^^ib extends to 
an involution (cr,T) of (5^A"^f,, /^j|g2j(-!^, G'Q(,|g2j(-i^). Thus, cr must permute 
the components in ([2281). Now Aut(X^+,?, /|J;,?, G^j;,?) = {1} by Theorem 

I3.39f b). as G^^?, is effective. Since cr is orientation-reversing, it cannot act 
as the identity. Therefore cr must act freely on the set of X^J^if appearing in 
(|228p . as if cr fixed any component, that component would have a nontrivial 
automorphism. 

Let AT^I,? be a component on the r.h.s. of (|228p . Then cr takes X^J^!f to 
some unique X'^if, with b" ^ b'" . The isomorphism (cr,x) between these two 
components implies that (a, b") and (a, 6"') lie in the same equivalence class in 
P'+2, so that 0'+2(a,6") = 0'+2(a,5"') = (a, 6) G The associated iso- 

morphisms (a,b)it^ : (XlilCblG^i^) ^ M^'/lt^'Gl^f ) and (a, : 

{Xit^.&,G[Xl)^{x'^^f:=',G'^') satisfy (a, = (a, o 

The restrictions of min T'^f, to and AT^I",?, are the puUbacks of min r|_t^ 

by (a,b)it' and (a,b)J+2, respectively, and so {a,by+?, = ia,b)'^J„ o (o-,r) 
implies that the restrictions of minTj,'f, to X^J^if and to X^J^if, are identified by 
cr. Hence minTjj'^|g2jci is cr-invariant. and Definition IA.341 and Theorem [A. 351 
apply. This completes the inductive step. 

Hence by induction we can choose TJJJ, satisfying for all m, a, b. Now 

Xa = lJf,=i -''^afc' and for each b = l,...,7i", if cjp{a,b) = (a, 6) in we 
have an isomorphism (a, 6)°^ : (^o,,, 6°^) ^ iX°-^, f%,G°-^), and a tent 
function T% for (X^^, f%G%). Define a tent function for (X,, GJ by 
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Ta\xo^ - ((a, bfJ*{T%) for 6 = 1, ... , 71°, for each a G A. We have 
= a[^pJX,,/„,Gj] (229) 

aeA aeA 6=1 

= E ^'''^abKb'/ab'^ab] = E J E ^"Eab 1 [^ab,/a6,G'g^]• 
a e A, b = 1, . . . , n;^. (a,b)e-Ri I aeA, b=l,. | 
Sot (a,b) = 0^(a,b) K (j>^{a.h) = (a.b) ) 

By construction the triples {Xh^^ f]^j^, G\£) for (a, &) £ i?^ are connected, 
have no non-trivial automorphisms, and are mutually non-isomorphic, even 
through orientation-reversing isomorphisms. It follows that [^g^, /^f,, G^^] for 
(a, b) € are linearly independent over R in ifC^'_-^(y; i?), as Definition l4.3r i)- 
(iii) impose no nontrivial relations between them. Thus (|229p implies that the 
coefficient {• ■ • } on the last line is zero, for all (a, b) £ R^ . The same argument 
as for (|229p shows that 

Y.aeAPa[ZdXa.Ta\ox^^fa\dX^ o TTa , ,Ta lax J = 

E / E pa^abl [^x^„n,,/ab°^ab>fe,.nJ =0, (230) 

(a,b)eJ?.i I aeA, 6=1,.. .,n;^: | 
L 0i(a,b) = (a,b) ) 

since the coefficient {• • • } on the second line is zero. This proves (|225p . and 
(|226p follows, completing Step 1. 

B.2 Step 2: deforming Xac to compact manifolds Xac 

We work in the situation and with the notation of Steps 1 and 2 above, so that 
EaeAEceC„ Pa[^ac,/ac:GJ is a cycle representing a G KHf{Y;R), where 
Xac bas trivial stabilizers and the V^c are manifolds, and our goal is to con- 
struct a homologous cycle J2aeAJ2ceCa Pa[Xac, fac,Gac\ with Xac a compact 
fc-manifold with g-corners, constructed from Xac by choosing small, smooth, 
transverse perturbations Sac of the Kuranishi maps s^^, of the Kuranishi neigh- 
bourhoods {Vac, ^acj Sflci V'oc) ^ac in lac in Qac- Our argument is based on 
Fukaya and Ono [25, Th. 6.4], [24, Th. Al.23], but using single- valued sections 
rather than multisections. 

To prove that J^aeA Ece Ca Pa[Xac, facJ Sac] and J2aeA Ece Ca Pa[^ac, /ac, 
Gac] are homologous, we will also construct a homology [Zac, gac^Macl between 
[Xac, fac^Gacl and [Xac, facGac], modulo tjjrms over dXac- We first explain 
how to choose the s^c and define Xac, facGacZacQac^Mac for a single pair 
a, c, ignoring compatibility conditions between other pairs a' ,c' . Then later we 
will explain how to choose the Sac fo^ all a G A and c G Ca so that the necessary 
compatibility conditions hold. For simplicity, in this first part we omit the 
subscripts 'ac\ so we begin with a triple {X,f,G), choose perturbations s*, 
and define X, f, G, Z, g, H. 
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Let {X, /, G) be a triple with G = {I,q,G^ : i £ I) and {l,{V\..., V'*), 
f' : i £ I, . . where X has trivial stabilizers and the are manifolds. Define 
V\V'^,{i,'n) as in Definition Elll so that V' C T/*, C V'^ are open sets 
for j ^ i with (f>^^V'^^) C (jf^{y'^^). We shall choose perturbations s* of s*|yi 
for i £ /. The necessity to use smaller open subsets V"^ C V"^ on which to define 
the perturbations is explained after Example IA.24I without shrinking the 
domains V"^ , V^^ we may be unable to choose the to be transverse over points 
in lying in the boundary of (//^{V^^) for j ^ i in I. 

We will choose small perturbations s* of s^jy' with s' transverse along 
(s*)~-^(0), such that if j < i in J then (f)^^ o p = s* o 0*-' on F'^, by induction 
on i e /. Here is our inductive hypothesis. Suppose that i G /, and that for 
j < I in / we have already chosen a smooth section s^ of E^\yi , such that s^ 
extends smoothly and transversely from to some open neighbourhood of 

the closure Vi of in , and is close to s-' , and P is transverse along 
{P)~^{0), and if A: ^ j < i in / then (f>^'^ o s'-' = s-? o on W''. The first step 
i = min J is vacuous. 

To do the inductive step we have to choose a smooth transverse section s* of 
E'^lv^ which extends smoothly from V'^ to some open neighbourhood W of in 
V^, such that if < z in / then op = 5* o on V^^ . That is, is prescribed 
on the subset IJ^- < j i,j / <j)^^{V^^) of y*, and we must extend it smoothly and 
transversely to V"^ . 

As in the proof of Theorem I3.18i the prescribed values for from different 
j,k < i are consistent, and the subset Uj < i in / (^*"') ^ locally closed 
submanifold of except possibly at points of the boundaries (V^*^)) = 

(y*-? ) \ (j)''^ {V^^ ) . Thus, except possibly at these boundaries, locally we can 
extend s* smoothly to V", and since the s^ for j < i are transverse, locally we 
can choose s* to be transverse too. Note that as V^, are manifolds and i?* is a 
vector bundle, there are no problems with orbifold groups, and generic sections 
are transverse 

We have (l/*-?) C (j)''^{V'^) as in Definition [X25l But we aheady know 
that P extends smoothly and transversely to some open neighbourhood of 

in , and therefore the prescribed values of P on cj)^^ (V^^) extend smoothly 
and transversely to cf)^^ {U^ n V^^), which contains d{(f)^^ iV^^)). Thus can 
locally be extended smoothly and transversely over the boundaries d{(jf^ {V^^)^ , 
so the extension is locally possible everywhere in . Patching the local choices 
together with a partition of unity, we can choose with all the properties we 
need. This completes the inductive step. 

We shall now construct X, /, G. As in Remark lB.lf a). this is similar to parts 
of Fukaya and Ono's construction of virtual cycles [25, §6], [24, §A1]. Define 

x^[]l,^A~^T'mh, (231) 

where ~ is the equivalence relation induced by the maps : {P)^^{0)r\V^^ 
(s*)-i(0) for all ijel with j < i. Here (j)'^ maps (S-')-i(O) to (S')"HO) since 
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o s-J ~ p o (j)^^ , and is an embedding and so injective. 

Since the are manifolds and the P are transverse, each subset (s')^-^(O) is 
actually a manifold with g-corners, of dimension k. As the gluing maps (f>^^ are 
embeddings V^^ they restrict to local diffeomorphisms from (s-')~^(0) to 

(s*)~^(0). Therefore X has the structure of a fc- manifold with g-corners, which 
is Hausdorff by the argument of Remark l3.14[ and compact provided the are 
sufficiently close to in C", so that (s*)^^(0) is close to (s*)~^(0). 

Define f : X ^ Y by /|(j,)-i(o) = /N(.-)-i(o) for i e /. Since P of = p 
on I/*-', this is compatible with the gluing maps 0*-' defining ~, so / is well- 
defined, and is clearly a smooth map. Define an excellent coordinate system 
{I, fj) for {X, /) to have indexing set / — {k} and Kuranishi neighbourhood 
lv'',E'',s'',ip'') = (X,X,0,id^), where E'' V'' ^ X is the zero vector 
bundle, so that E'' ~ X as a manifold, and define /''-.V'^^Yhyf'' — /, so 
that represents /. Define fjk : X ^ [0, 1] and fj^ : V'' ^ [0, 1] by fjk = I = fj^. 

Choose some map G'^ : X P such that G — {I,fj,G'') is effective gauge- 
fixing data for {X,f). Ignoring boundary conditions, it is enough to take G'^ : 
X — > M" C P injective for some n ^ 0, but when we discuss how to choose 
Sac, Xac, Pc, Gac, Zac, Qaci Mac '^it^^ Compatibility between difl'crcnt a G_^^c_G 
Ga, we will explain in more detail how to choose these maps &. Then [X, f,G] 
is well-defined in KCf{Y; R). 

Next we define {Z,g,H) such that Z is a perturbation of [0,1] x X, and 
\_Z,g,H^ is a homology between [X,f,G] and [X,f,G], modulo terms over a 
perturbation of [0, 1] x dX. In H we will have a very good coordinate system 
J with indexing set J = {i -I- 1 : i G /} U {fc -I- 1} and Kuranishi neighbourhoods 
{W^ , ,P , for j e J, and we define these first. For i E I \ {k}, define 
W'+^ = ([0, i) X V) U ([i, I) X V'). This is an open set in [0, |) x V\ and so 
is a manifold with g-corners. Define i^'+i = 7ryi(£'*), so that is 
a vector bundle. 

If A: ^ /, define W''+^ = (|, 1] x X. If fc e /, define W''+^ = ([0,i) x 
V'') U ([i, I) X V'') U (|, 1] x X. Here as vdimX = fc we have rank£''= = 0, so 
(s'^)^^(O) = V'^, and we regard V'^ as an open subset of X, so that [i, |) x V'' 
and (|, 1] X X intersect in (|, |) x 1/''. In both cases define ^ T4^*=+i to 

be the zero vector bundle, so that F''"'"^ = Vl^'^+i as a manifold. 

Fix a smooth map 77 : [0, 1] — > [0, 1] independent oi a € A such that ri{x) — 
for X G [0, ^] and r7(x) = 1 for x G [|, !]■ For i 6 I\{k} define a smooth section 
^i+i ^fpt+i byi*+i(K,u) = s»(u) forw e [0, i) andf+i(u,?;) = {l-r]{u))s'{v) + 
r]{u)s'{v) for u G [i, |). Define t^^'+i = 0. Following (PT|) . define 

^=[U,ej(i^rHO)]/«, (232) 

where « is the equivalence relation induced by « {u,v^) if u G [0, |), 

j ^ i in /, {u,v') G (t*+i)-i(0), G (tJ+i)-i(0), and G l/'^' with 

<^y(V) = v\ and w iu,v'') Hue (|, |), i G /, {u,v') G (i*+i)-i(0), 

G (|,1] X X, and = w*" in X, where r]{u) = 1 and G (t'')"^(0) 

imply that G (s*)^^(0), so we can regard as an element of X. As the 
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gluing maps are local homeomorpliisms, Z has the structure of a topological 
space, which is compact and HausdorfF provided is close to s* in C°. 

Define : {VY^{Q) Z hy = id(t,)-i(o). Then {W^ , ,P ,^^) is a 
Kuranishi neighbourhood on Z for j G J. When k < j ^ i in I, define an open 
subset 1^(^+1)0+1) in W'+^ to be ([0, i) x V'^) U ([i, |) x V'^). Define 

by i^(^i)(^i) = (id[o^|) x0*^)|;^(.+i,o+i), ^(*+i)(^i) = (id[o,3) x<^»^)U.(^y(^i,o+i)). 
We must check ([^ satisfies Definition Parts (a),(b) follow as {(j)^' A'^) 



hi-3 



is a coordinate change, (c) as o = o 0*-' on V^^ and 0'-' o = s' o 
on y*-', and (d) by the definition of Z using gluing maps id[o.|) x^*-' in w. The 
only subtle part is (e). This holds as s*,P are close to s%s-', so t'+i,t^+i 
are Ci-close to o 7ryi,s* o TTyi. We need dt*+i to be an isomorphism over 
{t''+i)~i(0). This would hold if t'+i,i-'+i were replaced by o TTv^i, s-' o nyj, 
and being an isomorphism is an open condition, so dt*+i is an isomorphism over 
(i''+i)~i(0) provided s',s^ are sufficiently close to s',s^ in . 

If fc ^ / and fc < i e /, define iy(i+i)(fe+i) in W''+^ = x X by 

^ (2^1) X (S*)-i(0). Define ,^(«+i)(*^-+i) : VF(*+i)(^-+i) ^ VK'+i to 
be inclusion, regarding M/('+i)('=+i) as an open subset of (i*+i)~i(0) C H^*+i. 
Define V^^^+^^^^'+i) : F'^+i ^ F*+i by Vi^^+^^C^+i) ^ ^ ^ ^(,+i)(fc+i)^ 
where z : VF*+i ^ i^«+i is the zero section. This is valid as F^-'+i = W^'^'+i, 
so F''+l|^y(i+l)(fc+l) = W^(*+i)('=+i). If fc e / and k < i e I, we combine the 
previous two definitions for VK(''+i)('=+i) , -(/;(*+i)('=+i) , ■0('+i)('=+i) in the obvious 
way. We also define H/(fc+i)('=^+i) = W''+^, and Jj{k+i){k+i) 
the identities. Then (|233p is a coordinate change also for j = k or i=j = k. 

Define a Kuranishi structure on Z as follows. There is a natural projec- 
tion 7r[o i] : Z [0,1], with homeomorphisms 7rjp"'j^j ([0, -i]) = [Oi 5] x X and 

'''[o\]([|' ^ If' -'^l ^ '''[o\] (['-'' 5))' have the Kuranishi structure 

of [0, |) X X. On TTjQ^j^j ((|, 1]), let Z have the Kuranishi structure (manifold 
structure) of (|, 1] x X. For each p G 7rj~^^j ([i, |]), let j G J be least such that 

p G (t^)"HO), regarding (py^iO) as a subset of Z by ([232ll . Then {W^ , • ■ • 
is a Kuranishi neighbourhood of p. Define the germ of Kuranishi neighbour- 
hoods on Z at p to be the equivalence class of {W^ , . . . , ^^). 

Since we use the Kuranishi structures from [0, 1] x X and [0, 1] x X on 
open subsets of Z, and choose j ^ J least for each p G |]) so that 

the function p ^ j is upper semicontinuous, to define the germ of coordinate 
changes in the Kuranishi structure on Z, we need coordinate changes as follows: 

(i) from {Vq, . . . ,tpq) to {W^ , . . . where {Vq, . . . jipq) lies in the germ of 
Kuranishi neig hbourhoods on [0, l]xX at q G [0, i)xX, and , . . . 
is in the germ of Kuranishi neighbourhoods of p G tTj^^j ({^}); 
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(ii) from {Vq,Vq, 0, idy^) to {W^ , . . . ,^^), where Vq is a small open neighbour- 
hood of 9 e (|, 1] X X, so that {Vq, Vq, 0, idy^) lies in the germ of Kuranishi 
neighbourhoods on [0, 1] x X, and {W^ , . . . , (,^) is in the germ of Kuranishi 
neighbourhoods of p e '^\o\] ^^'^ 

(iii) If e >.\]([i §]) with p e {P)-^{0), j e J least, and q e (Py^O) n 
{P )^^(0) for j' < j ^ J least, a coordinate change from {W^^ 
£.''\wn') to {W\...,£,->) for / < J in J, where (M/^'^' , . . . , ) is 
equivalent to (W^^ , , , ^-^ ) as a Kuranishi neighbourhood of q in 
and so lies in the germ at q. 

For (i) the coordinate changes exist as {W^ , . . . ,^-') is a compatible Kuran- 
ishi neighbourhood on [0, 1] x X over [0, i] x X, since it is constructed from a 
compatible Kuranishi neighbourhood {V^^^, . . . on X. For (ii) the coor- 

dinate changes are easily constructed from the inclusions Vq C {P)^^{0) C . 
For (iii), the coordinate change is {if'''' ) V'"'"' ) in ()233|) . It is now not difhcult 
to show this defines a Kuranishi structure on Z, for which the (W\ . . . ,^-') for 
j ^ J are compatible Kuranishi neighbourhoods. 

Then Z is a compact Kuranishi space with vdimZ = fc -I- 1. The product 
orientation on [0, 1] x X induces orientations on the (W^, . . . ,^*), yielding an 
orientation on Z. Then 

dZ = {{1} X X)n-{{0} X X)U-Z^ (234) 

in oriented Kuranishi spaces, where is a perturbation of [0, 1] x dX , obtained 
by applying the construction above to dX rather than X. 

Define g'+^ : W'+^ -> F by = fo^^y^ for i G /\ {fc}, and g''+^ : W^+^ 
Y by g'^^^ = / o tt-^ when fc ^ / or on (|, 1] x X, and g'''^^ — f ° ""y^ when 
fc e / on ([0, |) X V'') U ([i, |) X V^) . These represent a strongly smooth map 
g : Z ^ Y, which restricts to / on {0} x X and / on {1} x X, under the 
identification Then J = (j, (W^ , ,P , ^^), g^ : j e J, . . .) is a very good 

coordinate system for (Z,g). 

Choose continuous functions ai, a2, as ' [0, 1] —^ [0, 1] with 01+02+0:3 = 1 
such that cki = 1 on [0, j], oi = on [|, 1], 02 = on [0, j], 02 = 1 on [|, |], 
02 = on [|, 1], as = on [0, |], and 03 = 1 on [|, 1]. We shall define functions 
C| : [0, 1] for j, jeJ. For i,i' e I \{k}, set 

Cl+l{w)=OlOTT[o^l]{w)-T]l OTTyi^ (w) + 02 OTT [0^1] (w) ■ r)l 07ry,'(w), (235) 

Cfc'+i^(w^)="i°7r[o,i](w) •?7fcO7r^.'(w) + a2O7r[04](u;) • 77^' ott^,/ (w) ^^^^^ 

+ 030 7r[o,i](w). 

When fc G /, define Cf+i^ on ([0, i) x V'') U ([i, |) x V'') by (ESS]) and 
with i' = fc. Regarding X as a union of subsets (s* )~^(0), define Ci+i on 
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(|, 1] X (S*')-^(0) for each i' e I by 

CJi^H ="2 7r[o,i]H •'7^' i^k, (237) 
Cfe+i H "2 o 7r[o,i]H ■ ?7fc' o 7r(.,')-i(o) +030 7r[o,i](w). (238) 

One can show that (|235p - (|238[) are consistent on their overlaps, so the 
are well-defined, and that the are continuous and satisfy J2je.J Cj = ^ on 
and Cj o i'^^' = C/lvF?^' for j,J,f e J with / < j. Define Q ■ Z [0, 1] for 
j e J by Cj (tJ)-i(o) — Cjl(tJ)-i(o) for 2^11 ] ^ J ■ Then the Q are well defined and 
continuous with XjejO = 1- Write C, — [QX] ■ J: J £ J)- Then ( J, C) is a 
really good coordinate system for (Z, g) . 

Furthermore, since {IjTj) is an excellent coordinate system, has no 

unnecessary connected components for all i £ / and / ^ 0, so 9'W^*+^ has no 
unnecessary connected components. (To see this, note that for i ^ k, 
is the disjoint union of I copies of 9'~^V^% and a piece which retracts onto d'-'V^. 
When i = k, the whole of W^^^ is necessary as i'^^^ = 0.) Hence (J, C) is an 
excellent good coordinate system for (Z,g). 

Choose some maps W : P for j £ J such that H — ( J, C W : j E 

is effective gauge-fixing data for {Z,g), satisfying the boundary conditions 

H'+\0,e) = G\e), ieI,eeE\ and H''+\0,e) = G'=(e), e e X. (239) 

Ignoring boundary conditions, it is enough to define H''^^{u,e) for u = or 1 
by (|239p . and to define H^^^{u,e) for u <E (0, 1) by some injective map n 
""[o^] (('-'' ~^ — f"-"^ some n ^ 0. When we discuss how to choose 

ZacdaciM-ac with Compatibility between different a E A, c E Ca below, we 
will explain in more detail how to choose these maps . Then [Z,g,H] is 
well-defined in KCf^^{Y; R). Using we find that in KCf{Y; R) we have 

d[Z,g,H] = [XJ~,G] - [XJ,G] - [z'> ,g\zo ,H\zo]. (240) 

This concludes our discussion of perturbing a single {X, f,G). 

Next we explain how to choose such {Xac, fac,Gac) and {Zac, gaci Mac) 
all a S v4 and c S Ca, with boundary compatibilities. The equation we need to 
hold, similar to (|225|) . is 

EaeAJ:cec.Pa[zL9ac\zS^,H,JzoJ =0. (241) 

We would hke ([Mil) to follow from J2aeA T^cec P"^ [^^^c, fac\dx,,,G^Jox,,] = 
0, in the same way as (j225p follows from (|224p . Assuming (|24ip . inserting 
subscripts 'ac' in (|240p . multiplying it by pa, and summing over all a G ^ and 
c e Ca yields 

9{j2aeA T^cdC^ Po. [Zac, Sac. ^ac] ) ^^42) 
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Thus EaeAEce Ca P"^ [^aci fac:Gac\ IS a Cycle homologous to X/aeA X/cGCo P''' 

\Xac, f aciQac\ ; ^"^^ represents a, by Step 1. 

The only arbitrary choices made in the construction oiX,f,G,Z,g,H above 
were the sections P of for i £ I, and the maps & : X ^ P and W : 

P for j G J. Inserting subscripts 'ac', we wih give a method for choosing 
sjjj, for i G lac, &lc ^^'^ Mic for i ^ Jac for all a e A and c G Cq such that (|24ip 
holds. As explained in Step 2, we will actually construct the smooth s^^, for all 
c S Ca from piecewise smooth on Xq, and similarly, we will define G^ciMac 
for c € Ca from maps and iJ^ over Xa. 

We choose the by an inductive procedure on decreasing codimension like 
that in Step 1. Use the notation of Step 1 above. For m = 0, . . . , M and (a, b) 
in i?™, here is our inductive hypothesis: 

{*)Z In the triple of Step 1, write {IZ,VZ) for the excellent 

coordinate system in GZ, with = (KT^ • ■ • > C'^)- /aT ■ * e 
Cb, . . .) , and construct Jy^J, KT'''^ ■ • ■ as in Definition ESll 
Let TZ = (t;,'-^ : * e /™) be the tent function for (X™, Cb, G™J in (*)™ 
in Step 1, so that T"^''* is a tent function on V^'^- 

Then s^|^'' is a continuous, piecewise smooth section of E^j^^\ym,i subordi- 
nate to the tent function T^'* for each i e I^, satisfying: 

(a) s^'* is close to sZ\ and transverse (both in a piecewise smooth 
sense) . 

(b) If J < z m /™ then o s^^' = s^^ o on V^^,' \ 

(c) As in we have an isomorphism ([2271) between d{X2,fZ:GZ) 
and Ub' SB'", (-^^^ ^ ^ ^^6^ ^ ) • We require that this isomorphism 
should identify Ch^lgy™,. with Ub'eB-^i ^S"^^^'"^ for aU i G 

We now choose s^'* satisfying {*)Z by induction on decreasing m = A/, M — 
1, . . . , 1,0, for all (a, 6) in i?™ and i G For the first step, when m = M, 
as P^^+i = 0, if (a, 6) e i?*^ then 9A:*^ = 0, so the boundary conditions (c) 
in {*)ai are trivial. By induction on increasing i G we choose smooth [not 
piecewise smooth) transverse sections s*^'* oi E^l'^\yM,i satisfying (a),(b) above. 

This is possible as in the construction of X without boundary conditions above, 
with one extra remark about orbifolds. 

As is effective gauge-fixing data, {V^^'\ ^'^b' ^^^^^ab') an effective 
Kuranishi neighbourhood in the sense of Definition 13.351 Thus, even though 
V^^'* may be an orbifold, its orbifold groups act trivially on the fibres of E^l'^ ■ 
This implies that generic smooth sections of E^^f^ are transverse, so we can 
indeed choose s^^'* transverse as in (a). However, if the orbifold groups of V^"^ 
were allowed to act nontrivially on the fibres of E^l'^, it could happen that 
^ab'^ admits no transverse sections s^^'* at all, since being invariant under the 
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orbifold groups might force s^^'* to be zero on an orbifold stratum of V^JJf in a 
non-transverse way. This finishes the first step. 

For the inductive step, suppose that for some I = 0, . . . , M — 1 we have 
chosen data s^'* satisfying for aU Z < m ^ M, {a,b) G i?™ and i e 

We win construct s^'^ satisfying {^Y^^ for all (a, b) £ i?' and i G First, by 
induction on increasing i G 7^^, choose generic smooth {not piecewise smooth) 
sections s''^l of -Eobly'-' satisfying (a),(b) above with s^'^ in place of s^'', but 
without boundary conditions such as (c). This is possible as in the first step. 

To define s^'^ we use a version of the piecewise smooth extension idea of 
ijA.1.41 in Definition IA.12I and Proposition I A. 141 That is, (*)Qf,(c) prescribes 
piecewise smooth values for s^'^ over dV^'^ , and we want to extend these to 
piecewise smooth values over V^j^ . We do this by choosing an arbitrary smooth 
section s^'^l on the interior of V^j^, corresponding to fj in Proposition I A. 14] and 
then interpolating between s^'^ and the boundary prescribed values for s^'^ near 
^^ab using the flow of v''^^. However, we have to modify the construction of 
Proposition I A. 14] slightly, as T^J,* was made not using Definition IA.121 but with 
Definition lA. 321 a noncompact, orbifold version of Definition lA. 151 

Define subsets Wi , W2 of V^'^ by 

W2^{we v;V : ^ = ^MtVa>, t e [0, 2), {x, B) G du]£} . 

Then Wi is closed in V^^ as min is continuous, and open in V^^ , 

and W^i U W2 = V^^ , since the branches u + 0{2 — t) in (|218p are supported on 
W2, so for V ^ W2 we see that minr^^*('i;) is of the form D + P or D + e^, so 
minr^'^'(?;) ^ D and v &Wi. 

Write s'l^ for the piecewise smooth section of -E^'fclav' " prescribed as bound- 
ary conditions for s^'^ in (*)ab(c). Then as in §A.3.4l -i ]A.3.5| s^^ extends to 
dU]^l, for some open neighbourhood C/^'^* of V^j^' in vjj', such that Definition 
IA.32r a)-fd) hold for U^^^ and the vector field v'^l on Vj^' used to construct 
T^'^\ From {*Y^^{c) for (a, 6) = (t>^+^{a,b'), all b' G B^^, we can deduce that 
^'ab\d^u'"^ is invariant under the natural involution a : d^U^^l ^^^I'b' ^^"^ 
same way as we showed that minT^'{,|g2x' is invariant under the natural invo- 
lution cr : d^Xli, d^X^^ in the proof o{%)2 in EH 

We will extend s'j^* to a continuous, piecewise smooth section s^'^ of i?^'^ over 
W2 subordinate to the tent function T^^l\w2- Let V^'^ be a connection on the 
orbifold vector bundle E^^^ — > V^^ . If w G W2 then w = exp(t?;^'^)a; for some 
t G [0,2) and {x,B) G dW^l Here x are uniquely determined by w, as the 
flow-line of ~v^l first hits L{dU^^l) at x in time t. The choice of local boundary 
component B of f/^'^* at x is not uniquely determined. 

However, since SaVlg2j/!,i is invariant under the natural involution cr : d'^U^^l 
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— > d'^V^j^, it follows that s'^'^ix, B) e iJ^fcU depends only on x, not on the choice 
of B. Thus s^'^{x, B) is also uniquely determined by w. Define 



^H + Pv'As'l^i^^B)-^{x)), (243) 



where P-^i^t '■ -E^tU ~^ -^afcU ^'^'^ parallel transport map along the flow-line 
of u^'^ from a; to li; using the connection V^'^. Considering the construction of 
-^ab' that s^'^ is continuous and piecewise smooth subordinate to T'^^' |vf2j 

With S;i,\gyl,, = S^i, . 

By the construction in i jA.3.4| -i iA.3.5i minT^j^'Ig^i.i is bounded above, and D 
is strictly greater than this bound. Thus there exists D' < D with minT^'j^^lg^i,; 
^ D' . Choose a smooth function 77 : M ^ [0,1] with 77 (t) =0 for t ^ D' and 
r]{t) — 1 for t ^ D. Define a section s^l of E^l over V^^* by 

'''' [(?7ominr^^Xti'))Sa6(^«) + (l-'7°minr^tM)s[.bM' 

On the overlap Wi n W2 we have minT^^'(w) ^ Z? and 77 o minT^^ (w) = 1, so 
^ab well-defined. As s^^,?? are smooth and minT^^*, sj^'^ are continuous and 
piecewise smooth subordinate to T^'^, we see that s''^l is continuous and piecewise 
smooth subordinate to T^^'. 



On dV^^ we have minT^J,' ^ 77 o minT^J^* = and 



Hence s^^ satisfies (*)af,(c). For part (a), from (★)^^^(a) for 

(a,&) = 0'+^(a,6'), all &' G B^j,, it follows that s'j^* is C-^-close to s^'^jgyi and 
transverse, in a piecewise smooth sense. Thus in (|243p . s^j^{x,B) — s''^l{x) is 
C^-small as a function of {x,B) G dV^'i^ , which imphes that s^l{w) — s^'^(w) is 
C^-small as a function of w; G W^2- So s^'^ is C^-close to s^l- Also s^'^ was chosen 
above to be C^-close to s^'^. Therefore s^'^ in (|244p is also C^-close to s^^. 

^ah' ^iid s^'^ were chosen generic and transverse, we see that s^^ is trans- 
verse, and (*)ab(a) holds. For part (b), the s^l for i G /^^ were chosen to satisfy 
° ^ ^ab ° 0Lf if J- < ^ in /^,. Also {^y^\h) for (a, 6) = 6'), all 

6' G Bl^, imply that the s^j,' satisfy 0^'^^ o S^''^ = s^^' o ,/)^'*^ if j < i in I^^,. Now 
^afe constructed using s^'^*, the vector field v^^l, and the connection V|j'^ on 
We have {^'^'UVaD = if J < i in 1^, by Definition EUc) . Thus, if 
the connections V^'^, V^'^ on E^^l, E^^l are chosen compatible under {4>'ab ^'P^ab)^ 
which we can do, then 0^'^^ o s^'^ = s^'^ o 0^'*^ if j < i in I^^. So (*)J,fc(b) follows, 
by (j244p . This completes the inductive step. Hence by induction we can choose 
\b satisfying for all m, a, h. 

Now Xa = \Yb=l^ab^ ^ud for cach b = l,...,ri", if (j)^{a,b) — {a,b) in 
we have an isomorphism (a,b)2, : (X,"„/^„G0J ^ {X^.^l-^Gl), and 
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piecewise smooth sections s'^^ of E'^^ Vl"'* for all i G I^^. Define sections 
~< of El VI by o 1^0. = o 6°,^ L 6 = 1, . . . , nf, where 6°^ : 

■ • ■ ' ^ah ) ^ (^a°5'' ■ ■ • ' ) is the coordinate change in (a, 6)°^. Then Sj. 
is continuous, and piecewise smooth subordinate to T^. 

For each c € Ca we have projections ttq : V^'^, for all i G /ac, with 

^ac = <{K)- Define a section S^^ of El^ ~* V^^ by = E\o-Ka. Since sj. 
is piecewise smooth subordinate to and V^^ for i G lac are the pieces in the 
decomposition of induced by T^, it follows that is a smooth section, not 
just piecewise smooth. From (★)°j^(a),(b) we see that is close to s^^, and 
transverse, and j < i in lac then cff^^ o = s^^ o (/)^-'^ on FJ^ . 

We have now constructed perturbations s^^ of for all a G A, c G Ca and 
z G /ac satisfying all the conditions we need. Thus we can apply the construction 
oiX,f,G,Z,g,H from {X, f, G) above to {Xac, fac> Qac) for a G A and c G Ca 
using these sj,^. This gives a compact, oriented fc-manifold Xac, a smooth map 
fac ■ Xac Y , a, compact oriented Kuranishi space Zac and a strongly smooth 
map : Zac^Y. 

To define the effective gauge-fixing data QacMac for i^ac, fac), {Zac, Qac) 
we need in addition to choose maps G^^, : Xac E and : F^^ — > P for 
J G Jac- To ensure the necessary boundary compatibilities hold, these must also 
be chosen by reverse induction on codimcnsion by a procedure similar to (*)ab 
above. In effect, from the piecewise smooth perturbations s^'* for i G in 
above, we construct piecewise smooth X^, Z^, for m = M, M — I, . . . , 
and (a, b) gR"", and then in an analogue of we choose G™/"" : X'^l P 
and i/™'^' : F^^ P for j G for aU to = M, M - 1, . . . , 0, (a, 6) G i?™ and 
j G satisfying boundary conditions similar to (*)JJ;,(c). This is much simpler 
than the inductive proof above — at each step, the values of G^''^"'" j^j^m 
and i?^'"' are prescribed, and we choose arbitrary injective extensions 
^m.fc-m . ^^ty ^ M" c P and : (F™^^)° ^ M"' C P for » and 

all j G J^, satisfying no compatibility conditions at all. 

This completes the construction of {Xac, fac, Qac) and {Zac, Oaa Sac) foi' all 
a A and c G Ca. We claim that the boundary compatibilities we imposed on 
the data SacQac^Mac during the inductive construction {*)al for the Sac and 
the analogues for G^ciUac imply that (|24ip holds. To see this, note that Zf^, is 
a perturbation of [0,1] x dXac- Now the Xac for c G Ca are the result of cutting 
Xa into pieces using Ta- Therefore we can split dXac = {dXac)™^ U {dXac)'^^^, 
where {dXac)™^ is the internal boundary, the new boundaries creating in the 
interior of Xa by cutting Xa into pieces, and {dXac)'^'^'^ is the external boundary, 
part of dXa. Thus there is a corresponding splitting Zf^ = (^'f J'"* H (Z'f J"'^'. 

Each component of [(9Xac)™', /acl(9x„c)'°*'^acl(9x„„)'=t] is cancelled by a 
component of [(9Xac')'"*, /ac'kax^,,)'"', G„c'l(9x„,/)'"'] for some other c' G Ca, 
the 'other side of the cut'. Therefore for each a G ^ we have X^cec \{dXac)™^, 
/acl(9x„c)'"' ' ^acl(aXac)'°*] ~ 0. Bccausc the perturbations for i £ la were 
chosen continuous and piecewise smooth, and the G\^,H-'^^ are also restrictions 
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of functions independent of c G Cq, the construction of Z^^,g^^\zo^,H^^\z9^ 
over [0, 1] X dXac is compatible with this cancellation of internal boundary 
components. Hence for each a ^ A we have 

EceC„ [(^fc)'"S9acl(ZfJ-,^acl(ZfJ-] = 0. (245) 

For the external boundaries, using the argument of (|229p and ()230p we have 
E / E Paeifcl E [^afc.'9k.^y (246) 

(a,6)GflM a£A,b=l,...,nl: | ceci- 
ls </>Ha,6) = (a,h) J 

where C-^j^ is an indexing set for the decomposition induced by the tent function 
Tlr for {Xlr, fir, G^r) choscu in (*)i, in [JrH and (Zi. , g^. , Hlr,) for C_\ are 
the corresponding chains constructed above using the piecewise smooth sections 
sh^ in (*)g^. The coefficient {• • • } on the second line of (|246p is zero as in the 
proof of dsOl) in Combining dMS]), dMS]) and Zf^ = (^'fj'"* E (^'fj^'^* 

proves (|24ip . and completes Step 2. 

B.3 Step 3: triangulating the Xa with simphces aac{^k) 

As in Step 3 above we now change notation from Xac for a ^ A and c S 
Ca to for a e A. So, we represent a by a cycle Y.a^APal^a- fa.-,Qa] S 
i^C^^(F;i?), with each Xa a compact, oriented fc-manifold with g-corners, fa '■ 
Xa ^ Y a. smooth map, and Ga = (lajVa'^a) effective gauge-fixing data for 
{Xa,fa), where la has indexing set la — {fc}, one Kuranishi neighbourhood 

(Kf ,-E^^S^,V'a) = (^a,^a,0,id^J, and f,a = {fla.kJlax) ^'''^^ Va.k = 1 = Va,k- 

We will use Theorem IA.18I to choose a tent function Ta ■ Xa i^([l,oo)) 
for each a e A such that the components Xac, c ^ Ca of dZjj- in (|187p are 
all diffeomorphic to the fc-simplex Ak , with chosen diffeomorphisms aac ■ 
Xac for c ^ Ca- (Note that these Ca and Xac are different to those in Steps 1 
and 2.) To make these choices of Ta, aac compatible with the boundary relations 
in d{J2aeAPa[-^a.i fa,Ga]) = 0, wc usc rcvcrsc induction on codimension in a 
similar way to Steps 1 and 2. 

Define notation n™, (1™„ Z^^, G™J, P™, Q™, i?™, {a\h'i), , (a, 6)^, e™fc, 
i?^'^ as in Step 1 above, but using {Xa, fa,Ga) for a G A rather than {Xa,fa, 

Ga) for a e A, so that (d^^Xa, fa\g^x.,Ga\g^^J = Ub=l,...,nTiK%tb,G2), 

and so on. As XJ^ is a manifold of dimension fc — m we have X"^ = for m > k, 
so we fix M = fc. By induction on decreasing m = k, k — 1, ... ,1,0, for all 
(a, 6) in i?™, we choose tent functions on X^'^ using Theorem lA.lS) such 
that the expression (|187p for dZ^^ involves components X^^ for c G C^, 
with a finite indexing set, and for all (a, b) in _R™ and c G we choose 
diflteomorphisms ct^^ : Ak^m ^J!],c^ satisfying the inductive hypothesis: 
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(t)™fc By definition of we have dX^b = Ub'^B:^, Kb^\ and if <r^\a, b') = 
{a, b) in we have an isomorphism {a,b)2V : fll+^ , G^V) 

(X^'^+\/™+\G™;+i). So as for there is a diffeomorphism 

Ub'eB^^ ^Tb^^ ■ '^^Tb ^ lib' e s;"^: define (a, 6) = (/."+i(a,6') "^al^^- (247) 

On the left hand side dX^ of (PT7|) we have a tent function T^blax™- On 
the right hand side we have a tent function 3™^"^^. We require: 

(a) Equation (Pi7|) must identify min(f'™|g^,„) with min(Uh, ^I^^^) . 

(b) Suppose the natural involution a : Zj^^ fm d^Z^m fm ex- 
changes two (k — m — l)-simplices cr^^ o F^^"''{Ak-m-i) and cr^^, o 
F/-'"(Afc_™_i) for c,c' e C™,. Then j - j', c ^ c' and a o ° 
^fe-™ = a^^^, o F/-™ as maps Afc_,„_i ^ a^Z 



(c) If 6' e S:^, (a,&) = and c G CI'^+i then = 

(T!^t^(Afc_,„_i) is a component of dZym+i r^m+i. Applying the pro- 

^^'^ ab ' ab 

iection tt : dZ^m+i ^m+i X"l^^ gives an embedding tt o cl^t^ : 

ab • ab ab " abc 

Ak-rn-1 SO ((a,b)™+i)-i o n o is an embedding 

Afc„,„_i l^^+i C dX2- Composing with l : dX^ ^ ^Tb 
yields an embedding l o ((a, b);';^^)-^ o tt o : Ak-m-i 

There should exist some unique c £ such that tt o crj^^ o F^Z^ = 
L o ((a, 6)^^+1)-! o TT o a™f as embeddings Afc_,„_i ^ 1^. 

Here part (a) is almost the same as Part (b) gives compatibility between 

the 'internal' codimension one faces of i7^^(Afe_„i) within a fixed XJ^, and 
corresponds to the boundary compatibility between the CTc in Theorem lA.71 Part 
(c) gives compatibihty of the 'external' codimension one faces of cr^^(Afc^,„) 
between two different XJ^, X™^, , and corresponds to the boundary compatibility 
between a'^, , cjc in Theorem IA.18I 

The first step, when m = fc, is trivial. Each X^^ is a compact, connected 0- 
manifold, that is, a single point. We define T^^ = {1}7 Cat ^ {1} ^^"^ all (a, 6) g 
i?'^, and take aabi '■ Aq ^abi = {1} ^ -^ab be the unique diffeomorphism 
between the two points. Parts (a)-(c) are vacuous as dX'^^ — 0. 

For the inductive step, suppose that for some / = 0,...,fc — Iwe have chosen 
f2,C2 and crX satisfying (t);^^ aU ? < m s: fc, {a,b) e i?" and c G C^. 
For each (a, 6) £ i?', we will apply Theorem lA.lSl to choose T^^, C^^ and ct^^^ for 
c e C^fc satisfying (t)|,f,. We have a tent function T' ^ Ub'eij"- ^^a"^^ ° "iV^ on 
9T^, and part (a) of (f)^ says that minT^jgx^ = minT', which corresponds 
to minTjgx = minT' in Theorem lA. 181 

We must verify the hypotheses Theorem lA-lSf p-fiii). Parts (i),(ii) hold 
by the argument showing that minr^'{,|g2x'j^ is invariant under the natural 
involution cr : S^AT^^ ^^-^Lb ^^'^ proof of the inductive step of (*)^ in i 3B.ll 
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Part (iii) is a little more subtle. To satisfy it, before starting the induction, we 
first choose Riemannian metrics on for all m = 0, . . . , fc and (a, b) S -R™, 
and then we choose e > very small compared to length scales in {X^, g"^) and 
constants comparing and g^^^ under the inclusion X^^t^ C dX^ and 

diffeomorphism a^t^ : X2+^ -^aT^' ^hen we use 

these g™lj and e to construct T^j, in Theorem lA. 181 

The point is that as the e used to construct T' and CTc' on 9^^'^ ^^^^ been 
chosen small compared not just to geometry on dX^, but also to geometry 
on XJ^ and constants comparing the two. Theorem I A. ISf iii) holds. So Theo- 
rem EIS] gives fj^^CZ and a 2c for c e C^. Part (a) of (t)"^ follows from 
minTjax = minT' in Theorem IA.18[ part (b) from the boundary compatibil- 
ity between the CTc in Theorem I A. 71 referred to in Theorem lA.lSi and (c) from 
the compatibility between the ct^, and CTc in Theorem IA.18I This proves the 
inductive step. Hence by induction (t)J^ holds for all m, a, b. 

Now Xa = Ubli ^ab' and if = 1, . . . , ti^ and (/)0(a, b) = (a, b) in R°, we 
have a diffeomorphism : X\ — > X^y and a tent function r!V on Define 
a tent function Ta on Xq by Talj^o^ = T?^ o a°j, for b = 1, . . . for each 
a € A. Then we may form a compact (fc-l-l)-manifold Zj^ f as in (|186p . Let 
Xac for c G Ca be the extra pieces in the decomposition of dZj^ f in (I187|) . 
Then from above we may take Ca = lJb=i C'gb, where (a,&) = (jP(a,b), and 
the diffeomorphisms cr^i^ : ^ -^^Ic fo'" ^ — 1? • • • > "^a' (^i ^) = ^) and 
c e Cgj^ induce diffeomorphisms Uac : Xac for all c £ Ca- 

Write TT : f Xa for the natural projection. We will define effective 
gauge- fixing data = ( Ja, C^, for (Z^ ,/a07r). Let Ja have indexing 

set = {fc -I- 1}, one Kuranishi neighbourhood {W^^'^ ,F^^'^ = 
{Zjj-^ f^,Zj^^ f^,0,idz^^^J, map faon : W^+^ Y representing fa on, and 

let Ca = (Ca,fe+i,Ca,t;+i) ^ith Ca,fe+i = 1 = Calli- Then {JaXa) IS an excellent 
coordinate system for {Z-^ f ,faon). Define H'^'^^ : Zj^ f ^ E hy 

(m, zi, . . . ,a;„), 0<M<minf'a(a;), G^(a;) = (xi, . . . 
r'' ((^ir. ,i,W u = imnfaix), {u,x) = Loaaciyo,---,yk), 

[CAA[yo,---,yk)), ^^^^^ (yo,...,2;fe)eA,, 

where points of Z^^ are {u, x) for x ^ Xa and ^ u ^ min fa (a;), and G\ 
is as in (|70p . and i : j, is the natural immersion, restricted 

to Xac ^ X T ' 

Note that if {u,x) G Z-^ f with u = minTa(a::) then {u,x) G /.(Xqc) for 
some c G Ca,_so that {u, x) = l o aadyo, • ■ • , yk) for some (t /p, . . . , yk) € Afe as 
(Jac : A/j Xac is a diffeomorphism, and the third line of (|248p makes sense. 
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However, c S Ca may not be unique, and we may also have G L{Xac') 

for some other c' e Cq, with (m, x) = l o aad iUo, ■ ■ ■ , u'k) for iVo^ ■ ■ ■ i v'k) ^ ^fc- 
Thus, to show (|248p is weU-defined we must prove that G^^((?/o, ■ • ■ ,Vk)) = 
^Afc ((yoi ■ • ■ ' ^fe)) ■ f^^t (zi, ■ ■ ■ , zi) and (zj , . . . , z[,) be the result of deleting all 
zero entries in {ya,...,yk) and (j/q, . . . , yj.) respectively. Then using (t)afc(t') 
one can show that I — V and (zi, . . . , z;) = (z^, . . . , z^', ), and (j70p then implies 

thatGiJ(yo,...,2;fc)) =Gi^((y^„...,y;i)). 

Hence is well-defined, and it is easy to check that Ha = (Ja, Co ji?a^"^) 

is effective gauge-fixing data for (Z^ , /a o tt). As in (j212p we see that 

" ^- - ~ - (249) 

For a e A and c G Ga, define e^c = 1 if the diffeomorphism ■ Aj. — > Xac 
is orientation-preserving, and e^c = — 1 otherwise. Then from (j73p and the last 
line of (|248p we see that 

~ (25Uj 

A similar proof to (f229ll - (l230l) and (1246]) shows that 

EaGAP4^ax„,f„ia^j/alal„ °^'^akax„.f„ia^J =0- (251) 
Multiplying (|249p by p^, summing over a G A, and using (|250p and (|25ip yields 

5(EaeA/'a[^Jf„,f„'/a°'r.^a]) ^^^^^ 
= nsf(EaGAEcecJPaeac)(/a OTTOCTac)) - EaG A Pa [^a , /a , GJ . 

Thus (X;aeyl T,c€cSP<^'^^''^ifo. ° ^ ° <^ac)) is homologous to J^aeA Pa[Xa, fa, 

Ga], and is a cycle representing a. 

Now Definition I4.3r i)--fiii) impose no nontrivial relations upon chains of the 
form [Afe,cr,G^^] for smooth ct : A^, — > Y, and thus H^f in ([75]) is injective at 
the chain level. As H^f = doU^l and H^f (^^^Gyi EcecJ/^a«^ac)(/a oTrocTac)) is 
acycleinifGf(y;i?), 12201) holds, and /3 = [EaeA EcgcJ/^'-^-) (/aO^^o^ac)] 
is well-defined in H('(Y;R), with n^f(/3) = a. This completes Step 3. 



B.4 Step 4: H^f : Hl'{Y; R) KHf{Y; R) is injective 

Let /3 in Hl^{Y;R) with ngi(/3) = 0, the singular /c-chain J2deD''ld'''d, and 
EaGAPa[^a'/a.Ga] in ii'G^^i(r;i?) be as in Step 4, so that holds. We 

now explain how to apply Steps 1-3 to this EaeA /°i[^a, /ai G^j], replacing 
fc-chains by l)-chains, to construct a chain in G^Yi(^i^) with boundary 
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X^den VdTd, proving that (3 = 0. Write dXa = X^^ 11 • • • 11 X^^^i for the decom- 
position of [dXa, fa\dXa,Gj9Xa] i^^to Connected pieces given by Lemma l377l 

From (1221]) and the proof that H^f : Cl'(Y;R) KCf{Y;R) is injective, 
we see that we can divide the pieces X^^^ for a G A and b = 1, . . . into two 
kinds: (i) those with [X^i,, fli^Gl,,] = ±[Ak,Td,G/.^^] for some d e D, and 
(ii) the rest. Moreover, the sum of palX^j^, /oj,, G;^^] over all (a, b) of type (i) is 
J2deD''ld[^k,Tp,G^^], and the sum over all (a, 6) of type (ii) is zero. Let us 
rewrite the chain X^deD VdTd if necessary, allowing repeats among the Td, so that 
there is a 1-1 correspondence between d G D and those (a, b) of type (i), so that 
if d corresponds to (a, 6) then [X^f,, f^^, G^^] = ±[Afc,rd,GAj and pa = ±rid- 
Clearly, this is possible. 

If X^jj is a boundary component of type (i) then as X^^^ is diffeomorphic to 
the smooth fc-manifold Afe, it follows that Xa is near a smooth (fc -I- 1)- 
manifold. So in Step 1 there is no need to cut Xa into pieces near X^f^ to get 
trivial stabilizers, and in Step 2 there is no need to deform Xa near X^^^ to 
make it a manifold; we can make choices in Steps 1 and 2 so that the type (i) 
boundary components are not changed at all. 

In Step 1 we do this by choosing the tent functions Ta for a £ A so that 
minTojjfi^ = 1 for each type (i) boundary component X^j^. That is, in 

we impose the extra condition that j"™'*^^™ = |i} for any triple {X^, f^iTG^i) 
which is isomorphic to a component of d™^^^{X\j^^ f\^^,G\ij) for some type (i) 
boundary component X^^^ and all m = fc, fc — 1, . . . , 1. Then at the end of Step 1, 
to each d G D there corresponds a unique type (i) boundary component X^j, = 
Afe with [Xl^, flf^Gli,] = ±[Afc,rd,G^J, and X^^ is naturally diffeomorphic 
to a unique component of dXac for some unique c G Cq. 

In Step 2, on Xac near a component of dXac naturally diffeomorphic to 
a type (i) boundary component X^J^, since the excellent coordinate system 
{l\b^ -nib) for {Xl^, fit,) in Gib has indexing set I^^ = {k} and Kuranishi neigh- 
bourhood iV^b'''Kb'^ab^'^ab) = (^ah'^afc'O'idxiJ, the excellent coordinate 
system [lac^'Hac) fo'^ i^acfab) Q ac iucludcs a Kuranishi neighbourhood 
iVa^^ T Eac^ T Sat^ Tij^tc^) coveriug the component of dXac diffeomorphic to X^j,. 

But Eac^ = 0, so sjj+^ = 0, the Sac fo'" * ^ ^ac are zero near this component 
of dXac- Thus Xac coincidcs with Xac near this component of dXac- We can also 
choose the map G^+^ : Xac P to agree with G^^ : — » P, or equivalently 
with : Ak ^ P, on the component of dXac diffeomorphic to = Afc. 
Therefore at the end of Step 2, to each d € D there corresponds a type (i) 
boundary component X^^ = A^ which is naturally diffeomorphic to a unique 
component of dXac for unique c £ Ca- 

As in Step 3, we change notation from Xac to Xa- Thus, at the beginning 
of Step 3 we have a chain X^ae^i Pa[^a, /a, Ga] in KCf_^^{Y] R) with 

d{Y.aeAPa[Xa,fa,Ga])=Y.deDm[^k,Td,G^^], (253) 

where for each d £ D we are given a £ A and a component of d{Xa, fa,Ga) 
with a diffeomorphism X^^ = Ak such that K^,/afc,G;^6] = ±[Ak,Td,Gj^^] 
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and rjd — ipa- Step 3 then chooses tent functions Ta on Xa for a G A and 
diffeomorphisms CTqc : A^+i —^ Xac- If d € D and X^j, = is the given 
diffcomorphism, then TIjIj^i is a tent function on A^, which cuts Afc up into 

pieces, each of which has a diffeoniorphism with A^ of the form tt o a^^^ o Fj^^^ : 
Afc — + Xa for some c e Cq. 

Unhke in Steps 1 and 2, we cannot choose the Ta in Step 3 so that the type 
(i) boundary components X^f,, that is, the chains [Afc,Td,G^^] for d £ D, are 
unchanged, because to apply the results of §A.1.6I during Step 3 we need to cut 
the Xa into small pieces, which includes the boundary components X^j^ = A^- 
This is necessary in the proof of the inductive step in (t)^, when we have to 
ensure that the smallness condition Theorem I A. ISf iii) holds, and means that we 
must cut the = Afc into pieces small compared to the length scales involved 
in X^ for all m = fc, fc - 1, . . . , and (a, b) e i?™. 

However, we need not cut the boundary components X^f^ = A^ into small 
pieces in an arbitrary way. In Definition IA.6I we defined the barycentric subdi- 
vision of a polyhedron, and showed how to realize it using a tent function. The 
barycentric subdivision of Afc divides it into (fc + 1)! simplices A^, each of which 
is smaller than the original A^ by a factor of at most in every direction, for 
fc ^ 1. Barycentric subdivision can be iterated, so that for = 1,2,... the N^^ 
barycentric subdivision of divides it up into ((fc + 1)!)^ smaller simplices 
Afc, each of which is smaller than the original A^ by a factor of at most ( jr|^)^ 
in every direction. Since {-j^)^ as N ^ oo, by taking N arbitrarily 
large we make the simplices of the N^^ barycentric subdivision of Afc arbitrarily 
small. The N^^ barycentric subdivision of Afc can also be realized using a tent 
function, combining the constructions of Definition IA.6I and Theorem I A. 71 

Therefore we choose N ^ such that the N^^ barycentric subdivision of 
each boundary component A^j, = Afc corresponding to some d £ D cuts A^^, 
and all its boundary faces of dimension fc — — 2...,1, into sufficiently small 
pieces that the smallness condition Theorem lA.lSf iii) holds for these faces if 
we use the A^"^ barycentric subdivision and its associated tent function for 
A^(j ^ Afc, rather than just some tent function chosen arbitrarily by iteration 
using Theorem lA. 181 Then in (t)JJ(, we impose the extra condition that for any 
triple (X^^, f^,,G2) which is isomorphic to a component of d"'-\Xl„ f^,,Gl,) 
for some X^^ = Afc with [X^^, f^^,Gl^] = ± [Afc, r<j, J for some d e D, so 
that we have a natural isomorphism X"l = Afc_,„, then T"l and (t"1_ for c G C"l 

^ ab ab abc ab 

should come from the A^*'' barycentric subdivision of Afc^m- 

Then writing {ve ■ e G E} for the simplices in the A^**^ barycentric sub- 
division of Afc, and setting Ce = 1 if Ve is orientation-preserving and = — 1 
otherwise, the proof of (|220p in Step 3 generalizes to give (|222l) . Now barycentric 
subdivision is used by Bredon [10, §IV.17] to prove the Excision Axiom for sin- 
gular homology. Bredon defines T : Cl^{Y; R) — > C^'(F; R) which replaces each 
singular simplex by its barycentric subdivision, and T : C^'(F; R) Cl\f_i{Y; R) 
with doT + Tod = T-id. Thus T induces the identity on -fff (F; R). In this 
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notation, Y.deDY.eeEiVdCe) (rd ° Ve) = {Y.deDVdTd) , so 

P^iEdenVdTd] = [EdeDEeeEiVdCe){rdOv,)] =0 in Ht{Y;R), 
as T is the identity on Hf(Y;R), and using ((^^ . Therefore H^f in ([751) is 



injective, as we want. This completes Step 4, and the proof of Theorem 14.81 



We now prove Theorem l4.9l Let Y be an orbifold, R a Q- algebra and fc e Z. We 
must show that 11^^ : KHf{Y;R) KHk{Y;R) in §Q is an isomorphism. 
In a similar way to the proof of Theorem 14.81 in Appendix [B] we do this in five 
steps, which we describe briefly below and then cover in detail in i)C.lt -i jC.5l 
Steps 1-4 show that in ([55]) is surjective, and Step 5 that it is injective. 



Step 1. Let fc e Z, a e KHk{Y;R), and EaeA Pa[^a, /a, G^] £ KCk{Y;R) 



represent a. The goal of this step is to choose a tent function Ta for {Xa,fa, Ga) 
for each a G Ato 'cut' each Xa into finitely many arbitrarily small pieces Xac for 
c G Co, in triples {Xac, fac^ Gac), using the results of iiA.3.51 This construction 
will be used for two different purposes in Steps 2 and 3, and each time we apply 
it, we will explain what we mean by 'arbitrarily small'. 

As in Step 1 of AppendixiBl we wish to choose the Ta such that J^aeA ^cec 
Pa[Xac,fac^Gac] IS homologous to a&A Pa\^ a-, f a^ G a] in KCk{Y;R). Sincc 
^{^a^APal^a^ f a^Ga]) = 0, the [dXa, f a\dx^ , G aldxj must Satisfy relations 
in KCk-i{Y; R). The issue is to choose the Ta for a e in a way compatible 
with these boundary relations, so that d{J2aeAJ2ceCaP"-^^"-''' fac^Gad) = 0. 
In Step 1 of Appendix |B] we solved a similar problem by introducing notation 



<, {X^t, f"alGZ), P"\Q''', i?™, . . ., and then choosing data on X^l for (a, b) G 



i?™ with boundary conditions by reverse induction on codimension m — M, M — 
1, . . . ,0. Here we adopt a similar strategy, but the problem is more difficult 
because of the extra relation Definition I4.3f iv) . 

Define KCk{Y\ R) to be the i?-module of finite i?-linear combinations of iso- 
morphism classes [X, f, G] as in Definition 14.31 for which vdimX = k, with re- 
lations Definition [13i;i)-(iu), but not (iv). Write H : KCk{Y; R) KCk{Y; R) 
for the natural, surjective projection 11 : J^aeAj^i^a, fa^Ga] Y.aeAPo-iXa, 
fa,Ga], whose kernel is the i?-submodule of KCk{Y; R) set to zero by equa- 
tion in Definition I4.3t iv'). That is, Kerll is the subspace of elements of 
KCk{Y]R) of the form 



where 13 is a finite indexing set, and for each d £ D we have rjd € R and 
Xd, fd,Gd,^d are as in Definition I4.3f iv). Using Definition I4.3r i)~fiii) we can 
also suppose that each (X^, f^, Gd) is connected. 

The proofs in Appendix [Bl relied on the fact that triples [X,f,G\ with 
{X, f,G) connected form a basis for KCl^{Y; R) over R, modulo only the rela- 
tion [—X, f,G] = —[X, f,G]; this was how we showed the coefficient {• • • } on 



C Proof that KH^Y; R) ^ KH^ 



{Y;R) 



EdeDVd{[Xd/rd,7^4fd),^*{Gd)] - ^ [XdJd:Gd]), 



(254) 
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the last line of (|229p is zero. Since KCk{Y] R) is defined using the same rela- 
tions as KC^^{Y; R), it is easy to see that triples [X, /, G] such that {X, f, G) 
is connected and does not admit an orientation-reversing isomorphism form a 
basis for KCk{Y] R) over R, modulo only the relation [—X, /, G] = — [X, f, G]. 
However, we do not have a good basis for KCk{Y; R). This makes choosing the 
Ta for a ^ A compatible with relations in KCk-i{Y; R) more complicated. 

Our strategy is to lift from KC^,{Y; R) to KC^,{Y; R), where we have a 
good basis, and deal with the extra relation Definition I4.3r iv') 'by hand'. As 
d{EaeA Pa[Xa, fa, Ga]) = in KCk^,{Y; R), it lifts to Kern in KCk-i{Y; R), 
and so is of the form (|254p . Thus we may write 

J2aeAP49Xa, fa\dX^,Ga\dxJ ^ (255) 

EdeDVd{[Xd/rd,7v4f,),7v4Gd)]-j^^[XdJd,Gd]) in KCk-i{Y;R), 

with each {Xd, f d, Gd) connected. 

We shall choose tent functions Ta for {Xa, f a-Ga) for a G A, and Td for 
{Xd, fd, Gd) for d € D, satisfying the conditions: 

(a) Ta\dXa. is invariant under AvLt{dXa, fa\dXa,Ga\aXa) for each a G A, and 
Td is invariant under Aut{Xd, fd,Gd), and tt, (T^) is invariant under 
Aut{Xd/^d,'^*{fd),'^*{Gd)) for each de D. 

(b) If two connected components of any two of {dXa, fa\dXa,Ga\dx„^) for 
aeA and {Xd,fd,Gd), {XdjTd,T^*{f d),T^*{Gd)) tor d e D are isomor- 
phic, the restrictions of Ta,Td to these components are identified by the 
isomorphism. 

(c) The Ta,fd cut {Xa, fa,Ga), {Xd, fd,Gd) into 'arbitrarily smaU pieces', 
where we will explain how small the pieces need be whenever we apply 
the result. 

To do this consistently, we must actually work by induction on decreasing codi- 
mension to in a similar way to Appendix iBl and choose data on d^"{Xa, fa, Ga) 
and d"^^^{Xd, fd, Gd) for to — M,M — 1, . . . , 1, satisfying analogues of (a)- 
(c), with boundary values chosen in the previous inductive step. The details 
will be explained in ijCll 

Haven chosen Ta,Td for all a,d satisfying (a)-(c), equation (|21ip of i iA.31 
gives, in both KCk{Y;R) and KCk{Y;R), 

~ i^a, fa, Ga] + ScGCa ["''^ac, f ac Gac]- (256) 

From equation (|255p and (a),(b) above we deduce that 

Pa \ZdX^ ,T„ 1 3x„ ,fa\dX^°T^, Hgx^ ,r„ | gx„ ] = (257) 

aeA 

J2 '^4iZx,/r,,n,(t,),^*ifd)°^,Hx,/r,,^,^tJ i^KCk{Y;R). 

~ WT\ ^^Xa.Ta ,fd°-^, Hx^,tJ) 
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The action of on {Xd, fd^^d) preserves Td and so lifts to an action of Td 
on {Zj^^ j,^, f d o T^, H j,^), and the quotient is isomorphic to (Z-^^i^^ 7r,(Td)' 

T^*{fd) ° ''^^■^Xi/Tci 7r.(Td))- Thus the right hand side of (|257p hes in Kerll, 
and projecting to KCk{Y; R) yields 

Y.aeAPa[ZdX^,T^\oxa^fa\dXa°'^,Hox^,T^\oxa] =^ mKCk{Y;R). (258) 

Multiplying (|256p by pa, summing over a G A and using (|258p yields 

C>{EaeAPa[Zx^ ,fa°T^a, H ] ) ^^59) 

~ SaeA EceCa PcA^ac, f ac^ ^ac] — SaGA Pai^a, f ^a] 

in KCk{Y;R), as for (I226p . Thus I]aeA Ecec„ Pil^ac, /ao ^ac] is a cycle 
homologous to X^aeA Pa [Xa; fa: Ga] , as we want. 

Step 2. Let fc e Z, a e KHk{Y;R), and EaeA P^I^a- /a, G^] G KCk{Y;R) 
represent a. Using Step 1, we choose a tent function Ta for {Xa, f^jGa) for 
all a G A which 'cuts' each into small pieces Xac for c G Ca, in triples {Xac, 
/^g, Gac), such that for each a A and c G Cq there exists a triple (^ac, /aci 
Gqc) with an oriented Kuranishi space with trivial stabilizers, and writing 

Gac = iiac,riac:Gl,c ■ « G -^ac) with lac = {lac, {yic: ■ ■ ■ Aac) ■ « ^ /ac,-.-)> 

each is a manifold, and there exists a finite group Fqc of automorphisms 
(a,b) : {Xac, fac^Gac) -> (Xac, /ac: Gac) with a : Xac ^ -'^ac oricutation- 
preserving, such that the triple (Xac/Fac, '7r*(/ac)j 7i'*(Gac)) is isomorphic to 
{Xac, f ac,Gac)- Relation Definition 14. Sf iv) thus gives 

[Xac, fac: Gac] - [Xac, S ac^ Gac\ in KC^iY ■ R) . (260) 

Such {XacS ac,Gaci exist provided the Xac and VaV ^ac in Gac are 'suffi- 
ciently small', just as in an orbifold Y , any sufficiently small open set in V may 
be written as V jV for [/ a manifold and F a finite group. 
Combining equation (|260p and Step 1 shows that 

X/aGA X/cSCo PalTacI [^ac, /aci Gqc] = X/aGA X/cGCo Pal^ac, /ac Gqc] 

(261) 

is homologous to X^asA Pa\X-a, fa,Ga] in iirCfe(F; i?), and so is a cycle represent- 
ing a. Thus we can represent a by a cycle p6ip in which the Kuranishi spaces 
Xac have trivial stabilizers, and in the Kuranishi neighbourhoods (VJo ■ • ■ ; V'ac) 
in Gac, the V^^ are manifolds. Hence Xqc is an effective Kuranishi space, and 
the {V^c' ■ ■ ■ : i^ac) are effective Kuranishi neighbourhoods. We will need this 
when we lift to effective Kuranishi chains in Step 4. 

Step 3. For simplicity we now change notation from Xac for a Cz A and c G Cq 
back to Xa for a G A, and absorb the factors |Fqc|^^ in (|26ip into new constants 
Pa G R. That is. Steps 1 and 2 have shown that wc can represent a by a cycle 
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J2aeA Pai^a, f aj ^a] & KCkiY] R) , where each Xa is a compact, oriented Ku- 
ranishi space with trivial stabilizers, and writing Ga — {laTfJaj^a ■ * S /a) 
with la = (/a, (VJ, . . . , "0^) • * ^ la,---), each Va is a manifold. Equa- 
tion (|255p holds for connected {Xd, fd, Gd) for d E D. We stress that these 
A, Xa, fa, Ga, Pa, D, Xd, fd, Gd, Td, Tjd &TC different from those in Steps 1 and 2. 

We now repeat Step 1, choosing tent functions Ta for {Xa, fa, Ga) for a e A, 
and Td for {Xd, fd,Gd) for d E D, satisfying conditions (a)-(c), such that Ta 
cuts {Xa, fa, Ga) iuto finitely many small pieces {Xac, fac, Gac) for c e Ca, and 
fd cuts {Xd, fd,Gd) into finitely many smaU pieces {Xdf,fdf,Gdf) for f e Fd- 

As in Step 1, equations (| ^ - (P57|) hold in KC4Y;R). Taking d of (PSS)) 
and using d-^ — gives 

4^ax„,TJa.„,/alax.o.r,Jfax„,Tj.,.J = (262) 

— d[Xa, fa, Ga] + X^cGCa ^i-^ac, fac, Gac] 

The analogue of for {Xd, fd, Gd) in iCCfc-iCF; R) is 

~ [-^<i,/d,Gd] +J2feFA^df,fdf,Gdf]- (263) 
The action of on {Xd, fd, Gd) lifts to Uf^p^-^df, fdf, Gdf), and 

(II(^<i/,/dpGd/)) /r,= [] (ld;/Stabr,(/),7r,(/,^),7r,(Gd/)), 

where to interpret the right hand side, for each orbit fVd of Td in Fd we 
pick a representative /, and then divide {Xdf, fdf, Gdf) by the stabilizer group 
Stabrj(/) of / in r^. From this we deduce an analogue of (|263p for {Xd/^d, 
7r*(/j,7r,(Gd)) in KCk-i{Y; R): 

~ [^d(Xa/ra),-n:,(t^)\g^^^,^^^^'^*if d)\d{XJr^) ° 

Hd{x,/r,)^^,{f,)\g^^^^^J-[^d/rd,T^*{fd),^*{Gd)] 
+ E [ld//Stabr,(/),7r,(/,^.),^*(G<i/)]. 

Taking the boundary of (|255p and using — gives 

0= '^rf([^(^'i/rd),7r,(/j|g(_^^/p^),7r,(G'd)la(^^/r,)] 
'^"^ ~\Td\''[dXd,fd\ox,^Gd\o^^]) inKCk-2{Y;R). 



(264) 



(265) 



As the choice of tent functions fd,n*{fd) in Step 1 actually depends only on 
the isomorphism class of each connected component of {Xd, f d, Gd), {Xd/Td, 
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7r*(/^), 7r*(G'd)) in KCk~i{Y; R), and by the inductive construction this also 
holds for their boundaries in KCk-2{Y; R), we can lift (|265p to an equation in 
the Z,„ chains in KCk-iiY; R): 

Take the boundary d of (|257p to get an equation in KCk-i{Y; R). Use 
(|262p . (|264p and (|263p to substitute for the boundaries of the first, second and 
third lines of (|257p respectively. Add on (|255p . which cancels three sets of 
terms, and then add on (|266p . which cancels two more. This yields an equation 

in KCk-i{Y;R): 

E/r,eF,/rJ^d//Stabr,(/),7r4/rf^.),7r,(Gd/)] (267) 

deD _^ _ - _ \ 

-\^d\ feFa i^df , fdf ' Gdf] J ■ 

We will prove that provided the Ta,Td are chosen to make the Xac,Xdf 
sufficiently small, the terms on the right hand side of (|267p all cancel, that is, 
the right hand side is zero. To get a rough idea of why, note that since the 
Xa have trivial stabilizers, if Xd/^d is needed to cancel part of any dXa in 
(|255p . then Xd/^d must have trivial stabilizers, and so Yd acts freely on Xd- 
But if Td acts freely on Xd, and the pieces Xdf for f E Fd are sufficiently 
small, then Yd must also act freely on Fd- And if Yd acts freely on Fd then 
S/rrfeFd/rJ^<i//Stabr^(/),...] = \Yd\^^T,feFai^df,---], so the second and 
third lines of (|267p cancel. 

We have now constructed J2aeAJ2cec^ Pai^ac, fac^Gac], where Xac has 
trivial stabilizers and the are manifolds, and shown that regarded as an 
element of KCk{Y; R) this is a cycle representing a, and regarded as an element 
of KCk{Y\R) satisfies 

d{T.aeA Ecec. Pa[Xac, f ac Gac]) = in KCk-i{Y; R). (268) 

Thus, we have lifted from a cycle in (i4rC*(F; i?), 9) to one in (^KC^,{Y; R),d) . 

For the rest of the proof we will work in the complex (XC»(F; R),d), which as 
in Step 1 has an easily understood basis, and we no longer need to worry about 
the relation Definition I4.3f iv) . 

In this step we also prove we can take the {Xac, fac^^ac) to have an ad- 
ditional property that we will need later. Fix a E A and c £ Cq, and for 
TO > write (X™^, /™^, G^^) for d = 1, ■ . • , for the connected components 
of {d"^Xac, fac\d"'XacjGac\d"^Xa.a)- Then in the usual notation the Kuranishi 
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neighbourhoods [V^J V'^^ for i - to € J™ in G^d have an 

open subset of d"^V^^, where V^^ is a manifold. 

If y is a manifold with corners and to ^ 2 then points of 9™!/ may be written 
as (z;, . . . , Bm), where Bi, . . . , i?m are distinct local boundary components 
of V. Hence (w, i3i), . . . , {v, Bm) he in 9^. Thus, a point of V™^~"^ is of the 
form (w, Bi, . . . , Bm), where {v,Bi) G 9T4*c for / = 1, . . . , to. It is necessary that 
{v,Bi) G V'J^^^ ^ for some unique = 1, . . . ,n;^j,. That is, (v,Bi) cannot lie in 
the part of dV^^ discarded by Algorithm l3.161 since then {v, Bi, . . . , B„i) would 
also be discarded, so {v, Bi) hes in Ud'=i ^acd/~^' ^^'^ ^ac<k^ unique di. 

Hence, each i e and {v, Bi, . . . , Bm) in V^™/~™ determine an ^tuple 
(di, . . . , dm) with di — 1, . . . , n^g. We claim that this (di, . . . , dm) is indepen- 
dent of i and (w, . . . , Bm), and depends only on d = 1, . . . , n™ . To see this, 
note that (di, . . . , dm) is locally constant on V^™^' and is also preserved un- 
der coordinate changes i^™'^'"™^^"' ™') in G™^^, so the part of 
{d'^Xac, fac\d'"Xaa^Gac\d'"Xaa) ^ith fixed (di, . . . , dm) must be a union of con- 
nected components. Thus, each component of {d"^Xac, fac\d"^XacTGac\d"^Xac) 
determines an ordered TO-tuple of components of {dXac, faddXaa^^adoXaJ- 
We will prove that provided the Xac are chosen sufficiently small, for all a G 
A, c G Ca, TO ^ 2 and d = 1, . . . , n™ , the numbers di, . . . , dm above are distinct. 
That is, we show that each component of {d"^Xac, /acl9"X„c , Gac|a'"X„ J occurs 
as the intersection of to distinct components of {dXac, facldXac^ Gac\dXac)- 

Here is why we need this. Suppose {X, f,G) is a triple in effective Kuran- 
ishi homology. Then there is a natural action of the symmetric group Sm on 
{d"^X, f\gmx,G\g^x) by isomorphisms, which acts on points {v, Bi, . . . , Bm) 
in y™.*-™ in G\g^r,x by permutation of Bi, . . . , Bm. As connected components 
of {d"^X, f\d'^x,G\g^r,x) have no automorphisms by Theorem l3.39r b). Sm must 
act freely on the set of connected components of {d"^X, f\^w^x ,G\gmx)- 

In Step 4 we will modify Gac to effective gauge-fixing data. A necessary 
condition to be able to do this is that Sm acts freely on the connected com- 
ponents of {d^Xac, facld'^XaaJ^acld'^Xac)- Sincc cach component determines 
some (di, . . . , dm) and Sm permutes di, . . . , d„i, if di, . . . , dm are distinct then 
the action of Sm on the set of components is automatically free, as we want. 

Step 4. For simplicity we again change notation from Xac for a £ A and 
c G Ca back to Xa for a d A. That is. Step 3 has shown that we can represent 
a by a cycle Y^aGAPai^a, fa^Ga] in KCk{Y;R) or KCk{Y;R), where each 
Xa is a compact, oriented Kuranishi space with trivial stabilizers, and writing 
Ga = iIa,Va,Gl:ie la) with la = {la, (VJ, . . . , ipl) : i & la , ■ ■ ■) , each is a 
manifold, each (Xa, fa,Ga) is connected, and 

d{j:aeAPa[Xa,fa.Ga])=0 in KC k-i{Y ; R) . (269) 

Moreover, for a £ A and to > 2 each component of {d'"^Xa, fa\d"^x^,Ga\d"^Xa) 
occurs as the intersection of to distinct components of {dXa, faldXa,, Ga\dXa,)- 
Define notation n^, (X™, fZ, GZ), P", Q", i?™, (a, b)-„ M, e™„ S™, 
exactly as in Step 1 of Appendix [b1 but with Ga, G"J, in place of GajG^,- Note 
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one significant difference: in Appendix [B] we have Aut(X^, /J^, G^) = {1} 
by Theorem 13. 39r b). so (a, 6)^ is unique. However, in the noneffective case we 
know only that Aut(A:^, GZ) is finite by Theorem[32Ql so when ^"(a, b) = 
(a,&) the isomorphism ia,b)2 : /™„ G^fc) - (X^,, fTb^GTb) may not be 

unique, we have to make an arbitrary choice of (a, out of finitely many 
possibilities. 

Then as for equation ((229)) . from ((269| in KCk-i{Y; R) we have 
= 9[^p,[X„/„G,]] ^Y.P-Il[^ab,flb,Gl,] (270) 

aeA aeA h=l 

= ^ P<^^lb[Xlb^ flb^ Gl^] ^ X! J X! /'a^b 1 K6'/afc'^afc]■ 

a e A, b = 1, . . . ,Ti;i. (a,fc)efli I a e A, b = 1, . . . | 

Sot (a,b) = 0i(a,b) L 0i(a,fc) = (a,fc) J 

By construction the triples (-^gg, /g;,, G^^) for (a, 6) G i?^ are connected and 
mutually non-isomorphic, even through orientation-reversing isomorphisms. As 
in Step 1, triples [X, /, G] such that (X, /, G) is connected and does not admit 
an orientation-reversing automorphism form a basis for KCk-i{Y; R) over R, 
modulo [-X, f, G] = -[X, f, G]. 

We separate (a, &) e R^ into two cases: (A) (X_[^, /g^, G^^) admits an 
orientation-reversing automorphism, and (B) it does not. In case (A) we have 
n^flb^G'j = by Definition llSJii). The [XI^JIj,,GI^] in case (B) form 
part of a basis for KCk-i{Y; R) over R, and so are linearly independent over 
R. Thus, in the same way that we argued in i^B.ll that the coefficients {• • • } in 
the last line of (|229[) are zero, from (|270p we see that for each (a, b) G R^, either 

(A) (Ar_|^^, /gg, Ggjj) admits an orientation-reversing automorphism, so that 
[^aV flb^ ^abl = in KCk-iiY- R) and KCk-iiY; R); or 

(B) Y^aeA, b=l,...,n^:(t>^{a,b) = {a,b) Paf^ab = i^ ^• 

The rough idea of this step is to choose maps Ql^ : ^ P for all a G A 
and i € la such that G^ = {lajVajG^ i € la) is effective gauge- fixing data for 
{Xa,fa)- (Note that as Xa has trivial stabilizers, it is an effective Kuranishi 
space, and as Va is a manifold, (V^% . . . , ipa) is an effective Kuranishi neighbour- 
hood, so we have already satisfied some of the conditions in Definition 13.361 for 
Gg.) Thus we can form a chain YaeA Pa[Xa, fa^Ga] & KCfiY; R), and project 

to Ya^^APaiXa, faMGa)] = Ii^HYa^APa[Xa, fa:Ga]) in KCkiY;R). 

If we could choose the for all a,i compatible with the relations between 
the [dXa, faldXajGaldXa] implied by (|269p - (|270p . we would expect to prove 
that d{J2aeA Pa[Xa, fa^GJ) = in KC'jf_^{Y; R), giving a homology class /3 = 
[EaeAPaiXaJa^Ga]] in K H^,' {Y ; R) , and to show EaeA Pa[Xg, n(GJ] is 
homologous to Y.aeAPa[Xa, fa^Ga] in KCk{Y;R), so that Uf^{f3) = a. As 
a £ KHk{Y;R) was arbitrary, this would show that lifl" : KHf{Y;R) 
KHk{Y; R) is surjective. 
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However, there is a problem. In the Aut{Xa, fa, Ga) are finite by Theorem 
I3.20i but for connected (X^ ,/ , G^, ) the Aut (X^ , , ) are trivial by Theorem 
I3.39r b). Thus, when we lift from Ga to G^ we must break the symmetries 
of {Xa, fajGa)- But breaking these symmetries is unnatural, and may cause 
(^{J2aeAPa[^a, faTGal) bc uouzero. To see this, note that ()270|1 imphcitly 
uses an isomorphism 

{dXaJa\0X.,Ga\0X.)^ [] (Xl^,/^,^^. (271) 

b=l,. .. ,nl. Set (a, 6) = 0i(a, b) 

The set of isomorphisms p7ip has a free, transitive action of Aut(X_^^, 
/ab'^sb)' ^^'i general there is no natural choice. To choose G^ for a e A 
satisfying boundary relations, we expect (as part of an induction on reverse 
codimension) to choose Gg^ for all (a, 6) G , and to use these and (|27ip 
to determine boundary values Galdx^ for Ga, and to extend these over Xa 
to get Ga- But to do this we must make an arbitrary choice of isomorphism 
P7ip . and similarly in previous inductive steps. There is no reason for these 
arbitrary choices to be compatible with involutions cr : d^Xa d^Xa- Thus the 
prescribed values for Ga\dXc, when restricted to d^Xa, may not be cr-invariant, 
and so by Principle 12. 8[ we cannot extend them over dXa- 

To get round this, we choose not one set of effective gauge-fixing data Ga 
for {Xa,fa) for each a G A, but a finite family G^^ for o 6 Oa, such that 
AvLt{Xa, fa, Ga) acts freely on Oa, and if (a, b) e Aut(Xa, fa, Ga) and d € Oa 
with o' — (a, b) ■ o then (a, b) lifts to an isomorphism (a', b') : {Xa, fa,Gao) 
{Xa,fa,Gao')- Similarly, for aU m = Af, M - 1, . . . , and (a, 5) G P" we 
will choose a finite family G'abo for o G of effective gauge-fixing data for 
{X2,fZ), where Aut(X,"^, Cb, G™,) acts freely on and lifts to isomor- 
phisms between the (X^, f]!^fj, Galo) , ^-nd G^^lax™ is determined in terms of 
theG"+^ 

— abo 

The construction involves a complex and difficult double induction on de- 
creasing m. The underlying idea is that the families {X^l, /JJb, GJJ^g) for o G 
have all the symmetries of {Xa, fa, Ga), so the symmetries are not broken, and 
we need not make arbitrary choices of isomorphisms (|27ip . Using p70p and 
alternatives (A),(B) above we prove that 

d{j:aeAJ:oeo.Pa\Oa\-'[Xa,fa,Gao])=0 In KCt,{Y ; R) . (272) 

We then set /3 = [E^gA Eoeo„ Pal^arM^a, /a, G J] in KHf{Y;R), and 
show that n^'^(/3) — a, so is surjective, as we want. 

Step 5. Suppose (3 E KHf{Y-R) with nKfh(/3) = o. We choose a cycle 
in KC^^{Y;R) representing /?. As KHf{Y;R) ^ Hf{Y]R) by Theorem [U 
we can take this to be the image of a cycle Eses Cs in C^'(y;i?), for S a 
finite indexing set, C,s E R and Ts : — > Y smooth. Thus /? is represented 
by ^iKY^sesCsTs) in KCf{Y-R). The image in KCk{Y-R) under B^h is 
n^''(Eses Cs Tis), which represents B^'^(/3) = 0, and so is exact. Therefore as 
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for (EUD there exists Y.aeAPa[Xa, f a.Ga] G KCk+iiJ-R) with 



5(Ea6AP.[^a,/.,G.]) =nKh(2^^^C.r.)=E.esC.[Afc,T„GAj. (273) 

We now apply Steps 1-4 to this X^ogA Pa[Xa, f Ga], replacing fc-cycles by 
(fc + l)-chains. In Step 1 we use tent functions Ta to 'cut' each {Xa^ fa, Go) into 
small pieces {Xac, fac Gac) for c G Ca- When this process is apphed to (|273p . 
the {Ak,Ts,GAk) must also be cut into small pieces. To keep track of these 
pieces, it is convenient to use the method of Step 4 of fjB] in we choose 

the Ta such that each {Ak,Ts,GAk) is cut into the A^*'' bary centric subdivision 
of Afe, for some N independent of s £ S*. 

After slightly modifying the definitions of the functions Ga^ in Gac, in Step 
1 we construct a new chain J2a&AJ2c£CaP^^-^''''' fac^Gac] with all Xac 'arbi- 
trarily small', satisfying 

9{EaeA EceC. PaiXac, f ac Gac]) = O T^(E,eS C T,) (274) 

for some iV 3> 0, where T : C|'(F; R) Cl^{Y; R) is the barycentric subdivision 
operator of HBA[ so that = T o • • • o T is the A^'^ barycentric subdivision 
operator. Note that we will not need the second part of Step 1, which constructs 
a homology J^aeA Pa [Zx^,T^,fa ° tt^, iJx^.rJ between J^aeA Pa[Xa, fa, Ga] 
and J2aeA J2ceCa Po-i^ac, fac, Gac], we only have to prove (|274p . 

Going through Steps 2-4 with minor modifications then yields a effective 
Kuranishi chain J^aeA T,oeOa Pa\Oa\~'^[Xa, fa,Gao] in KCf^^{Y; R) satisfying 

5f E E Pa|OarM^a,/.,Gj) =n^foT^(E^^5C.r.) (275) 

\ a^AoeOa ' 

for some iV 0, where we change notation so that A, pa,Xa, fa, Ga,N arc dif- 
ferent from the first versions. Since EssS ^« ^ cycle in C|'(y; R), as in ^BAi 
"^^(Eses Cs Ts) is homologous to Y^ses (s Ts, and thus H^f o T^{Y.ses Cs Ts) is 
also a cycle in KH^iY; R) representing (3. Therefore (|275[) implies that /3 = 0, 
so n^jh : KHf{Y; R) KHk{Y; R) is injecUve. 

Remark C.l. (a) We used relation Definition I4.3r iv) in Step 2 to lift to Ku- 
ranishi chains with trivial stabilizers, as in ([260]). But also, much of the work in 
Steps 1-3 is coping with problems caused by Definition I4.3f iv) , and the equiv- 
alences between chains that it introduces. 

We said in Remark l4.5r b) that Kuranishi homology KH^,{Y;R) would still 
work, and Theorem 14.91 would still hold, if relation Definition I4.3r iv) were 
omitted in the definition of KC,,{Y\R), that is, if we replaced KC^{Y]R) by 
KCt:{Y] R) in the notation of Step 1 above. We now briefly sketch how to prove 
Theorem 14.91 with this modified definition. This time there are four steps: 

Step 1. Let a G KH^,{Y; R). Represent a by a cycle J2aeAPa[Xa, fa,Ga]- 
Show that a can be represented by a cycle J^aeAPa-i^a, fa,Ga], in 
which we fix Xa, fa but change to new gauge-fixing data Ga = [la, fja. 
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: z e ia) with = (7a, (V;\ . . . , i^l), fl-.i eia,..) in which each 
is an effective orbifold, although we do not require (V"J, . . . , V'o) to 

be an effective Kuranishi neighbourhood, that is, the stabihzer groups 

of need not act triviaUy on the fibres of E'^. 

Step 2. As in '>\A.2\ we can use a tent function to cut an effective orbifold up into 
manifolds. Following Step 1 of the proof of Theorem [48] in Appendix [Bl 
we use the results of §A.3.5l to choose tent functions Ta for [Xa, fa. Go) 
for a G A which cut the up into manifolds VJ^,, and the Xa up into 
Kuranishi spaces Xac with trivial stabilizers, for c £ Cq. Thus we 
represent a by a cycle Y.a(^A SceCa Po.[^o.c, f ac, Gac] in which the Xac 
have trivial stabilizers, and the Va^ in Gac are manifolds. 

Steps 3 and 4. At the end of the new Step 2, we are in exactly the same position 
as at the end of the old Step 3 above, noting that the new KCf.iY] R) 
is the old KCf,{Y]R). We can now follow the old Steps 4 and 5 to 
complete the proof. 

(b) In the proof of Theorem 14.81 we use the fact that i? is a Q-algebra in two 
different ways: firstly, in p60p of Step 2 the iFad""'^ must lie in i?, and secondly, 
in (P7^ of Step 4 the jOaT^ must lie in R, so for both we need Q C R. 

If as in (a) we omit relation Definition I4.3r iv) then we no longer need R to 
be a Q- algebra to define KC^{Y; R), KH^{Y; R), and in proving Theorem [Ol 
by the method sketched in (a) we would no longer need i? to be a Q-algebra in 
the first way. However, we would still need i? to be a Q-algebra in the second 
way, in Step 4. If R were not a Q-algebra, the proof would fail, and in fact the 
author can show that KH^{Y; R) ~ Hf{Y; R ®z Q) in this case. 

In the rest of this appendix we go through Steps 1-5. 

C.l Step 1: cutting the Xa,Xd into small pieces XacX^f 

Let fc e Z, a e KHk{Y; R), J2aeA Pa[Xa, fa, Ga] E KCk{Y; R) representing a, 
and {Xd, fd, Gd), Td ioi d £ D satisfying (|255|) be as in Step 1. Let the indexing 
sets A, D be disjoint, ACi D — We now explain how to choose tent functions 
Ta for {Xa,fa,Ga) for a € A, and fd for {Xd,fd,Gd) for d € D, satisfying 
conditions (a)-(c) of Step 1, such that Ta cuts Xa into arbitrarily small pieces 
Xac for c E Ca, and Td cuts Xd into arbitrarily small pieces Xdf for f £ Fd- 
This construction will be used in Steps 2 and 3. Choosing a tent function T 
to cut one {X, f, G) into arbitrarily small pieces was explained in i ]A.3.3l and 
§A.3.5l Our problem is to make these choices satisfy (a)-(c). 

We introduce notation similar to P™, Q™, ... in Step 1 of Appendix IB] By 
Lemma [3771 for each a e A and to ^ the triple {d^^ Xa, f a\d"^Xa,Ga\d^Xa,) 
splits as a^ATa = A™ E • • • E A™„ into connected triples (X™, J^^, = 
{X'^^^, f a\x^^,Ga\x^^) for h = l,...°n™. Similarly, for d e and m ^ 1 the 
triple (9--iArf, fd\a^-.x,,Gd\o,.-^x,) spHts as d^-^Xd = A,- U • ■ • n A^'i„ 
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into connected triples (X™, fZ, G2) = (XZ, /dU-'- , G^U™ ) for e=l,...,nf. 
Also, for d € D and m ^ 1 the triple ((^""^(X^/rd), 7r,(/^)|g„_i(^^yp_^), 
7r4Gd)|3„_,(^^/r^)) splits as d^--\X,/U - X.^^^nX^.^n- • -UX^^^^ into 
connected (X™, /™ , G2) = {X^, kj^^ , ) for e = -1, -2, . . . , -n™. _ 

Note that this choice of notation may at first seem odd: in X™^ C d'^~^Xd 
and X^ C d™~^{Xd/^d) we are changing from m— 1 to m, and dropping accents 
The three sets of (X™,CG^,) and (X™,/^„G^J are distinguished as 
A n D = 0, so the subscripts 'a6' and 'de' never coincide, and X^e C d"^~^Xd 
have e > 0, and C 9™-i(i'd/rd) have e < 0. 

Define P™ = {(a, 6) : a G ^, 6 = l,...,n™} U {(d,e) : d e £>, e = 
1, . . . ,n™} U {(d, e) : d G D, e = —1, ~2, . . . , — n™}, omitting the second and 
third sets when m = 0. We write a general element of as {s,t). Thus 
(X™, /S, G™) can mean either (X™, G^b), a component of /„, G„) 

for a e A, or (X™, /^^e, G"J, a component of (9"-i(Xd, Z^, Gd) ioi d e D and 
e > when m > 1, or (X^,/^„G2:), a component of a^'H^d/rd, 7r,(/rf), 
7r*(Gd)) for d G I? and e < when m ^ 1. 

Since A, D are finite and = d'^~^Xd = for m > 0, P" is finite with 

P" = for TO > 0. Let M > be largest with ^ 0. If {s,t) G P™ then 
{dX'^, f^\dx^, G^flox^) is a union of connected components each of which is 
of the form (X^/^ fli+\G'^l+^) for {s,t') G P"'+\ Write ^7 for the set of 
such t'. Then dX^ = U,,,^^^ 

By induction on decreasing m = M, M — 1, ... ,1,0 we will choose tent 
functions for /™, G^) for all {s,t) G P", satisfying the conditions: 

(i) If is,t),is',f') G P" and (a, b) : (X^? , /^J, G^J) ^ (X,7,„ J^^,,, G^?,,) 
is an isomorphism, not necessarily orientation-preserving, then = 
6*(Tyj,)- That is, T,7'' = T^^^ob* for all i G I^, where 6^ : ^,7'' ^ F™;' 
is in b and TJJ''', T™'/ are the tent functions on F™'', V^T/ in T^, T^^,. 

(ii) Suppose to ^ 1, d G -D, e = 1, . . . , n™ and e = —1, —2, . . . , — with 
X^, = 7r™-i(X^). Then acts on the indexing set {!,..., n"^} of com- 
ponents of d"^~^{Xd, fd, Gd). Write Stabr^(e) for the stabilizer subgroup 
of e G {l,...,nj} in r^. Then Stabr,(e) acts on (XT,, f7e,G7e) by 
automorphisms, and the quotient {X^'J Sta,hr^{e),n'^{f2,),''^T{G2)) is 
iXT,„fZ',G2'). Write (7r",p™) : {X^Jle^G^) - (X,™„ /7,„ G^^, ) 
for the corresponding projection, so that tt™ : X^ X^, is a strong sub- 
mersion, and p™'* : VJ^ ^ V^^/ Stabrj(e) = V^^, is the natural projection. 
Then = (p™)*(T-,), that is, T™-' = T™;^ op™-* for all i G 

(iii) If {s,t) G P™ then {dX^„f^,\ex^^,G^,\exT,) = \lv ^BTSKt^' ^ f7t^^ ^ 
G^,+^). We require minT^|ax- = Ut'es- mm^S'"^^ under this. 

(iv) Each T'^^ cuts (X™,/™,Gy^) into 'arbitrarily small pieces'. 

Note that taking (s,t) = (s',^') in (i) implies that is invariant under 
Aut(X;^, /™, G™) for all {s,t) G P'". Using this we will see later that (i),(ii) 
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imply (a),(b) in Step 1, and clearly (iv) implies (c). 

We will carry out the induction to choose the after Remark IC. 61 First 
we have more notation to define, and some work to do. Define an equivalence 
relation ~™ on P™ by (s,t) ^™ {s',t') if there exists an isomorphism (a,b) : 
(X™, /™, G^) ^ (X™,, /"f: where a need not identify orientations. 

Define a second, weaker equivalence relation on P"* to be the equiva- 
lence relation generated by ^™ and the additional relations when m ^ 1 that 
(d,e) w"* (d,e') if e > and e' < 0, so that Xde Q d'^'^Xd and X™, C 
d"'-\Xd/rd), and X'Jl, - 7:"'iXZ), where : ^"-^(Id/rd) is 

the continuous map associated to tt™ : d"''^^Xd 9'"^^ (Xd/Fd) induced by the 
projection tv : Xd ^ Xd/Td- For each {d, e) the image of {X^, G^^) under 
TT is a connected component of d"^~-^{Xd/^d, '^*{fd)^ '^*{Gd)), so for each d £ D 
and e = 1, . . . , there is a unique e' = — 1, . . . , — ri™ with X^^, = 7r™(X^). 

The relevance of r^™^^"^ is that if (s,t) ^™ (s',^') then (i) above implies 
that T™ = 6*(r^t,). More generally, if (s, i) (s', t') then by a finite number 
of applications of (i),(ii) above we can determine in terms of T™^,, and vice 
versa. Thus, the equivalence relations and correspond to the equiva- 
lences imposed on the T^" by (i) and by (i),(ii) respectively, on the level of the 
indexing set P'". We can also define such equivalence relations on the levels of 
topological spaces Yii^s t)£P"^ -^stJ ^^'^ orbifolds Y[(s t)eP'"-i€i"i ^st'^ ■ 

Let ~™ be the equivalence relation on IJ(s i)ep™ -'^li ' ^ given by 
X ~™ a;' if a; G x' G X™^, , and there exists an isomorphism (a, b) : 

{X^,JZ.GZ\) ^ {^It'Jl't'^G'^t') with a{x) = x', where a : ^ X^,, 
is the homeomorphism associated to a. Let be the equivalence relation 
on t)gpm -''^I? generated by ~™ and the additional relations when m ^ 1 
and d,e,e' and (7r'»,p") : {X^fd'e^GZ) - /^e' , G^^O are as in (ii) 

above and cc G X^, x' e X^, with 7r™(x) = x' , where tt™ : X^ ^ X^, 
is the continuous map associated to tt™, then x «™ x'. Define X™ to be 
(lJ(s t)eP"^ -^si) / fiis set of equivalence classes of «™, with the quotient 
topology, that is, U C X™ is open if its preimage U C JJ^^ t)eP"^ -^st i^ open. 
Write T^j^m '■ Y[(s t)GP'" -^st ~^ ^™ for the natural, continuous projection. 

Similarly, let be the equivalence relation on JJ^.^ f^^pm.j^^jm Vjf'^ for 

each i G N given by v w' if w G V^^™'*, w' G Vj!]^,\ and there exists an isomor- 
phism (a,6) : (X™,/:^,G™) ^ (X^?,,, G^,, ) with = v'^Let 

be the equivalence relation on JJ^^ ^^^p,„,^^jm V^'^ generated by ^^'^ and the 
additional relations when m > 1 and d,e,e' and (7r'",p"') : (X^,/^,G^") ^ 
(X^,, /S'e', G:^,,) are as in (ii) above and v G V^'\ v' G F™/ with p'^^'iv) = v', 
then V w'. Define y™'* = (U(s t)G-P'"-ie-f"J *)/ ^ topological 

space. Write 7ry„,i : JJ^^ i)eP'^-iei"] * ~^ V"™^* for the projection. 

In the same way, we can define on f)gp,„.jgjm ^'It '^ ^i^d E""^* = 

(U(s t)eP'"-ie/'" -^st ')/ Since the isomorphisms (a, b) and projections 

(tt™, p™) used to generate «™, are compatible with s^'\ ii^ Ku- 
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ranishi neighbourhoods {V^'^, . . . , '0™'*) and coordinate changes between these 
neighbourhoods, and the data 77™'-' used to define open sets all 
these descend to the topological spaces X'", y™.* 

That is, i?™'* y'm.,1 jg 'bundle' in some weak sense, with a well-defined 
'zero section', and we have continuous section s™'* : y™^* which lifts 

to s™'* : V^'^ for each (s,t) G P™, and a continuous map -0™'* : 

(s'"'')~"'^(0) ^ X™ which is a homeomorphism with its image. There is an open 
set y™'' C t>"'^ which lifts to U(,,,)eP'":.e/i? KT'^ C U(.,t)6P™:.e/™ 

When j ^ i we have an open set c which lifts to V^™'*-' in 

each T^™'-*, and embeddings of topological spaces 0™'*^ : ^ p^™.*^ (^m.^j • 

set V'''"'*^ C y'"'*^' which hfts to in each 

Having got this far, it seems obvious (though perhaps optimistic) to hope 
that X™ is a compact Kuranishi space, V"^'^,E"^''^ are ojcbifolds, 
g-m.z^^m.i-j is a Kuranishi neighbourhood on X™, (0™'*^, 0™''^) is a coordinate 
change between Kuranishi neighbourhoods, and all the other data in f^^,G"l 
descends to y™/'^ ij™,^ to define a triple (X™, in Kuranishi ho- 
mology. Then to choose data satisfying (^i),(ii) above for all {s,t) £ P™, we 
could choose a tent function T™ for (X™, /™, G"') using the results of HA.3[ 
and lift it to each V^'^ using the projections Vj^'^ 1/^,1 _ ^j^g construction 
of would then imply (i),(ii). 

It turns out that this does not quite work, for rather subtle reasons to do 
with the distinction between effective and non-effective orbifolds, that will be 
explained in Remark I C. 6 1 We can give F™'*, E^'^ the structure of effective orb- 
ifolds in a canonical way, but tt™'' : — > y™-' may fail to be an orbibundle, 
and 0™'*^ : y™'*^ — > y™'* may not be an isomorphism on stabilizer groups. So 
we cannot make X™' into a Kuranishi space. However, these problems will not 
matter when we apply the constructions of ijA.3[ so we can still choose T™ for 
(1-, and lift to T'^ for each (X™, /™, G™). 

We will need notions of (weak) finite covers for manifolds and orbifolds. 
Covering maps, fundamental group, and universal covers for topological spaces 
are discussed by Bredon [10, §HI], and for orbifolds by Adem at al. [1, §2.2]. 

Definition C.2. Let V, W be manifolds of the same dimension, which may 
have boundary, corners, or g-corners, and c : V W a, smooth map. We call c 
a finite cover if it is a surjective, proper local diffeomorphism. Here c is proper 
means that if 5 C is compact in W then c~^{S) is compact in V, and c is a 
local diffeomorphism means that every v G V admits an open neighbourhood U 
in V such that c{U) is open in W and c\u '■ U ^ c{U) is a diffeomorphism. 

Let c : V ^ W he a. finite cover of connected manifolds V, W. Pick 
vq G V, and set wq = c{vo) G W. We can form the fundamental groups 
7ri(V, Vq), Tri{W, wq) and universal covers V, WofV,W with base-points vq^wq- 
Then c : (V,uo) ~^ {W,wo) induces morphisms of fundamental groups c» : 
T^iiV, Vq) T^i{W, Wq), and c : V W oi universal covers. The important fact 
is that c, : 7ri(V,wo) 7ri{W,vuo) is injective, and c : V W is a. diffeomor- 
phism. Thus we may identify 7:i{V,vq) with a subgroup of t:i{W,wq), and V 
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with W. So we have difFeomorphisms W = W/tti{W, Wq) and V = W/7Ti{V, vq)- 
One class of examples of finite covers of manifolds are free finite group quotients. 
Let be a manifold and F a finite group acting freely on V by diffeomorphisms. 
Then W = V/T is a manifold, and the projection ir : V V/T is a finite cover. 

Definition C.3. Let V, W be orbifolds of the same dimension n, which may 
have boundary, corners, or g-corners, and c : V ^ W a smooth map. We call 
c a finite cover if the following condition holds. Suppose (J7, F, 0) is an orbifold 
chart on W. Write tt : J7 — > U/T for the projection. Then cj) o tt : U ^ W is 
a submersion, and c : V ^ W is a smooth map, so we can form the orbifold 
fibre product U x cf,oTi,w,c which is an n-orbifold with smooth projection ttjj : 
U X0o7r,iy,c V ^ U. We require that for all such ([/, F, (/)), U x^o-jt,w,c V is an 
n-manifold, and ttu : U x^oTr.iv.c V ^ U is a finite cover of manifolds. 

An important class of examples of finite covers of orbifolds are finite group 
quotients. Let V be an orbifold, and F a finite group acting on V by diffeomor- 
phisms; note that F need not act freely, nor even effectively. Then W = V/T is 
an orbifold, and the natural projection tt : — > V/T is a finite cover of orbifolds. 

As for finite covers of manifolds, one can also describe finite covers of con- 
nected orbifolds in terms of fundamental groups and universal covers. However, 
these are not the usual fundamental groups and universal covers of topological 
spaces [10, §111], but special orbifold versions, the orbifold fundamental group 
Tr°'^^{V,Vo) and orbifold universal cover V™^ of a connected orbifold V. These 
are defined by Adem at al. [1, §2.2] using their language of groupoids, and the 
notion of classifying space of an orbifold. 

One can also define 7r™'^(y, uq) in a similar way to the usual definition of 
7ri(X) for a topological space X, in terms of isotopy classes of smooth paths 
7 : [0, 1] — > y with 7(0) = 7(1) = vq. However, at this point the discussion of 
Remark 12.121 becomes important. We must interpret 7 : [0, 1] ^ a smooth 
map of orbifolds, not in the weak sense of Satake, but as a strong map [57], good 
map [12] or orbifold morphisms [1]. Thus, 7 carries with it some discrete extra 
data, which enables us to make natural choices of maps in Definition 12.111 
This discrete extra data makes the difference between tt°'^^{V, Vq) and Tri{V, Vq). 

For example, let F be a finite subgroup of GL(n,M). Then R^/F is a con- 
nected orbifold. Choose OF as the basepoint. As a topological space R"/F 
is contractible, so 7ri(IR"/F, OF) ~ {1}, and the universal cover is R"/F. But 

Tvl'^iW^/r, OF) = F, with orbifold universal cover {SJ^)°'^ = R". 

As for manifolds, V™^ is a connected orbifold which is unique up to dif- 
feomorphism with nl'^ {V°'^ , io) = {1}, and Tr1'^{V,VQ) acts on V°'^ by diffeo- 
morphisms (though not necessarily freely), with V naturally diffcomorphic to 
V°''"/Tr1'^{V,vo). li c : V ^ W is a finite cover of orbifolds with V,W con- 
nected (in the usual sense of topological spaces), vq e V, and wo — c{vq) e W, 
then c : {V,Vo) — > {W,Wo) induces an injective morphism of orbifold fundamen- 
tal groups : 7r™'^(F, wq) tt°'-'^ {W, Wq) , and a diffeomorphism c : V°''^ 
p^/orb Qi-bifold universal covers. Thus we may identify tt°'^^{V,vo) with a 
subgroup of TT°'-'^ {W, Wq) , and V""^ with 1^°'''', and we have diffeomorphisms 
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W ^ W°'^/Tr'l'^{W,wo) and V ^^W"'"" /Tr1''°{V,vo). 

The orbifold universal cover V™^ of V is always an effective orbifold. Write 
Diff(y°'^'') for the group of diffeomorphisms of V°'^^. Then tt°'^^{V,vo) acts on 
yorb group morphism p : tt°'^^{V,vo) Diff(y°''''). The kernel Kerp is a 
finite group, isomorphic to the stabilizer group of a generic point of V. Now V 
is an effective orbifold if and only if generic points in V have trivial stabilizers. 
Thus, V is effective if and only if p is injective. Therefore, if a connected orbifold 
V is effective, we can regard tt'^'^^ {V, vq) as a subgroup of Diff (y™''), but if V 
is not effective, we cannot. This will be important in Proposition IC . 5l 

Definition C.4. Let V, W be orbifolds, and c : V ^ W a smooth map. Then 
as in Definition [^HH for all w e y and w = c{w) in W there exist orbifold charts 
{U, r, (j)) on V and ([/', F', ((>') on W with v g !m(f) and vu S Im 0', a morphism of 
finite groups p : F — > F', and a p-equivariant smooth map a : U ^ U' , such that 
c o (j>{ru) = (/)' {T'(j(u)) for all u ^ U. We can also make U' smaller if necessary 
so that c(lm0) = Imcj)'. 

We call c a weak finite cover if c is surjective and proper, and for all v Cz V 
we can choose {U,T,(j)), {U' ,r' p, a above such that a : U ^ U' is a finite 
cover of manifolds. If we also required p : F — > F' to be injective then this would 
be equivalent to the definition of finite covers of orbifolds in Definition lC.3l For 
weak finite covers we allow p not to be injective. As a is p-equivariant, Kerp 
must act trivially on U. Thus, if p is not injective then the nontrivial group 
Ker p is contained in the stabilizer group of every point in the nonempty open 
set (j>{U/T) in V, so y is a non-effective orbifold. Therefore a weak finite cover 
c : V ^ W is a finite cover if V is effective. 

If c : y — > is a weak finite cover with V, W connected then choosing 
vq V and setting wq = c{vq), we can form orbifold fundamental groups 
T^T^ [y, vq) , T^T^ {W, Wq) and orbifold universal covers V°''^ ,W°'^^ , and we get 
a group morphism : 7r™'^(V, vq) 7t°'^^{W, Wq) and a smooth map c : V°''^ 
W™^. As for finite covers of orbifolds, it turns out that c is a diffeomorphism. 
However, in the weak case, c^, : 7r°''^(y,wo) — > ir™^ {W,wq) may not be injective. 
Instead, if w G y is a generic point and w = c{v) (which is generic in W) then 
Ker c* is isomorphic to the kernel of the induced morphism of stabilizer groups 
Stab^^(w) — s- StabvyCw). Note that V is effective if and only if Staby(u) — {1}, 
and then Kerc* is trivial, and c is a finite cover. 

We will show that the i^™-* can be given the structure of effective orbifolds. 
The proof uses the finiteness properties of the gauge- fixing data . 

Proposition C.5. In the situation above, there is a unique way to give y™'* 
the structure of an effective i-orbifold, such that ■Kym,i '■ i^^pm.^^^jm K,™'* 
y™"' lifts to a weak finite cover of orbifolds for each i G N. Furthermore: 

(a) : y"'*.? — > y™'* lifts to a smooth, injective map of orbifolds for j ^ i 

in N, and d^i™'*^ : TV""-'^ (<^™.y )*(Ty"'*) is injective. However, 
yjgggj jiqI 5g isomorphism on stabilizer groups, and so may not 
be an embedding in the sense of Definition I2.1U For k ^ j ^ i we have 
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(b) We can also relate dV"^'^ to i. By definition we have 

mis.^eP-.,!- K™1 = U(.,.).P— leC- V^''-'- (276) 

The equivalence relation w™'* on Yl^g tj^pm.^^jm V^^'^ induces Wgl'* on 
the l.h.s. of (I276p . with homeomorphism ^^^p^,^^j„t V^'^])/ «av*— 

swc/i that : 5(U(,,t)ep™:,e/™ dV""'' is the 

projection from (I276p to its quotient by . 

The equivalence relation Ri™^^'* ^ on t/ie rif/W /lanrf side of (|276p is 
stronger than i/iai is, u w' implies v v' . Thus, there 

is a natural, continuous, surjective projection 

that is, a projection dV"^'^ ym+i^i-i ^ This lifts to a weak finite cover 
of orbifolds 7fg" : SV™'* -> i>"+i'^-i with ii^ o 7r^,„,, |a(... ) = 7r^„+i,._i. 



Proof. For each (s,t) e P™ and i € I^, the gauge-fixing data G™ includes a 
map G^'* : S^'* ^ P, which is globally finite with constant iV^'*, say. Identi- 
fying Fs™'* with the zero section in E^''^ , we can regard V^'^ as a suborbifold of 
and so restrict G^'* to V™''. Then G^'*|ym,i is also globally finite with 

constant N™'^ . Thus we can consider the map 

lj(s,t)6p™:ie/™ G'jt' ly™.' : lJ(s,t)eP"^ie/;'; ' ^ P- {211) 

It is a globally finite map, with constant N = ^j-^ t)£P"^-i^i'" ^st'^ ■ 

Now the equivalence relation on Y[(s t)£P"^-iei'" ^st'^ generated by 

maps 5* : Fs™'* — > Vj/";' from isomorphisms (a, b), and maps p™'' : Vj^'' Vde'^ 
from quotient maps (7r"',p™). The definitions of (a, b) and (7r'",p™) imply 
that G™^!|^™,. 06' ^ G:J1^.. and G™;,^^. op™.^ ^ G™;^'- Hence the 

maps G^''|g„Ti,i are preserved by «™'*, and descend to the quotient t^™^*. Thus, 

there exists G""'* : ^ P such that jSTZl) is G™'' o 7r^„.,. But as ([2771) is 

globally finite with constant N , it follows that nyrm,i is also globally finite with 
constant N . That is, each w™'* equivalence class in JJj.^ f-,gpm.jg/m KiT * of 
size at most N . 

The maps 6%p™'* generating w™'* behave well with respect to connected 
components: V is a diffeomorphism so identifies connected components, and 
pm,t . v^™'* Vj^,'* is a finite quotient map and so takes each connected compo- 
nent of V^'^ to a connected component of Vj"/*- It follows that iTy^A behaves 
well with respect to connected components. That is, the image of each con- 
nected component of V^'^ under tt^^,; is a connected component of V™'\ and 
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conversely, the inverse image of any connected component of F™'' is the disjoint 
union of at most N connected components of Yii^s t)eP^-iei™- ^st'^- 

Fix ii e y™'*. Let Vu be the connected component of T^"*'* containing v. The 
preimage tt^;^ i({^}) is an w™'* equivalence class, and so is of size at most N. 
Write TT^^ . ({«}) = {f 1, V2, ■ ■ ■ ,Vk}, with k ^ N. Define Va to be the connected 
component of ^jgpm.jgjm V^'^ containing Va for a = 1, . . . , fc. (Note that 
although vi, . . . ,Vk are distinct, Vi, . . . ,Vk may not be distinct, there could be 
two or more Va in the same connected component.) Then each Va lies in T^™'* 
for some (s, t) G P™, and Va is the connected component of V^'^ containing Va- 
Write TT°'-'^{Va,Va) for the orbifold fundamental group, and V°'-'^ for the orbifold 
universal cover, of (K, I'a). Then K = VrV^r'^C^a, fa). . 

Now is generated by diffeomorphisms 6' : Fg™'* — > K,™/', and finite 

group quotients p™'* : Vj^*'* ^ ^d™ '- both cases, these are finite covers of 
orbifolds. For each pair a,b = l,...,fc, define Cat to be the set of smooth 
maps c : Va ^ Vb with c{va) — Vb that are the restrictions of or p"*'* 
above to connected components Va- Then each Cab is finite, as there are only 
finitely many possibilities for {a,b) and (7r™,p'"). li c : Va ^ Vb lies in Cab 
then c is a finite cover of connected orbifolds Va,Vb, and we have chosen base- 
points VajVb with c{va) = Vb- Hence c induces an injective group morphism 
c* : TTT^{Va,Va) ^ TT J''' ( Vfc , Wfc) , and a diffeomorphism c : V°''= V^''^ , as in 
Definition EH 

It may be helpful to think of this data {Va, Va) for a — 1, . . . , fc and Cab 
for a,b — 1, . . . , fc as defining a quiver Q, with vertices labelled by 1, . . . , fc, 
and directed edges Cab from vertex a to vertex b for a,b — 1, . . . , fc. Then Q 
is connected, since {-wi, . . . is an ' equivalence class, and equivalences 
are induced by the maps c : Va ^ Vb iri Cab, so we can get between any two 
vertices Vd,Ve by a finite series of edges c : — > VJ, or their inverses. However, 
Q need not be simply-connected. Choose a subquiver Q' of Q with the same 
set of vertices {l,...,fc} but a possibly smaller set of edges C'^^ C Cab for 
a,b = 1, . . . , fc, such that Q' is connected and simply-connected. 

As above, each c S C^f, induces a diffeomorphism c : Vjj"'''' V™^ of the 
universal covers. We use these diffeomorphisms for all a,b = 1, . . . , fc and c G 
C^j,, that is, all edges of Q', to identify all the V;°''', so we write V°'^ ^ V"'"" for 
all a = 1, . . . , fc. This is well-defined as Q' is connected and simply-connected. 

The action of ■7T°^'^{Va,Va) on V"^'^ = yorb jj^j^g^g ^ group morphism : 
TrT^{Va,Va) -> Diff(y°^'^) for a = 1, . . . , fc, which is injective if and only if K 
is effective. For all a,b = l,...,fc and c G Caf,, we have a diffeomorphism 
c : V°'^ V^""", which under the identifications 9°'"° ^ 9°'"°, V^°'^ ^ V°'^ 
becomes a diffeomorphism c : y'*^ yorb^ ~ g Diff(V^°'''^), which is 

the identity if c G C^^. Define G to be the subgroup of Diff (y°'''') generated by 
the images Pa{T^T^{ya,Va)) for a — 1, . . . , fc and c G Diff(y°'''^) corresponding 
to c G Cab for all a, 6 = 1, . . . , fc. 

For each a = 1, . . . , fc, consider the composition 

yorb ^ yorh ^ y-b/^orb(^^^ ^ -v™^- ^ (278) 
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The projections TTym,i ■ Va Va are quotients by the equivalence relation on 
JJ^^j^ Va induced by c : T4 H for c £ Cab and a,b — 1, . . . ,k. It is not difficult 
to see that the composition (|278p is independent of a — 1,.. .,k, and factors 

as V°'-'^ V™^ /G Vi,, where tt is the projection to the quotient, and i is a 
homeomorphism . 

Thus, Vi, is naturally homeomorphic to y°''''/G. We claim that V°''^/G is 
an effective orhifold. As G is a subgroup of Diff (y™*^), it acts effectively on 
yorb definition, and as V°''^ is connected, the action is also locally effective. 
So it is enough to show that stabilizer group StabG(-D) in G of any v in V°'^'° is 
finite. By factoring the projection V°'^'° y°'''^/G as 

where V/ is the effective orbifold underlying Vi, noting that the projection 
TTym.i : V-[ — ^ Vy \s globally finite with constant N as V\', Vi coincide as sets, 
considering a generic point v' in V°'^^ , and using the local effectiveness of G, we 
see that \G/ pi{-K'i'^{Vi,vi))\ ^N. Hence, 

I StabG(5)| ^A^l Stab^^(,„b(y^_„^))(5)| ^iV| Stab,„b(y^^,^)({))| s^iVStabv,(^({))), 

which is finite. Therefore V™^ /G is an effective orbifold, so Vi, is also an effective 
orbifold. As we can do this for each connected component Vi, of V^™-*, we have 
given T/™'' the structure of an effective orbifold, as we have to prove. 

By construction, if V is a connected component of JJ^^, ^^^p„^,^^jm Kj™'* and 
V & V, then the restriction of ny,„,i to V may be identified with the projection 
V°'^/n1''^{V,v) V°'^/G, where G is a subgroup of Diff(F"'=) containing 
p{tt°'^^ (V, v)) as a subgroup of finite index. By Definition I C. 41 it follows that 
yorb/^orb^y^ i;) V°'^/G is a wcak finite cover. Thus, the restriction of 7r^„,, : 
IJ(s tjeP^ iG/"" * ~^ y™'' to each connected component of V^^'^ is a weak 
finite cover of its image. Since TTym,i is surjective and globally finite, it follows 
that iTym,i ■ IJ(s t)£P"'-i£i"^ KT'' ~* y™'* is a weak finite cover, as we want. 

This completes the first paragraph of the proposition. Parts (a),(b) now 
follow from the construction. To define 0™'*^ as a map of orbifolds, for (s, t) G 
consider (j)^'^-' : V"^'^-' KT'*' restrict to a connected component V^^ of 
V^'^-' and the connected component of V^'^ containing (j)^'^-' {V^^), write 
W^^"^"", y*,orb fQj. ^jjg orbifold universal covers of V'^ ,V\ Then (^^''^' hfts to an 
embedding 0™''^' : V^''°'^ Yi,ovh_ 

Now the image of V^^ in V™''^ is isomorphic as an orbifold to V'^^ '""^ / G"^^ for 
some G'3 C mS{V'3'°'^), and the image of in f'"'* is isomorphic to y^"b/g-» 
for some G* C Diff (1/*'°'''^). Since is compatible with the equivalences 

defining we see that 0^'*"' is equivariant under some morphism p*-' : 

G'-' — > G', and so descends to a morphism of orbifolds : y'J'°''^/G*-' 

y*'°'''^/G*. This lifts from a continuous map to a map of orbifolds over 

the connected component 7ry„,j(y^) of V"^'^^ , and proves (a). 

For (b), to see that w™"*"^'*"^ is stronger than note that the morphisms 

(a,b),(7r",p'") on (X^7,/™,G™) used to define restrict on each con- 
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nected component iX:^+\ fT/\ GT/') of {dX^, fTAdx^.^GTAox^J to mor- 
phisms (a', b'), (tt^+^j used to define . But there may also 

be extra morphisms (a', 6'), on /;'^+\ G™,+^) defining 

^m+i,i-i^ wliicli are not the restriction of any (a, b), (7r'",p™) to the boundary 
of (X™,/™,G™). 

Thus, the set of morphisms ¥ i used to define on the 

right hand side of (|276p includes all the morphisms used to 

define QY on the left hand side of ((276)) . so w™^"'^'* ^ is stronger than 
The rest of (b) is straightforward. □ 

Remark C.6. The proof of Proposition IC.5I constructed an effective orbifold 
structure on 1^™-* from the orbifold structures of V^^'^. In doing so, it discarded 
information encoded in non-effective orbifold structures. If a connected compo- 
nent Va of some V^'^ is non-effective, then pa ■ 7r™'^(T4, Va) Diff (V^™*^) is not 
injective. We made the group G using only the image pa{TTi'^^{Va,Va)) , so all 
information about the kernel Ker pa is lost. 

This loss of information means that in general i?™-' ym,! j^g^y g^^^ 
orbibundle, so that„(V''"'% i?™'*, s™'% ^Z)™'*) may not be a Kuranishi neighbour- 
hood; and (c/)™''^ , ^™''^ ) may not be a coordinate change between Kuranishi 
neighbourhoods; and X™ may not be a Kuranishi space. It is easy to find ex- 
amples of orbibundles E V in which E is an effective orbifold, but y is a 
non-effective orbifold; for instance, V = {0}/G and E = M"/G for G C GL(n, K) 
a nontrivial finite subgroup. The construction of Proposition IC . 5l would fix E, 
but replace V by its underlying effective orbifold, {0} in our example. Then the 
projection E V, in our example IR"/G — > {0}, is no longer an orbibundle. 

Similarly, one can find examples of coordinate changes {(j)''^ , cj)^^ ) in which 
y*-' is a non-effective orbifold, but is effective, and cjf^ : V^^ maps V^^ 

to some orbifold stratum of . The construction of Proposition IC.5I would fix 
V", but replace V^^ by its underlying effective orbifold. Then 0*-' : V"^ — > V 
would no longer be an embedding, as required in Definition 12. 18f a). since as in 
Definition 12.111 an embedding induces isomorphisms on stabilizer groups. So 

, ^'■' ) would no longer be a coordinate change. 

One might expect that this is a solvable problem, and that there should be 
some way to modify the construction of Proposition IC . 51 to include the informa- 
tion in non-effective orbifolds, so that we can make X™ into a compact Kuran- 
ishi space, Z™ : X™ Y strongly smooth, and G™ gauge-fixing data including 
the (y™^*, ij™'*, s™^*, i/)™^*). However, examples considered by the author show 
that this really is not possible. If we try to construct G not as a subgroup of 
Diff (1^°''''), but as an abstract group with morphism p : G ^ Diff(y°''^) con- 
taining each Tr°'^^{Va,Va) as a subgroup, there is no natural, functorial way to 
construct a candidate finite group Ker p containing Kerp^ for a — 1, . . . , fc. 

We now return to the problem of inductively constructing tent functions 
for {X^, G^) satisfying (i)-(iv) at the beginning of §C.1I Firstly, by reverse 
induction on m = M, M - 1, M - 2, . . . , 1, we choose f"" = (T™'* : i e N), 
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where T™'* is a tent function on l/™'* which extends to a tent function on an 
open neighbourhood of the closure ]/™'* of y"*'* in V™''^, satisfying: 

(A) whenever j ^ i we have niinT'"'-'|ym,ij = minT™'* o | ym.ij , and 
the submanifolds 5'{i,,. of Definition |XT] for T'"'* intersect ^i*-' (i/'™>*-') 
transversely in j/™^* wherever ti^{u) = ininr™''(u). 

(B) for all i we have minr™''|gym,i = minT™+^'*^^ o tt™, where tt™ is as in 
Proposition ICSf b) . 

(C) T™'* and its extension cut i/™'*, y™^* into 'arbitrarily small pieces'. 

Here (A) is taken directly from Definition I A. 2 7i the definition of tent functions 
T for triples {X, f, G). Part (B) will imply (iii) at the beginning of and 
also corresponds to the condition min(T|ax) = minT' in Theorem IA.35I Part 
(C) will imply (iv) at the beginning of i jC.ll 

Suppose for the moment that we could treat (X™,/™,G"") as a triple in 
Kuranishi homology, and that the morphisms tt™ : dV™''^ ym+ia-i jj^^- 
ip'^,iv^) : (al'",/'"|a;f„,G™|a;f„.) ^ (1™, /",(?'"). Then f™ is a tent 
function for (X™,/™,G'") which cuts (X™, /';^, G") into arbitrarily small 
pieces, and (B) says that niin(T'™|gjj^„) = minT""+^ °'^d''- We could choose 
such T"^ by reverse induction on m using the results of i iA.3.51 

Here is the important point. As in Remark IC. 61 we cannot make (X™, /™, 
G™) into a triple in Kuranishi homology. But to apply the results of ^A.3.5[ 
this does not matter at all. The ways in which (X™, Z™, G™) fails to be a triple 
in Kuranishi homology — that (j>"^''^^ : V'^>^i — > y™.' niay not be an embedding, 
since it may not be an isomorphism on stabilizer groups as in Proposition IC . Sf a) , 
for instance — do not affect any of the proofs in i ]A.3l So we can still use the 
arguments of i ]A.3l to choose T™ inductively, just as if {X™,f™,G^"-) were a 
triple in Kuranishi homology. 

Therefore, by reverse induction on m = M, M — 1, . . . , we use Definition 
IA.34I and Theorem IA.35I to choose T"" . To apply these we must verify the 
assumption in Definition IA.33I that the prescribed values minT'™+^ o Trg* for 
min(T'"'|gj^„) restrict to cr-invariant data on d^X"^. That is, to be able to 
choose T™'', we must check that (minT™+^''^^ o vf™) |g2 is invariant under 
the natural involution a : d'^V"^'^ — > But (B) for (m + l,i — 1) gives 

(minf o ^^)\9.y..^. EE minf "+2.-2 „ ^rn+i ^ (^™|^, . (279) 

We claim that 7f^+^ o [^Tg■\g2ym.^) o a = tt™"*"^ o {^^'g■\g2■y■^^.^) as maps 
Q2yva..i _^ ym+2,i-2^ Combining this with ([2791) shows that (minT"+i'— ^ o 
TTg*) 1^2 ym.i Is (j-invariant , as we have to show. To prove the claim, note 
that for each {s,t) G P™, we have a natural orientation-reversing involution 
<T : a2(X]^,/^,G^j') d^{X^,f"J,G'^t). The restriction of a to each con- 
nected component (X^7,+2, g;'J+2) of d^X^, /™, G™) is one of the iso- 
morphisms (a, b) in the definition of «™+2, «™+2^ «™+2'«-2^ 
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Hence, a : d'^V^'^ d'^V^^'^ is one of the diffeomorphisms in the definition 
of As a : S^i/™'* ^ d^V"^^' hfts locally to a : d^V,"^'' ^ d^V,"^'\ 

which then projects to the identity on |>»"+2,«-2 \yy definition of the 
claim follows. Therefore by induction, we can use the results of i iA.3.5l to choose 
T" satisfying (A)-(C) above for to = M, M - 1, . . . , 0. 

Now, for all TO = 0, . . . ,M, (s,t) e P" and i G define T™'* : y™'* ^ 
F([l,oo)) by T"^' = f"'* o 7r^„,,|^™,.. Since f™-^ : V"''' ^ ^"([1,00)) is a 
tent function and Tr^™,; is a weak finite cover of orbifolds by Proposition IC . 5l it 
follows that T™'* is a tent function on V^'^ , which extends to a tent function on 

an open neighbourhood of the closure V^'^ of V^'^ in V^'^, since T™^* extends 
to an open neighbourhood of in F"'*. Define = (Tj"'' : i e 47). Part 
(A) above implies that the T^'^ for i ^ I"^ satisfy the conditions of Definition 
[OTI and therefore T™ is a te^t function for (X™,/™,G^). We claim that 
these T™ for aU to = 0, . . . , M and (s, i) e P'" satisfy conditions (i)-(iv) at the 
beginning of §C.1I 

Parts (i),(ii) hold by construction of using For (i), if (s, i), (s', t') 

lie in P™, (a,f,) : (X™, /^^ G';,^) ^ (X,7,„ Z^^,,, G:,V ) is an isomorphism, and 
i G then 6' : Kj™'' V™t'^ is one of the maps generating the equivalence re- 
lation«r''onU(^ j)gp,„^,g^,„ V;7'\ Since F"'* = iU{s,t)eP^:zei7i^s7"') / ~v'\ 
and 'Ky„^_i : JJ^^ t)eP"^-iei"i ^st'^ ^ y™^* is the natural projection, we see that 
TTy^_i\ymA = TTy^^i\ym,i o , aud composlng with T™^* gives T^™'* = T's™'/' ° 

Part (ii) is the same, as the p™"-^ in (ii) are also maps generating w™'*. Parts 
(iii),(iv) easily follow from (B),(C) above, respectively. This completes the con- 
struction of T™ for all to, s, t satisfying (i)-(iv) at the beginning of HC.U 
In the notation of the beginning of i jC.li for a E A and d G D we have 

i^a, fa^ Go) ~ ]lb=li^ab' fab^ (^Ib) ^ i^d, f d-> ^d) = lJe=l(-'^de' fdey ^Je) 

and (Xd/Td, Mfd), ^*{Gd)) - lj;5i(^]e, /L, G\,). 

Using these equations, define tent functions Ta for {Xa, fa,Ga) and Td for 

(Xd, fd, Gd) and fd for {Xd/Td, tt^/J, 7r,(Gd)) by = Ubii T^,, and f ^ = 

U"ii T^g, and = 117=-! ^L- We claim that these Ta, Td satisfy conditions 
(a)-(c) of Step 1 of SJO shortly after equation (|255p . 

We prove (a)-(c) using (i)-(iv) at the beginning of which the T^ 

satisfy. For part (a), we have Ta\ax^ = lJb=i(-'^o6' flb^ G\^), so it follows from 
(i) that Ta|ax„ is invariant _under Aut(9Xa, f a\dx^,Ga\dxS}i and similarly Td 
is invariant under Aut{X£i, f d^ Gd)- Also (ii) imphes that ir^iTd) = Td, so again 
using (i) we see that 7r*(Td) is invariant under Aut(Xd/rd, 7r,(/^), 7r,(Gd)). 
Part (b) follows from (i) with to = 1, and (c) from (iv). This completes Step 1. 
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C.2 Step 2: lifting to Xac with trivial stabilizers 

We continue to use the notation of Step 1. For each a G A, write {Xacfac^ 
Gac) for c G Ca for the arbitrarily small pieces into which {Xa, /„, Ga) is 'cut' 
using the tent function Ta, in the notation of (|21ip . We must show that we can 
choose the Ta so that {Xac, fac^Gac) = {Xac/Tac,T^*{fac)^'^*iGac)) for cach 
c G Co, where {Xac, facj Gac) is a triple and Xac has trivial stabilizers. 

Let a G A and p e Xa, and write Tp for the stabilizer group Stab(p). 
We first show that a small neighbourhood of p in Xa may be written, as a 
Kuranishi space, as a quotient Xp/Tp, where Xp is a Kuranishi space with 
trivial stabilizers. 

Let {Vp, . . . , V'p) be a Kuranishi neighbourhood in the germ of Xa at p, and 
set V = tpp^{p). As Vp is an orbifold, by W2.1\ there exists an orbifold chart 

{Vp, Tp, ^p) for Vp near v, with group Fp. That is, is a smooth manifold acted 
on by Tp, and : Vp/Tp — > 1^ is a diffeomorphism with an open neighbourhood 
of w in Vp. There is a unique p € Vp with ^p{Tpp) — v, which is fixed by 
Tp. Making Vp smaller if necessary, we can assume Vp — S,p{Vp/Tp). Write 
TTp : Vp ^ Vp for the corresponding projection, which is a submersion. Define 
Ep = 7T*{Ep). Then Ep ^ Vp is a vector bundle, in the usual manifold sense. 
Define Sp — Sp o TTp, so that Sp is a smooth section of Ep. 

Define a topological space Xp — s~^{0), and let ijjp be the identity map 
on Xp. Then {Vp, Ep, Sp,Tpp) is a Kuranishi neighbourhood covering Xp. The 
action of Fp on Vp lifts naturally to an action on Ep, and Sp is Fp-equivariant, so 
the subset Xp is preserved by Fp, and Fp acts on Xp, with tppoS.p '■ Xp/Tp Xa 
a homeomorphism with an open neighbourhood Im ipp of p in Xa. Also tppOiTp : 
Xp — > Im ipp C Xa is continuous. 

We shall define a Kuranishi structure kp on Xp. Let q G A"p, and set q = 
Ipp o 'Kp{q). Then q g Im V'p, so for all sufficiently small {Vq, . . . , V'q) in the germ 
of Xa at q there is a coordinate change {4>pq, 4>pq) : (V,, . . . , ipq) {Vp, . . . , ipp)- 
Define a Kuranishi neighbourhood {V^, . . . , ipq) of g in Xp to be 

= {Vp ■X^^,V^,4,^, Vq,'K*y^{Eq),SqOTTv^,'K^^). (280) 

Since is a manifold, TTp is a submersion, and 0pq is an embedding, Vq- is a 
manifold, and Eq V^ a vector bundle. Since Sp o cppq = (ppq o Sq, (ppq takes 
Sq^{Q) to Sp ^(0), and so V'g = t^v takes sT^(O) to Sj^^(O) = A^p, as we need. 

Define the germ of Kuranishi neighbourhoods at q in kp to be the equivalence 
class of (Kj, . . . , -i/'g)- This is independent of the choice of (Vq, . . . , ipq), and so 
well-defined. It is now easy to show that the germ of coordinate changes between 
Kuranishi neighbourhoods on Im ipp C Xa induces a germ of coordinate changes 
between Kuranishi neighbourhoods on Ap, giving a Kuranishi structure kp on 
Ap. Since the Vj are all manifolds, (Ap, kp) has trivial stabilizers. Furthermore, 
kp is invariant under the action of Fp on Ap, and ijjpO-Kp : Xp —>■ Tmipp C Xa lifts 
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to an isomorphism of Kuranishi spaces between {Xp, Kp)/Tp and the restriction 
of the Kuranishi structure on Xa to Im ipp. 

Thus, for all a G A and p G Xq, we can find an open neighbourhood Imipp 
oi p in Xa, and an isomorphism of Kuranishi spaces Imipp = Xp/Tp, where Xp 
has trivial stabilizers, and Tp is a finite group. Such Im-^p cover Xa, so by Step 
1 we can cut the Xa into pieces Xac such that each Xac is contained in some 
such subset Im ipp in Xa ■ 

Then we have Xac — Xac/^ac, where Xac ~ Xp x^^ Xa,!. ^ac is a compact 
Kuranishi space with trivial stabilizers, and Vac — Fj, is a finite group acting 
on Xac by strong diffeomorphisms. Here tt : Xp — > Im ipp C Xa is the obvious 
projection, which is a strong submersion, and t : Xac — * Xa is the inclusion. 
Write TTac ■ Xac Xac for the projection, which is a strong submersion, and 
fac = fac ° "^Qc : Xac Y, which is strougly smooth. 

It remains to show that we can choose Ta for a G A and Xac, Xac for c £ Ca 
so that Gac on Xac lifts to Gac on Xac- In. doing this, it is important that we 
can not only make the Xac arbitrarily small, we can also make the subsets Vac 
of Va for i ^ la arbitrarily small. This is part (C) in i jC.li and can be seen from 
the construction in iiA.3.3l used to define Ta- 
in the situation above, let q G Im-^p, and suppose i d la and v G (Sa)^^(O) C 
Va with i/jaiv) = q. Let {Vq, . - - ,4>q) bc a sufficiently small Kuranishi neigh- 
bourhood in the germ of Xa at q. Then as {Va, - - ■,4'a) is a compatible Ku- 
ranishi neighbourhood on Xa, we are given a coordinate change : 
{Vq, - - - , ipq) {Va, - - - , V'a)- From (|280p we have a Kuranishi neighbourhood 
{Vj, E^, Sj,'4'q) on Xp with V^ a manifold, a diffeomorphism : V^/Tp Vq, 
and a submersion tt^ = iry^ '-V^^Vq- 

Let W be an open neighbourhood of v in V^. Since (jf^ : Vq V^ is an 
embedding with 0* (^/'"^(g)) — v, liW is sufficiently small we may extend the 
diffeomorphism : V^/Tp — *■ Vij to a diffeomorphism ^q : W/Tp W, where W 
is a manifold with a Tp action, such that 0* lifts over {(f>lj)~^ {W) to a smooth Fp- 
equivariant map (f)^^ : {(f)^^oTTq)''^{W) W from the open subset (0* o7rg)^^(T/F) 
in V(j. Furthermore, if W is connected these W, ^g, (j)q are unique up to canonical 
isomorphism. 

As we can do this for any q G Irmpp n Im?/;*, and the diffeomorphisms 
£,q : V^/Tp — > Vq all come from an isomorphism Xp/Tp = Imipp C Xa and 
so are compatible under coordinate changes, and the W,^q,(pq are unique up 
to canonical isomorphism above, we can patch all these local lifts together. 
This proves that if W is any sufficiently small open neighbourhood of some 
subset in (^^)~^(Im V'p) in VJ, and every connected component of W meets 
(V'o)~^(Im^p), then we can write W = W/Tp for some manifold W, so that 
all embeddings (j)q : Vq W C Va for q e Im^p H ^1{W) hft canonically to 
embeddings (pq-.V^^W- 

Let us choose the Ta for a G A so that all V^^ are sufficiently small in this 
sense, which is possible by Step 1, and define Xac^^ac = Fp as above with 



263 



Xac — Xac/^ac- Then there exist a manifold V^^, an action of Vac on V^^, and a 
difFeomorphism V^c/^ac — V^^, which are unique up to canonical isomorphism. 
To prove this, note that as {y^^, . . . , ■f/'ac) is part of an excellent coordinate 
system, every connected component of V^^ intersects (Sac)~^(0)- 

Define a Kuranishi neighbourhood {V^^, E^^^, sl^^,ijj^^^) on Xac, where E^^ = 
T^Vi, iKc) and sl^ = s^^ o tt^^.^ , for TTy^^ : the projection, and 4^1^ 

is the natural lift of tp^^ o 7^^/i : (•s^j,)~^(0) Xac to Xac- These extend 
to an excellent coordinate system {lacirjac) = ((^ac, (K'c' ■ ■ • ' V'L)' /ac ■ * G 

lac, ■ ■ ■),{rji^ab, Vi^ab ■ hj & he)) for {Xac, f ac) i whcrC fl^ = /^^ O TTy^^, l),^ab = 

Vr,abOTTx^, , and = ril ah°T^vL ■ define Gac = {tac, Vac^ Gqc : * £ ^ac) , 

where G^^ : E^^ ^ P is given by G^^ = G^^ o tt^.^ for tt^j.^ : E^^^ ^ E^^ the 
natural projection. 

Then {Xac, faa Gac) IS a triple in Kuranishi homology, and Vac acts on 

{XacfaciGac) by autOmOrphismS w ith { X ad Vac, T^*{f ac),'^*{Gac)) = (^ac, 

faci^ac), so Definition 14. 3f iv) gives (|260p . and Step 2 follows. 

C.3 Step 3: lifting to a cycle in KCkiY; R) 

As in Step 3 we now change notation from Xac for a € A and c G Ca back to Xq 
for a € A. That is, by Step 2 we can represent a by a cycle J2a<£A Pa[Xa, fa, Ga] 
in KCk{Y; R), where each Xa is a compact, oriented Kuranishi space with 
trivial stabilizers, and each Va in Gq is a manifold. Equation (j255p holds for 
{Xd,fcL,Gd) for d e D. These A, Xa, f a,Ga, Pa, D,Xd, f d,Gd,Td,r]d are dif- 
ferent from those in Steps 1 and 2. 

We now repeat Step 1, choosing tent functions Ta for {Xa, fa, Ga) for a G ^, 
and Td for {Xd, fd, Gd) for d £ D, satisfying conditions (a)-(c) of Step 1, such 
that To cuts {Xa^fa,Ga) into small pieces {Xac,J ac^Gac) for c e Ga, and 
Td cuts {Xd,fd,Gd) into smaU pieces {Xdf , f df,Gdf) for / e F^. Equations 
P^ - (pg7|) follow as in Step 3. 

We must prove that provided the Xac, Xdf are sufficiently small, the right 
hand side of (|267p is zero. To do this, we recall the notation of i )C.l[ fixing 
m = 1. For a e A and d G D we have 

{dXa, fa\dX^,Ga\dxJ = Ub^l (-'^afc ' /ab) G^b) , 

{Xd, fd, Gd) = mUxl, fl, GL), and (281) 

{Xd/Td,7r4fd),MGd)) = u;5i(xie,/L,GL). 

Write {X\f\ G^) for the disjoint union of the triples on the left hand sides of 
equations (|28ip over all a G A and d G D, and (1^^'*, . . . , -0^'*) for i G for the 
Kuranishi neighbourhoods in G^ . 

Write for the tent function for {X^, G^) which is the disjoint union of 
the tent functions Ta\dXa , Td and Tv^,{Td) on the triples in (|28ip chosen in Step 
1. Write {XUl.Gl) for c G G^ for the pieces into which (X^, /\ G^) is 'cut' 



264 



by T\ as in (PTT|l . These {X^,fl,Gl) consist of triples {Xdf,fdf,Gdf) and 
(Xrf//Stabrd(/),7r*(/j;y),7r»(Gd/)) which occur in (|267p . and also the decom- 
position of (aXa, GalaxJ using Ta\ax^ for a e A. Write tt : ^ 
for the natural projection. 

Now is the disjoint union of all (a, 6), {d, e) occurring in (|28ip . Hence 

Uis.t)eP^ Xlt = UaeA n U,,^ X, n U,,^ X,/r, = X^. (282) 

Also ~\ is an equivalence relation on (|282p with = X^/ and projection 
TT^i : — > X^, which is continuous, surjective, and globally finite, with X^ 
a compact topological space. We shall prove Step 3 by working locally on X^. 
Fix some p <E X^ . As ttj^i is surjective and globally finite, Tr^\{p) is finitely 
many points p(i), . . . ,p(„) inX^. 

We now use the ideas of Step 2. For each j = 1, . . . ,n, there exists an open 
neighbourhood J7(j) of p^) in X^ such that as a Kuranishi space we may write 
U(^j^ = U^j-j/Tj^j^, where [/(jj has trivial stabilizers, and Fq) — Stab^i (pQ)) is a 
finite group acting on C/q) by strong diffeomorphisms, fixing the puUback 
of in U(j)- Making the C/q) smaller if necessary, we suppose f7(i), . . . , J7(„) 
are disjoint. Similarly, if i G N with p^j-j e hnip^'^, so that = for 
some unique t;^-^ € we choose disjoint open neighbourhoods W^j^ of ii' in 
for j = 1, . . . , n with VF^*^^ = VF^^j/Fq), where VF^*^.j is a manifold, and Fi-j) 
is as before, since Stabxi(p(j)) = Stabyi,i(i}^^^). 

For J = 1, . . . ,n, define (A^Q), ^(j)) fo be the disjoint union of those 
components (X^, fl,Gl) for c e with p^^) G 7r(A'^). There is exactly one 
such component if p(j) lies in the interior of 7r(A"Q-)), but if p(j) lies in a codi- 
mension k corner for fc ^ 1, there may be more than one. Write (Vj^j), • ■ ■ T^^lj)) 
for i G /(j) for the Kuranishi neighbourhoods in Gq), and tt : V^--^ V^'"^ for 
the natural projections. 

Suppose now that the Ta, Td in Step f have been chosen such that 7r(X(j) ) C 
J7(j) and ^ ^{j) ^'^^ i = 1, . . . ,n and i e /(j). This is possible as 

Step 1 allows us to cut X^, V^'^ into 'arbitrarily small pieces', and so to make 
7r(XQ)) and 7r(V"Q-|) arbitrarily small. Then the proof of Step 2 gives a triple 

(Xq) , /(■^■) , Gq)), an action of Fq) on (Xj-j) , /(•^■j , Gj^j) by isomorphisms, and 
an isomorphism (A'(j)/F(j-) , -;r*(/y)), tt^Gq-))) = /(^•), G(j)), for each j. 

Making the pieces smaller if necessary, we see that (A^(j) , /q) , is unique 
up to isomorphism, that is, there are no arbitrary choices in the construction 
of (^(j)' /b)' from (Xq), /(j), G(j)) and p^). We can think of (Xq), /q), 

G(j)) as like a kind of 'Kuranishi space universal cover' of (A^q), by 
analogy with orbifold universal covers in i^C.ll 

We now come to one of the crucial steps in the proof. We claim that 
the triples {Xi^j-^, f i^j-^,G(^j)) for j = l,...,n are all isomorphic, through ei- 
ther orientation-preserving or orientation-reversing isomorphisms. To prove 
this, note that the equivalence relation «^ on X^ is generated by (possibly 
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orientation-reversing) isomorphisms of components of {X^,f ,G ), and finite 
group quotients between components of {X^, f^,G^). Since {p(i), ■ • ■ ,P{n)} is 
an «^ -equivalence class, any two , are connected by a finite chain of such 
isomorphisms or finite group quotients. Thus, to show the (^(j), f(j), G(j)) are 
all isomorphic for j = 1, . . . ,n, it is enough to prove that if p^^-j and pi^^) 
identified by an isomorphism or finite group quotient of their components, then 
{^{k),f\k)>G(^k)) are isomorphic. 

The case of isomorphisms is easy: if (a, b) : (X^^^-j, /q), G^)) (^{k)' -^W' 
GJj.) ) is a (possibly orientation-reversing) isomorphism between the components 
of {X^,f^,G^) containing P{j),P(k) with a{p(^j^) — P(k}, then condition (i) in 
iilC.ll implies that T^\x^ = b*{T^\x^ ), so (a, b) lifts to a (possibly orientation- 
reversing) isomorphism' between (xjj, /q-), G(j)) and (i'(fc), /(^.j, G(fe)). 

Suppose and pj-j.) are related by one of the finite group quotients used to 
define Then in Qu) with m = 1, we have (X^^-), /[j), GJ^)) = {X^, /L, 
GL), and r = Stabr,(e), and (^i,, , , G[,)) = (X^^yr, 7r,(/[^.)), 7r,(G[^.))) 
withp(fc) = p(j)r, where (7r,p) : (X^^.j , /J^) , GJ^)) ^ (X^^^^, GJ^)) is the 

projection to the quotient. Part (ii) of i ]C. II gives v-i = p*(TM v-i ). 

(j) (fe) 

It is now easy to see that the action of F on [X^^j^ flj)^ ^0)) ^^^^^ ("''^(i)' 
/(j),Gq-)), and (X(fe),/(fe),G(fc)) (X(j)/r,7r4/(^-)),7r4G(j))). Using the 
obvious shorthand notation, we now have isomorphisms 

(^0")' /(i)' ^0)) - (^(j)' /(i)' ^U) = Stab(p(j)), 

(^(fe),/(fc),G(fe)) ^ (X(fe),/(fe),G(fe))/r(fe), r(fe) = Stab(p(fc)), (283) 
and (X(fe),/(j,),G(fe)) = (X(j) , /(^^ , G(j))/r. 

As the ?7(j) are disjoint, is the only point in its «^ -equivalence class in 
so the action of F on must fix p^j). The equalities -'^'(fc) = X(j)/r, 
now imply that Stabxi(p(j)) is a normal subgroup of Stabxi(p(fe)) 
with r = Stabxi (p(fe))/ Stab^i (p(j)). So by (|283p we sec that Fq) is normal in 
Ff/j) with F = F(fe)/F(j'). Considering the group quotients in (|283p . and using 
uniqueness up to isomorphism of {X(^j) , /(^■j , G(j) ) , (-'^(fc) , /(fe) , G(fc) ) , we see that 
(^(fe))/(fc)>G(fc))/F(j) = (X(j),/(^),G(j)), and deduce that (i'(j), /(j), G^-)) ^ 
(X( J, G(fc)), in this case with an isomorphism- preserving isomorphism. 

This proves that the {X (^j^ , f ^^-j , G (^j^) are all isomorphic for all j, possibly 
with orientation changes. Choose one and write it as {X, /, G), and then iden- 
tify (X(j), /(j), G(j)) with (e(j)X, /', G) for j = l,...,n, where e^) = ±1 is to 
change orientations if necessary. 

We are now ready to prove Step 3. We first derive a modified version of 
equation (|267p . Fix a & A, and consider the term J2cec (^[^ac, fac^^ac] on 
the left hand side of (|267p . Since Xa is 'cut into pieces' Xac for c G Ca, we 
can divide the boundaries dXac into 'external' components, which are part of 
dXa, and 'internal' components, which are new boundary components created 
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by cutting the interior of Xa along some hypersurface. When we cut Xa along a 
hypersurface, the two sides of the cut yield identical boundary components with 
opposite orientations. Therefore the contributions of the 'internal' components 
to SceCa d[Xac, fac: Gac] caucel out. 

This leaves only the 'external' components, which are the pieces into which 
{dXa, fa\dXaTGa\dXa) is 'cut' using the tent function Ta|ax„- Write these as 
(Xf,,, /f,,, Gf,,) for c' e Cf . Then in KCk-i{Y; R) we have 

J^ceCa'^i^ac, faciGac] ^ J2c' eC^^-^ac' ^ fac' ^ G^c']- (284) 

Substituting into the left hand of ([^57)1 yields 

J2a£A Ec'eCf P<^ i-^ac' ' fac' ' ^^c'] = 

E Efr.eF./rA^df/ StahrM), ^*{fdf),^*{Gdf)] (285) 

deD _^ . - _ \ 

- |rd| Y.feFa^^df,fds^Gdf]y 

We must prove that both sides of (|285p are zero. Note that as Xa for a e A 
have trivial stabilizers, so does dXaj and so all Xf^^, on the left hand side of 
(|285[) have trivial stabilizers. 

Our approach is to work locally in X^ . Now each term X^^,, Xdf / Stabri(/), 
Xdf in (|285p has a natural projection tt to X^, and so to X^ via Hj^i : ^ X^ . 
(This did not hold for (|267p . as the 'internal' boundary components of dXa do 
not project to X"^ .) Going through the proof of (|285p . one can show that it also 
holds locally in X^ . Thus, if we fix p e X^ and restrict to those terms in (|285p 
whose image iw X^ contains the resulting equation still holds. We will show 
that each side of this resulting equation is zero. 

For a e A, the sum of terms in '^c'ec^\-'^ac'^ fac'^^ac'] whose image in X^ 
contain p is 

Ej=i,...,„:po)eaxJ^O)'/(i)'<^(j)]- (286) 
Now if e dXa then Stab(p(j)) = {1} as dXa has trivial stabilizers, so 
^U) = {1} by (EMI), giving , /(j) , Gq)) ^ eQ-)(X(j), /j^-), G(j)). So another 
way to write (|286p is 

Ej=i,...,„:po)eax„ eQ)[X,/,G]. (287) 

Similarly, for d d D the sum of terms in '^f^p^[Xdf, fdfj Gdf] whose image 
in X^ contains p is 

Ej=i,...,„:p(^)exJ^(i)'/0)'<^0)]- (288) 

The sum of terms in X^/r^eFd/rd [^df/ Stabrrf(/),7r*(/rfy),7r,(Grf/)] whose im- 
ages contain p is the quotient of (|288p by Td acting on Uj=i n-p^feXd -^U)- 
This action of Td factors through an action on {j = l,...,n : pf^j^ G Xd}. 
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Hence we may write the sum of terms in [X^// Stabrd(/), •7r*(G(j/)] 
whose images contain p as 

EjT,e{j=i,...,n:p(„ex.}/rJ^0-)/Stabr,(j),7r,(/(^.)),7r4G(,))]. (289) 

Here (XQ-)/Stabr^(i),7r,(/(j)),7r4G(j))) is one of the quotients 
^W) = (^o-)/r,7r,(/[^.)),7r,(G[^.))) above. 

Combining ^EB-^, replacing /(^-), G(,)] by [X/r(j), 7r,(/), 

7r,(G)] , and restricting to terms in (|285p whose images contain p yields 

a^A j — l,...,n: pf^j) GdXa 

E^''( S _eo)[^/Stabr,(j) K r(j),7r4/),7r4G)] (290) 

ds-D jrde{j=i,...,n: p(j)ex<i}/rd 

-\U~' E e(,)[l/r(,),7r,(/),7r,(G)]). 

i=l,...,n: eXa 

Equation (p90l) holds in KCk-i{Y; R). Projecting to KCk-i{Y; R), each term 
(• • • ) on the right hand side vanishes by relation Definition I4.3f iv) . which holds 
in KCk-i{Y]R) but not in KCk-i{Y;R). Thus 

EaeAE,=i.....n:p,,,^OX^PaHj)[X,f',G]=0 in KCk-i{Y ■ R). (291) 

There are now two possibilities: either there exists an orientation-reversing 
isomorphism (a, 6) of (X,/, G), so that [Xj,G] = in both KCk^i{Y\R) 
and KCk-i{Y\R) by Definition I4.3r ii). or the coefficient of [X,/,G] is zero 
in (I291|) . (More complicated scenarios of having to use several applications of 
relations in KCk~i{Y; R) to prove [X,f,G] = can be excluded, because of 
the general form of ^UU^.) In both cases, (pgT|l also holds in KCk-i{Y;R). 
Hence both sides of (|290p are zero in KCk-i{Y; R). 

We have shown that for a given p e X^, if the Tq, Td are chosen to make 
the pieces Xac, Xdf sufficiently small near the preimage of p, then on each side 
of (|285p . the sum of terms whose image in X^ contains p is zero. On X^, we can 
write the 'sufficiently small' condition as requiring that Tv(Xac),'!^{Xdf) C Up 
for any Xac,Xdf whose image contains p, where Up is the intersection in of 
the images of C/(j) for j — 1, . . . , n, so that Up is an open neighbourhood of p 
in X^. Such open sets Up for all p in X^ form an open cover of X^, which is 
compact. So we can choose a finite subset p^, . . . with X^ — Upi U • • • U C/pi. 

We can then choose the Ta, Td to make the X^^, , Xdf small enough that each 
Tr{X^^,) or Tr{Xdf) lies in Upi for some i — 1, . . . ,1, and with the corresponding 
smaUness conditions in V^''^, so that each (Xf^, , /f ^, , Gf ) and {Xdf,fdfiGdf) 
can be written naturally as a quotient of a triple with trivial stabilizers by a 
finite group, which is the stabilizer group of a preimage of some p* in X^. 
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This method does not necessarily ensure that every it{X^^,) or Tz{Xdf) con- 
tains some p^, only that it lies in some Upi. But this does not matter, as we 
can rewrite the argument above, replacing restricting to terms in (j285p whose 
image in contains for some i — 1, . . . ,1 by restricting to terms in (|285p 
whose image in X^ lies in Upi for some z = 1, . . . , Z. 

Thus, with the Ta,Td chosen in this way, equation (|285p has the follow- 
ing properties. Firstly, for every term in (|285p . the projection of X^^, or 
Xdf / Stahr^if) or Xdf to X^ lies in Upi for at least one i — Sec- 
ondly, for each i = 1, . . . , Z, if we restrict to the terms in (j285p whose projection 
to X^ lies in Upi, the resulting equation is true, and also, both sides are zero. 
Thirdly, an easy generalization of the second property shows that for any subset 
S* of {1, ... , I}, if we restrict to the terms in (|285p whose projection to X^ lies 
in Upi for all i G S*, the resulting equation is true, and also, both sides are zero. 

By the first property, we see that summing over all 7^ 5 C {1, . . . , Z} of the 
restriction to the terms in (|285p whose projection to X^ lies in Upi for all i G S, 
multiplied by (— l)'"^'"-'^, yields (|285p . But the third property says that each of 
these restrictions has both sides zero, so (j285l) has both sides zero. Therefore 
both sides of (|267p are zero. This proves (|268p . and the first part of Step 3. 

It remains to show that if the Xac are chosen sufficiently small, for all a e A, 
c G Ca and m ^ 2, each component of {d"^Xac, fac\d"^x^,,Gac\d'^x^J oc- 
curs as the intersection of m distinct components of {dXac, faddx , Gadox )• 
We use notation G^^,,) for d = ^ and 

{v,Bi, . . . , B,n) for points in d^'V^^ as in Step 3. 

Recall that {Xac, fac^Gac) is a piece in the decomposition of {Xa, fa,Ga) 
using Ta — {Tl : i £ /a), where : ~> 00)) is a tent function on the 

manifold V^. By Definition lA.ll each v G has an open neighbourhood U in 

such that r*|c/ may be written Tl{u) = {tp{u) : p = 1, . . . ,N, u e Up}, for 
some open sets Ui, . . . , Un in U. Considering the constructions of tent functions 
in we see that how small this open set U needs to be can be made to depend 
only on and other data in {Xa, fa, Ga), not on the choices in Ta which make 
the {Xac, fac, Gac) Small. 

Therefore by choosing Ta to make the pieces {Xac, S ac Gac) sufficiently 
small, we can arrange that 7r(VJg) for each c £ Ca is contained in some such 
open set U in VJ . Then Vac is a piece in the decomposition of U using the tent 
function T^lu which has the global definition T^(w) = {tp{u) : p — 1,. . . ,N, 
u S Up}. Consider the boundary dVac- It is a disjoint union of two types of 
components: (a) the hft of part of dVa, a piece in the decomposition ofdVa using 
Talgyi , and (b) part of the hypersurface tp{u) = tq{u) in U, tor p,q = 1, . . . , N, 
p ^ q. To specify the order of p, q we require that tp — tq should be increasing 
in the direction of the outward normal to the boundary component of Xac- 

Let d = 1, . . . , n^^ and i - 1 e ll^^^, so that ^ Vj^'^"^ C dV^,. Then for each 
{v, B) e V^b'd"^, the classification of B into either (a) or (b) with {p, q) depends 
only on d. That is, if {v,B),{v' ,B') lie in Vj^r tl^en B is a hypersurface 
tp = tq if and only if B' is a hypersurface tp = tq, with the same {p,q). This 
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holds even though Vjj,'^"^ may not be connected, because of the global definition 
of the Ti near niVj^, as (^acdi facd^ ^acd) is connected, and since the way in 
which we make T^.Tl compatible under coordinate changes ensures 
that the hypersurface tp = tg in V^^ C maps to a hypersurface tpr — tqi 
in C under cf)]^ , for p' , q' depending only on p, g, i, j. 

Now let 2 and d= 1, . . . , n™ , so that {X^^^, f^^^, G^^^) is a component 
of /.Ja-Jf^., Gac|a-jf„J. Suppose i-m e so that ^ yj;!;-" C 

let (t^, Si, . . . , i?„.) e and let (z;, B,) G ^^^^7^ for ^ = 1, . . . , m 

and c?i = 1, • ■ ■ , n\^. We must show that di , . . . , c?m are distinct. Suppose di = dy 
for I 7^ r. As is a manifold, . . . , are distinct, so ^ i?;/. As above, 
i?; , Bi' are classified into either (a) or (b) with {p, q) , and this classification 
depends only on di — dii . Thus, if Bi is the hypersurface tp = tq near v then so 
is Bii , contradicting Bi ^ B//. So the only possibility is that Bi,Bi> are of type 
(a), that is, they are local boundary components of VJ. 

Since V^j* is a manifold, we can exclude this possibility by making the Xac 
suSiciently small, as it would mean that at w S we have two distinct local 
boundary components B;, -B// which are connected via some path in dV^r]Tr{V^^), 
or by some more complicated path involving coordinate changes {(f>''J , 4>^J ) . This 
can only happen if some nontrivial global topology in happens in the image 
7r(VJ^), which is ruled out by making the V^^ small. Therefore di, . . . ,dm are 
distinct, as we have to prove. This completes Step 3. 

C.4 Step 4: lifting to a cycle in KCf{Y; R) 

As in Step 4, we again change notation from Xac back to Xa, and introduce 
new notation n™, . . . , B^'J. Also, for a G A and O^m^m + l^M define 
: {1, • . • , n™+'} ^ {1, . . . , n-} by C'(^) = b if C d'X^- Then C° 

is the identity, and 

{d^x:tfZ\a'x-,GZ\o'x::i)- U {xX'jT'^g^") (292) 

fc=l,...,ri™+':e^'(fc)=fc 

is the decomposition of d^X"^ given by Lemma (23 

W e represent a by a cycle YjaeAPa[Xa, f a^Ga] in KCk{Y;R) satisfying 
(|269[) . where each Xa has trivial stabilizers, each Va is a manifold, each compo- 
nent of {d"^Xa, fa\d"^Xa,Ga\d"^x^) occurs as the intersection of to distinct com- 
ponents of {dXa, fa\dXa,Ga\dXa), and (|270p holds with each (a, b) G satisfy- 
ing (A) or (B) in Step 4. Our goal is to choose finite families G^^ for o G Oq of ef- 
fective gauge-fixing data for {Xa, fa), such that Y^aeA J2oeOa Pa\Oa\^'^[Xa, fa, 
Gaol is a effective Kuranishi cycle in class (3 G KHf{Y; R) with = a. 

Here is our inductive hypothesis: 

Hypothesis C.7. Let iV > be given. Suppose that for all to = N,N + 

1, . . . ,M and all (a, b) G i?™, we have chosen the following data: 

(i) A nonempty finite set O^; 
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(ii) A free left action of the finite group Aut(X^, fZ, G2) on O^; 

(iii) For all o G and Z ^ 0, a map 

ai : {6 = 1, . . . , : efib) = b}^ II-.=i,...,„^+': (293) 



(a,6) 

6/;"'(6)=b 



With f^iib) G for aU 6; and 



'(a,fc) 

(iv) For each o E O^^, a family of maps : -E^'* — * i^* for i e /^"^ such 

that QZo = {Iab,vZ,G2: ■■ » e 4") is efi^ective gauge-fixing data 
for (A'^,/JJ^). Thus G^"],'^ must satisfy the injectivity condition Defini- 
tion [sjllb). 

These should satisfy the following conditions: 

(a) If o, o' e 02 and G^^ ^ G^^, for aU z e C„ then o = o' . 

(b) Let o e O^'^ and (m, t;) G Aut(X^^, G^^), and set o' = {u,v) ■ o 
using the action in (ii). Then for all i G we have diffeomorphisms 
« : ^afc ^ Kb . and we reqmre that G^^^ = G^j.^, o v\ 

(c) Let (a, b) e R"", i e 12, o e O^, and / ^ 0. Then (|292l) inipfies that 

pdT^m,i TT T^m+l,i—l 

^ ^ab — Llf,= l,...,„™ + ':9™i(f,)=b -C/^b 

^ (294) 

^ TT T^m-\-l,l — l 



where in the notation of Step 4 we have an isomorphism (a, 6)^^^ : 

(^ar^/lr^G:+')-(x-+',(^^^^^^ 

a diffeomorphism ^™+''*~' ■ _^ E"]~!'}'i]~\, , and we use these dif- 

^ ab ab 4'"^+'{a,b)^ 

feomorphisms to make the identification in the second line of (I294p . 

We have functions G::^-; : K^^* ^ £ and G^'+^^f-'^^^^, : E"^]+^f-^^-^^ ^ P 

for each b with 6'™' (6) ~ b. We require that 

Gabold'E^-' ='^b=l,...,n'^+'-:e^'{b)=bG^,^+'i^^^l)f^^lj^^ (295) 

under the identification (|294p . 

When / = 0, 9^° is the identity, so the domain of is {b}, and if 
/r (&) = o' then m reduces to E^' = E^' and S to G^,; ^ G^:, . 
Thus (a) implies that f^oW = o. 

Before giving the two remaining conditions, we define some notation. Fix 

m ^ 0, and suppose that we have chosen data O^, , fabo^^Tbo ^*^r all m! > m 
and all a,b,o,i,l satisfying (i)-(iv) and (a)-(c) above. Then in an inductive 
step we will wish to choose O^, f^o^ ^Tbo for ^' ^^^r I > 0, consider 



271 



which maps : {5 = 1, . . . , : W = b} ^ Ul O^+l^^ ^,^ could be 
in (|293p for some o G O^'^. We will derive a necessary condition on such . 

Suppose that for some o G O^*^ we have chosen maps /"^^ for ^ ^ and 
^"bo for * ^ ^ai, satisfying (iu),(iv),(c) above. Let I > 0. Then by (c) for a,b,m 
and (a),(c) for m' — m + I > m, we see that uniquely determines and is 
determined by the restrictions G^'^Jlgi^in,. for i G Since these determine 

G2o\o^'E"l-^ for /' > I, it follows that /^^ determines /^^' for all /' > I. 

Observe that there is a natural action of the symmetric group Si on d^E™^^ 
generalizing the involution cr : d'^E^i^''' discussed in Definitions 12.71 

and l2.9l The restriction (puUback) G'^'J^'j^lg;^™,; is invariant under this Si action 

on d^E^'^. This gives rise to a consistency condition on /^^. Suppose is 
some map as m (f293l) . with f2'{b) e 0™+i(^5) for aU b. Then (c) determines 

functions d^E^' ^ E for i G F^^, by the r.h.s. of with /^^^' in place of 

fabo- "^l^ the form , these functions must be Sj-invariant. 

We say is Si-invariant if the functions it determines are S';-invariant in 
this way. We say is allowable if it is Sf-invariant, and also each map 
for I' > I determined by is S*;/ -invariant. Write D"f for the set of allowable 
maps /^'. When I — 0, each maps {b} — > O^, and for each o G we 
have : 6 ^ o, which is allowable. Thus is the set of maps {b} 0"l, 
and /™" ^ /^°(^) induces a bijection D™o ^ 

When I' > I ^ 0, write IIJJ^" : ZJ^'J,' — > Z?^' for the natural projection taking 
n^h"' : /ISo ^ /^o , defined by restriction from d^E^' to 9''^;^'' as above. 

Suppose TO > TO ^ and I > I with to+Z = m+Z, and that 6=1,..., 
with C^^^^^fo) = 6. Set (5,6) = (/.'"(a,S). Then we have an isomorphism 
(a, b)") : /"r, G"n ^ /!|, G"r). Composing this with the inclusion 

^ ' 'ab ^ ab' ab' ab' ^ ab^ •' ab' ab' ^ ^ 

C and applying 9' to both sides induces a morphism (ct^g)^^ '■ 

^'"'^al ^ '^'^-^ab which is an isomorphism with a union of components of d^X"^. 

Since the components of are for 6 = 1, ... , n*+' with ' (6) = 6, 

and the components of d^X^ are for 6' = 1, ... , with 0™'(6') = 6, 

there is a natural, injective map /^^"' : {6 = 1, . . . , nf +' : 6if'~(6) = 6} -> {6' = 
1, . . . , n"+' : 61™' (6') = 6) such that (a"-)~H^"s+') = when /™'>'(6) = 

b'. Let /'"' G £>";:', and define /!^'~ = o Then the conditions for 

Jab ab ^ J ab °° _ abb _ _ 

to be allowable restrict to imply that f!^' is allowable, so f"r' G -D'??'. Thus we 

ab ' ■' afc afc 

define a projection p™?™' : ^ ZJlf mapping p™?™' : ^ f™' o I™'.™' . 
Here are the final conditions: 

(d) When T > Z ^ the projection W^f : 1?;"^' ^ D™'' is surjective, and the 
preimage of each point is the same number | | / 1 Z?"^' | of points. 

(e) For aU m,rh,l,l, a,b,b as above, P^l™'' '■ E>21^ D"^^ is surjective, and 
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the preimage of each point is | -D^' | / 1 -D?i' | points. 

Here in (ii), Aut(X™, /"fc, G^^) is finite by Theorem [S^lOl We shall prove 
by reverse induction on N that Hypothesis IC . 71 holds for all ^ 0. For m> M 
we have i?"* = 0, so Hvpothesis IC . 71 is vacuous for N > M, the initial step. For 
the inductive step, we shall suppose Hvpothesis IC.7I holds for N = n + 1, and 
prove it holds for = n ^ 0. 

To do this, we will first fix (a, b) £ i?" and construct the sets D^l of allowable 
maps for / > 0, and prove by reverse induction on I that (d),(e) hold. Then 
setting I — I, the maps /"^-'^ in _D"^ uniquely determine the possible values of 
GXlaiJ-' for » e i:,. We shall choose O^, and for o £ O^, and z G /» 

with these boundary values, and prove that (a)-(e) hold. 

Since the sets D^l of allowable maps /"^' for ^ > depend only on data 0™i, 
and (GJ^q)^^/™ for m > n which we have already chosen, they are already well- 
defined without making further choices. When I > M — n we have = 0, 
so that {6=1,.. . : 9'a(b) = 6} = 0, and the only possible map ((553)) is 
the trivial map 0^0, which we write 0. It is allowable, so D^l = {0}, that is, 
the one point set with element 0. Thus ior I' > I > M — n part (d) is immediate, 
and for I > M — n part (e) is trivial as there are no such b. 

Suppose by induction that for some p > 0, (d) holds for ra = n and all 
I' > I > p, and (e) holds for m — n and all I > p. This holds for p ^ M — n 
from above. We shall prove that (d) holds for all m = n and V > I = p, and 
(e) holds for m — n and I — p. Then by induction (d),(e) hold for all I' , I > 0. 
For (d) it is sufficient to prove the case I — p and /' = p + 1, as the case 
I' > p + I follows by composing projections D^^ ^aif^^^ ^ ^'ai ^^^d using 
the inductive hypothesis. 

For the first part of (d) we must show that the projection H"^^^^"^' : D"^ 
Dl'f+^^ is surjective. Fix f^^^^^^ in D^'^+^l We will construct /J in 
which restricts to f2b'~^^^ ■ Let b lie in the domain of /"^, that is, 6 = 1, . . • , n'^^P 
with 9';^P{b) = b. Set (a', b') = </«"+P(a, b). We shaU construct the set of possible 
values of /"^(6) in 0",^f . Consider the diagram: 

r)«(p+i) ^ 

kt'""'-'' p;.<.+.)oj ^5^--^ (296) 

r)("+p)l ^ Tj{n+p)0 ^ ^ Qn+p 

^a'b' j-j(,i+p)0l ^a'b' j(n+p)o^y(Ti+p)0|.jj,.j a'b' ■ 

It is easy to show from the definitions that (|296[) commutes. Thus a necessary 
condition for fj € D^/, to satisfy H^.^^^"*-^) (/J) = ^t^^^', as in (d), is that if 
aib) = o' e 0:+/ then n^+^)°^({6'} ^ o') = P:t'^'-^'^\fT'') ^ where 
{b'} ^ d in is the map {6'} ^ 0^%^ taking b' ^ o' . 

Since p > 0, Hvpothesis IC . 7r d) with m — n + p > n implies that Tl'"^^^^^^ is 
surjective, and the preimage of each point is j-Oi^f/ j/j-D^'^t''''"'^ | points. Thus, 
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for each b in the domain of f^^ there is a nonempty set Sj^ C O^^} of possible 
values o' for /J (6) making (HMD commute, with \S;\ ^ |^i"6t^^°|/|^i"bt''^'|- 
For /"^ to lie in D^^ it is necessary that f^bi^) ^ ^i, fo^' ^ the domain. 
Any such map f^^ induces the fixed map f^^^^^^ in D^^, by construction. 
As f^l^-^^^ is allowable, any f^^ induced from /"^^ for Z' > p is induced from 

/"b^^^^ and so is S"// -invariant. Therefore such an /"^ is allowable if and only 
if it is iSp-invariant. 

There are natural Sp-actions on the domain {b = 1, • ■ • , n^^P : O^^ib) = 6} 
and range lJs:C''(fc)=fc <^^"i^i(a,h) °^ •^"h'' fab is S'p-invariant if and only 
if it is equivariant w.r.t. these actions. Here is the crux of this part of the 
argument: by the last part of Step 3, each point of d^XJ^^ C (9"+PXa occurs at an 
ordered intersection of n+p distinct pieces X^^ for d — 1, . . . , n}^. Thus, to each 
point in d^X"^^ we can associate an ordered (n + p)-tuple (di, . . . , dn+p), where 
di, . . . , dn+p are distinct elements of {\, . . . ,n\}. On a connected component 
X^^P C dPX^b this n + p-tuplc is constant. Hence, (c?i, . . . , dn+p) depends only 

on 6 in {6 = 1, ... , n^+P : 6*7(5) = 6}, where is the component of d^X^^, 

containing the chosen point. 

Now Sp acts on 9^^"^ by permuting p out of the n+p pieces meeting at 
the point. Thus, the Sp-action is compatible with an action of Sp on n+p-tuples 
(c?i, . . . , d,i+p), by permuting p oi di. Since di, . . . , dn+p are distinct, this action 
of S'p on n + p-tuples (di, . . . , dn+p) is free. Since (di, . . . , d„_|.p) depends only 
on 6, and the action of Sp on the (di, . . . , dn+p) is free, it follows that the action 
of Sp on the domain {6=1,..., n^+P : 6*7(5) = b} of fj is free. 

We can now show that H"^^*'"''^^ : D"^ — > D^jf'^^'' is surjective. From above, 
for fixed /"/^'''^^ G -0^fc^'''^^ t^^s preimage of f^l,^'^^^ is the set of 5p-invariant 
/oT "^'^^^ fab(^) ^ "^b ^- construct such f^^, we choose one point b in 

each S'p-orbit in the domain, and choose f2b{^) G arbitrarily at each such b. 
This is possible as S'lj ^ 0. Then we extend /"^ in an S'p-invariant way. This 
is possible, uniquely, as Sp acts freely on the domain. So there exist such /^^, 
and H"^^''^^^ is surjective. 

This proof also gives us the size of \{^i}^'^'^^)~^{fab'^^'')\'- it is the product 
of \Si\ over representatives b of each S'p-orbit. But jS'^l = |^i"b^^^°|/|-^a"6^''^^|' 
which is independent of f2b'~^^\ so the preimage of each /"/""^^^ is the same 
number of points, which must be |/|iI'"jP~''"'^'' |. If > p then either =p+l, 
when H"^' is surjective from above, or T > p + 1, when H"^' = n"^^^^''' o 
H^^''^'^^-'. But H^^P^^-*' is surjective by induction, and H^'^'-^^^' is surjective 
from above. Hence H"^' is surjective for all V > p, which proves the first part 

of (d). The second part also follows, since H^^^"*"^^' and H"^^''"''^^ both have the 
same number of points in the preimage of each point. 

Next we prove (e) holds. Let m,l,rh,l,a,b,b,d,b be as in (e) with m = n 



274 



and I = p. We must show p™P"^' ; ^ is suriective. Consider the 

^ abb °-" ab 

diagram 

jn-'^^^' p„(.;il(r+i, nr/''"^'l (297) 

af> ab 

It is easy to show from the definitions that (|297p commutes. Fix /!^' in D^^. 



ab 

By (e) and induction, p"(p+i)™('+i) surjective, so we may choose f2^^'^^^ " 



abb •' ' " ■■ •"i'' 



m 



^ab With i-^^. (/^t j - (/^^ j. 

We now claim that there exists fj in D^! with iCl'-"^''^ (/J) = and 
Kf^faD - /!'■ From above, the set of /J with Kf'^'\a) = /al^^'^ 
is the set of S'p-invariant maps f^^ with f^bib) G 5g for all b. By definition, 
pnpmirrnp^ = f"-' holds if and only if f"F takes prescribed values on Im/"''™'. 

abb ^■'ab/ Jab ■> ab ^^j^ 

Since f!~' is allowable, Im/"''™' is an S'o-invariant subset of the domain of 

•'ab 'abb ^ 

1 and the prescribed values are Sp-equivariant. As = 
-|-jm.i(;+i)/ ™[n ^j^^ prescribed values on Im/"^.™' lie in St for each h. 

ab ab ^ abb b 

Thus, we take /"^ to have the prescribed values on lml"^^\ and then for 
each iSo-orbit in the complement of Im/"^™' in the domain, we fix a represen- 
tative 6, choose f^bib) & ^ % arbitrarily, and extend /"^ uniquely to be 
S'o-invariant. This f^F lies in D^f with P^fT'^if^F) = f!?', so p"*!™' is surjec- 

P Jab ab abb ^■'ab' ■' ab ' abb ■' 

tive. The previous argument shows that the preimage of each is the same 
number of points, proving (e). 

This concludes the inductive step. Thus, we have shown by induction that 
(d) holds for m = n and all > Z > 0, and (e) holds for m — n and all I > 0. 
Since D^i is the one point set {0} for I > M - n, and U^l^ : D2^ D^^l is 
surjective by (d), we see that when I — 1, the set D^b is nonempty. But functions 
f2b in D^l prescribe allowable boundary conditions for the data {G2b^)i^i^^ 
for o G O^b that we must construct. Therefore, in the proof so far we have 
shown that the set of allowable, consistent boundary conditions for {G2b^)i^i" 
is nonempty. 

We shall now choose the data of Hypothesis IC.7r i)~(iv) when m — n. For 
part (i), define O^, = Aut(X^"„ G^J x D^^ for each (a, 6) £ i?". Since 
Aut{X2b, fab'^^ab) is a finite group by Theorem [3.201 and D^b is a nonempty 
finite set from above, O^b is a nonempty finite set, so Hypothesis [C^i) holds. 

For (u), define a left action of Aut(X"f,, /"b, G"^) on O^b to be the prod- 
uct of the left action of Aut(X"j,, /"j, G"^) on itself with the natural action 
of AntiX:,,f:b,G:b) on D^l combining the morphism Aut(X„"„ G^,,) 
Aut{dX"^, fab\dx\, G2b\dx\) with the interpretation of D"^ as a set of choices 
of data on {dX^,, ^ 1 , G^^ | ax- ) ■ This action of Aut(X,"„ f^b, G^b) on O^b 
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is free, since Aut(X"j,, /"j, G"^) acts freely on itself, so part (ii) holds. 

For (iii), we must define maps /"/^ in (|293p for all o € O"^ and Z > 0. When 
Z = 0, as in the last part of (c) we define /""^(fo) = o for all o e 0"j. When 
; = 1, if o G 02, then o = ((«, t;), /^.i) for (u^v) £ Aut(X» , G^,) and 
e ■ As above, Aut(X„"„ G^,) acts on D^l Define = (u, t;) -/^^ 
using this action, so that f^^ £ ^ab- Now define f^i^^ = /"j^. This is valid as 
by construction, D^l is the set of possibilities for /"j^^. When Z > 1 we have a 
map n^(J'j I?;,'^! ^ Z?;^^ and we_define = Tial'ifabo)- The definitions imply 
that faloib) G 0^++,^^ for aU b, completing Hypothesis [GJ]; iii) . 

For (iv), write (1, i) for the identity in Aut{X^^, f^^, G^^). We first choose 
the (GX)«e/r, for each (a, 6) G i?" and o G O^'^ of the form ((1, 1), 
for G -D"ft ■ Via Hypothesis \C7\ c]. this /^'j,-^ determines the restrictions 
^abolsB^"-'- That is, f^^ determines maps fl'X : dE'^C ^ £ for all i G J^f,, 
and we seek G^ : Kb' £ for « e I^b with GXIsb^-.' = ^"ho, satisfying 

the conditions of Definition [331 so that G"f,o = {lab^Vab^ ^Ij^l ■ « ^ ^ab) is 
effective gauge-fixing data for (^"f,, /"b); as in Hypothesis IC.7f iv). 

Since fj^^ is allowable, the induced f^^ is invariant under 5*2 = Z2. Now 
Z^;,^ is the restriction of /"^ to d'^X^^, and 5'2-invariance means fl^"^o|g2£",i is 

invariant under the natural involution a : d'^E^^ ^^'^^b^ for all i G I^b- i^rit 
this is exactly the necessary and sufficient condition for IjCa^^ to extend to a 
map GX : E^J ^ P for z G ^ with GX|^^„.. ^ ff^, by Principle Ela) . 

Thus, fl^abo prescribes consistent values for G"^*^ on \ (-E"^')", and it 
remains to specify G"^,*^ on {E^^)° . Choose some ko ^ 0, and maps G'^^^J^^^^i^Ay : 

{E-jr - C P for ^ G 7^, such that U,;,,. Gl'b^lc^;-')^ : U,e/r. (K"^'")'" ^ 
P is injective. This is possible if ko ^ 0, and we can take G^i^^\f^^n,i-^^ smooth. 
In addition, we require that the choices of integers k^ for all o — ((1,1), f^^^ 
for fab S ^ab should bc distinct. 

We now claim that G"jo satisfies Definition 13.361 Part (a) holds as the 
yj^'* are manifolds, so (Vj^'*, . . . ,^"b*) i^ automatically an effective Kuranishi 
neighbourhood for all i G /"{,. Part (b) when I = holds as Uie/"j_ Q^bo\{E"-'-)° 
is injective, and when / > holds by induction and Hypothesis IC.Tf iv) for 
m = n + I, since by construction G2i,o\d'x\ is a disjoint union of effective 
gauge-fixing data G;^,+'^,, so Definition ESS^b) with ^ = for these G;^,+'„, 
implies Definition I3.36r b) for G"^^ with I > 0. Hence G^^^ is effective gauge- 
fixing data. 

This defines the data (G"^'^)ig/^^ for each (o, 6) G P" and o G 0"{, of the form 
((1,1),/^^!). For general o G 0;\, write o = {{u,v),f2b) and 6 = {u,v)-^-o = 
((1, 1), /^ft ) , where /^^^ = (m, v)'^ ■ f^^, so that we have already defined G"f,6, 
and^set G^,„ = («, t;)4G::,,). That is, we defi^ne G^ ^ {KCUG:^^ ^ G^,> 
{v2b)~^ for all * G -^obJ where w"^* : fi'"^* ^ ^^b* i^ the diffeomorphisni in v. Then 
^abo is effective gauge-fixing data for all o G 0"j,, giving Hvpothcsis IC . Tf iv) . 



276 



We must now prove Hypothesis \C.7'( a,)~(e) hold when m — n. For (a), 
suppose o — ((«,■»;), /"j) and o — (({1,1}),/"^^) are distinct elements of O^f 
We must prove that G^,, ^ Q:,,. Write /^^ = {u, v)-' ■ faW d = ((1, 1), t^) 
and tb = («:^)"' • /at, o = ((1:1), /at)- Then G:,„ = [u.vUGl,,) and 
G^65 = (Gl'fcs). Since the G^^- map ^ M''-, it follows that the 

map ^ and similarly the G'^Va map [E'^Jf ^ R^^ 

If 6 7^ o then ko 7^ fcs, as from above the ko for all o — ((1, 1), /"j,"'^) 
are distinct, so G^^^^lj-^^.i^o and G"^*^|(.^Ti,ijo map to different spaces, giving 

^ G"^! and G"fc„ ^ G^^o as we want. So suppose = 0. Then 
G^,,, = {u,vUG:,,) and G^^^ = (w, i5),(G^,,), so that G^,, = {u,vUG:,J, 
where = (M,i3) o {u,v) ^ in Aut(X^j, G^'J. As o 7^ 5 we have 

{u,v) ^ (1,1). Since G"t„ is effective gauge-fixing data and {X^fab^G^bo) 
is connected we have Aut(A:^t, /"b, G"(,o) = {1} by Theorem EiMlIb) . Hence 
iu,v) i k^A{Xl^Jlb.Glbo). so G:,„ 7^ (i2,t;)4G:,J, and G;\„ 7^ G^.^. 

This proves (a). Part (b) is immediate from G"^^ — {u,v)^:{G2i,o) when 

= [{u,v), f^^^ and o = {u,v)^^ ■ o. Part (c) when Z = is trivial, as we 
defined f:l{b) = o. For o = ((1, 1), /^.i) we have = /^t: and part (c) for 
m — n, I — 1 and this o holds by construction, since we used (c) for / = I to 
choose the values of G"^*^|g^»i,i for i S /"^. Part (c) for m = n and I > 1 follows 

from (c) for TO = n, Z = f , since the corresponding /"^ are induced by /"j^. This 
proves (c) for all o of the form o = ((1, 1), f^^)- Part (c) for general o G O"^ 
follows by equivariance of the construction under Aut(Ar"(,, fabiQ2bo)- 

It remains to prove (d),(e). We have already done this for m — n and I > 
above, so only the case I = remains. In fact it is enough to prove (d) in the 
case m = n, I = and V = 1, since we can then deduce (d) with I = and 
I' > 1 and (e) when Z = as in the inductive proof above. Thus, we have to 
prove that H"^^ : D^^ Dab surjective, and the preimage of each point 
is the same number of points. But as above each in Z)"^ maps {6} ^ 
02b, and /^o ^ f;^°{b) induces a bijection D^^ O^^. Identifying D'^^ with 
= Aut(X» , Sib. Gib) X Dl^. we see that maps Aut(X„"„ G'^) x 
^ll ^ ^Ih and is given explicitly by H^^i . {(u,v)J2l) ^ f^b- Hence 
H"j ^ is surjective, and the preimage of each point is the same number of points 

1 Aut(X"j,, /"j, G"b) I . This completes (d),(e), and the inductive step in the proof 
of Hvpothesis lC.7l Therefore by induction, Hvpothesis IC . 71 holds for all ^ 0. 

We can now at last complete Step 4. Consider the data of Hypothesis IC.7I 
when m = 0. Since each {Xa, fa, Ga) is connected by Step 3, we have n|J = 1, 
with = Xa. Setting m = and & = 1, define Oa = 0°i and G„„ = G°i„ 
for all a e A and o e Oa- Using the notation introduced in Step 4 we have 

"a < 

(^[Xa, f a.Ga] = E ["''^a'" ^abi ^afc] = ^ab [^<j,i (a.b) ' /^'^ (a.b) ' G^>Ha,b)] 

1 1 1 (2^^) 
I^ab' fab. Gal] 




277 



in KCk-i{Y; R), where in the second step we use the isomorphism (a, : 
i^ab^flb^Glb) i.Xli(a.b)^fV{a^)^G\ii^^t,)), which multipHes orientation by 
^ah- We need an analogue of (|298p with Ga replaced by G^^ for o e Oq. Now 
Hypothesis IC.7r c) with m 0, & = 1 and / = 1 implies that (a, b)\f^ identi- 
fies {Xl^j\,Gao\xlJ with (^^1(^,6), /J,i(a,b),Gj,i(„ j,)g), where o G O^.^^j^^ is 
given by o = Thus following ([Ml), in ii'Cf_i(y; R) we have 

9[X,,/„GJ= ^ r ^Ib \[KbJ\b^Gl^,\- (299) 

(a,b)ei?^\ ) b=l,...,n\: ( 
oeOk t 0l((a,h)) = (a,6), B=/»;„(b)J 

ttOOI pOllO 

Consider the composition Oa = 0°i ^ -0°? L*"! L*;^? = O^f, for 
a e v4 and 6=1,..., n;^. This maps o to o = faloib)- Now Hvpothesis lC.7f d).(e) 
say that H™^ and P^l^'^ are surjective and the preimages of each point is the 
same size. Hence for fixed a G A, b = 1, . . . and (a, b) = (f>^{a, 5), the map 
Oa — > taking o i— > o = /aio(^) is surjective, and the preimage of each point 
is |0a|/|0^^| points. Therefore, if we average equation (|299|) over all o e Oq, on 
the right hand side each O^j^ occurs equally often, yielding 

d{EoeoJOar'[Xa,fa^G,,]) = 

E / E 'ab\ E lokn^kJlb^Gi,,]. (300) 

(a,6)Gi?,i ] b=l,...,nl: f °eOaE 

Multiplying (j300p by pa and summing over a A gives 

E / E ^''^^^ ^ \okr'i^hJlb,Gi-j. (301) 

I 0i((a,fc)) = (a,fc) J 

Now in Step 4 of [JC] we showed that for each (a, 6) G i?^, either (A) 
(X_^j^, /gjj, Ggjj) admits an orientation-reversing automorphism, or (B) the co- 
efficient {• ■ • } on the second line of (I30ip is zero in R. We claim that in case 
(A), the final sum Eo^qk lOl-^r^iX^-^, fk^Gl-J in dSEl) is zero. Thus in both 
cases (A) and (B), the product on the second line of (|30ip is zero, so both sides 
of (|301[) are zero, proving equation (|272p . 

To prove the claim, suppose i^ab^flb^Gl-J admits an orientation-reversing 
automorphism. There is a natural group morphism 7 : Aut(A"_^^, J^^, G^j,) 
{±1} with 7(11,1;) = 1 if M is orientation-preserving, and 7(11,1;) = —1 if u is 
orientation-reversing. As there exists an orientation-reversing automorphism of 
(-^aV fib' <^ab)' this 7 is surjective. 

By Hvpothesis IC.7f ii). Aut(X^j^, /^g, Ggg) acts freely on O^^. Choose a 
subset Ogj^ in O^^^ containing one point from each orbit of Aut(X_|^g, /^j^, Ggg). 
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Then there is a bijection Aut(Xi^, /g^, G^^) x O^^ Olj^ mapping ((m, v), o) 
(it, v) ■ o. Thus we have 

(302) 

= E E 7(«,«)[^,V/k.Gy-o, 

SGQig {■u.,v)&AMt{Xl-Jl-,Gl^) 

where in the second step we use the isomorphism (u,v) : {X^j^, f\^^, Ql^f^^) 
(Xgg, /^j, Ggjjj^ v)-d)^ which follows from Hypothesis IC . 7f b) and multiphes ori- 
entations by 7(m, v), and in the third step we note that v)eAut{x'-- f^- g^-) 
^{u,v) = as 7 is surjcctive, so exactly half of {u,v) have '^{u,v) — 1, and 
half have j{u,v) — —1. Equation (|302p proves the claim, and (|272p follows. 

Thus EaGAEoeo„/'il'^arM^a,/a,G'„o] IS a cyclc in KC^^{Y;R), so /3 = 
[Eae^EoeO„Pa|Oa|-M^a,/a,G„.o]] is wdl-defined in KHl'{Y-R). Finally, 
we must prove that n^f''(/3) = a. By definition of n^f'\ Y^aeA J2oeOa Pa\Oa\~^ 
[Xa, fa, n(G(jo)] is a cycle in KCk{Y; R) representing U^f^{/3). Hence it is suffi- 
cient to construct a homology between J2aeAJ2oeOa PalOaTM-'^a) fa,^{Gao)] 

and T,aeAPa[Xa,fa,Ga]- 

For each a ^ A, consider [0, 1] x Xa as a compact oriented Kuranishi space 
with the product orientation, and define Qa — f a° '^^a • [Oj 1] ^ Xa — > F, a 
strongly smooth map. Set Ja = {i + ^ '■ i & la} ■ For i £ la, define a Kuranishi 
neighbourhood on [0, 1] x Xa by {Wl+\ Fl+\t]+\x'+^) = ([0, 1] x V^, [0, 1] x 
K, s'aOT^Vi , id[o,i] x V/) , define gl+^ : W^+^ -^Yhy g]+^ = floTTy. , and Cz+i,a : 
[0, l]xXa^ [0, 1] by 0+i.a = V^,a o TTx^. For z, J G la, define M^i'+^^^-'+i) = 
[0,1] X V2^, = id[04] x^, = id[04] xC-'" and C^L ■ 

Wl+' ^ [0, 1] by Ci+la = via ° ^y- Write - {Ja, {Wl, . . .,xi),9i : J G 
J, . . .), and Ca = {Q,a ■■ j & J, (la ■ j,k ^ J)- It is easy to check that {J a, Ca) 
is an excellent coordinate system for ([0,1] x Xa,ga)- 

For o e Oa and i e la, define -ff*+^ : P by, for u E [0, 1] and e G i?* , 

rG^(e), .. = 0, 

^f^^'Ke)^ <^A'((u),GUe)), ue{0,l), (303) 
[noG^e), ^. = 1. 

Write Hao = [Ja,Ca,^ao '■ J ^ Ja)- As in the proofs of Theorem 14.151 and 
Proposition 14.321 one can show Hao is gauge-fixing data for ([0, 1] x Xa,ga)- 

We have 9([0, 1] x Xa) = ({1} x Xa) U -({0} x Xa) U -([0, 1] x dXa) in 
oriented Kuranishi spaces. The construction of (Ja,Ca) and the cases u = 0, 
u = 1 in (|303p ensure that Hao\{o}xx^ = Ga and Hao\{i}xx^ = n(Gao), 
identifying {0} x Xa = Xa = {1} x X^. Thus in KCk{Y; R) we have 

d[[0,l]xXa,ga,Hao] - [X„ , n(G, J] - [X„ , , G J ^^^^^ 

- [[0,1] X ^Xa,ga\[0,l]x^Xa,Hao\[0.1]x^Xa]■ 
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Following the proof of (|272p in equations (|299p - l|302p above, but replacing 
Xa, fa^G^^ by [0, 1] X Xa^Qa, Hao, and by [0, 1] x X^-^, and so on, yields 

'Ea€AJ2oeO^ Pc'\Oa\^^[[0,l] X 5X„ , I [04] X 9X„ , ^^ao I [0, 1] X OX J = 0. (305) 

Thus, multiplying (|304p by pa\Oa\^^, summing over all a G A and o £ Oa, and 
using (|305p to cancel out the contribution of the final term in (|304p gives 

diXaeAEoeo. Pa\Oa\-'[[0,l]xXa,g,,Hao]) = 

Sa6A SoeOa Palpal ^[Xa, fai^iGao)] ~ Z^oGA Pa[-''^a, /ai Gq]. 

Therefore EaeA Eoeo„ P'^l'^arH^a- /a> nlG^^)] is homologous to J^aeAPa 
[Xa, fa, Ga], and n^^(/3) = a. Hence for each a G KHk{Y; R) we can construct 
/3 e KHf(Y;R) with nKh(/3) = and H^h : KHf {Y;R) KH,{Y;R) is 
surjective. This completes Step 4. 

C.5 Step 5: nf^^^ : KHf{Y; R) KH^Y; R) is injective 

As in Step 5, suppose P e KHf(Y; R) with Uf^{P) = 0, represent /3 by the im- 
age of a cycle J2seS Ts in singular homology, and choose J2aeA Pa[Xa, fa, Ga] 
in KCk+i{Y; R) satisfying ()273p . We now explain how to apply Steps 1-4 
to this J2aeAP<>-[Xa, fa,Ga], replacing fc-cycles by l)-chains, to construct 
EaeA EoeO„ Pa\Oa\-HXa, fa,Gao] m KCf^,{Y; R) satisfying mM- This will 
imply that /3 = 0, so H^h : KHf{Y; R) KHk{Y; R) is injective. 

First we discuss Step 1. Introducing connected {Xd, fd,Gd) and Td,rid for 
c? e D as in Step 1, generahzing (PSS]) . the lift of ^^7^ to KCkiY; R) is 

E„eAPa[ax„/Jax„,Ga|axJ = E.e5C.[Afc,r„GAj+ (306) 
EdeD VdiiXd/Td, TT, (/,), TT, (G,)] - ^ [Id, /rf, G,]) . 

Write 9(X„,/„,G„) = lJfcii(^,\, /^fa, G^J as usual Then implies that 

some of the components (X^f^, f\f^, Ga^) or {Xd, fd, Gd) must be isomorphic to 
(Afe,Ts,GAj for s e 5. 

In Step 1 we choose tent functions Ta for {Xa, fa,Ga) for a e A and Td 
for {Xd, fd, Gd) ior d G D to cut Xa, Xd into 'arbitrarily small pieces' Xac, Xdf 
for c £ Ca, f € Fd- The new issue we must deal with here is that when 
i^ab^ flb'Glh) or {Xd,fd,Gd) is isomorphic to (Afc,Ts,GAj, the tent func- 
tion Ta or fd also cuts (Afe,Ts,GAj into pieces, so Y^st^s^A^^^'^^^G^k] is 
modified. We must keep track of these modifications, and in particular ensure 
that the modified version of EssS \^k,Ts, Ga^] is still the image of a cycle 
in KCf{Y\ R) representing j3. 

We do this using an idea from Step 4 of ^in i iB.4l We fix some N 0, and 
choose the tent functions Ta, Td such that if (^^f,, f\fy, G^^) or {Xd, fd, Gd) is 
isomorphic to (A^, Ts, Ga^), then Ta\x'^^ or Td cuts Af. into the iV*'' barycentric 
subdivision of A^- Since we construct the Ta,Td in ijB.ll bv first choosing 
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tent functions for (X^, f'Tt,G^t) by induction on decreasing m = M,M - 
1, . . . , 0, we do this by inserting an extra condition: if for < m ^ M we have 
^ (Afc+i_™,T,GA,+i_) for some smooth r : Ak+i-m Y, 
then we choose to be a standard tent function on Ak+i-m which cuts 
Afc+i_m into its N^^ barycentric subdivision. 

We must check this extra condition is compatible with conditions (i)-(iv) 
near the beginning of ijC.ll Part (i) is immediate since our condition is expressed 
using isomorphism classes. For (ii), as Ak+i-m is a simply-connected manifold 
we cannot write {Ak+i-m,T, Ga^+i^^) as a quotient (X™/ Stabr^(e), nTifdl) 
for {XX,,f2,G2) connected and Stabr,(e) ^ {1}, and if {X^J^.G^) = 
(Afc+i_„,r, GAfc+i_,„) then Stabrje) must act trivially on (^^,/S^,G™J as 
Aut(Afc+i_™,T,GA,+i_„J = {1}. Thus X^^ ^ Ak+i^rn X ({0}/Stabr,(e)), so 
we deal with (ii) by extending the extra condition to say that if {X^, G^) = 
{Ak+i-m X ({0}/r), T, GAfc+i_„) for r a finite group, then we again choose 
to be a standard tent function on Ak+i-m x ({0}/r) which cuts Ak+i-m into 
its N^^ barycentric subdivision. 

Part (iii) holds automatically since dX"^ is the disjoint union of fc + 2 — m 
copies of Afc_TO, and on each of these we have chosen T^'^^ to be a standard 
tent function inducing the A'^*'^ barycentric subdivision of Ak-m in the previous 
inductive step. Part (iv) is satisfied provided iV is large enough, since 
then the N^^ barycentric subdivision cuts XI" = Ak+i-m into arbitrarily small 
pieces. Thus we can carry out Step 1 in such a way that the Ta,Td cut each 
(Afc, Ts, GAfc) into the N*-^ barycentric subdivision of A?; for some fixed iV 0. 

We also make one additional change to the definition of the gauge- fixing data 
Gac f or (Xacfac) c £ Ca- Here {Xac, f aciGac) was defined in Proposition 
IA.29I using the triple {Zx^,t^, fa ° Hx^,t^) constructed from {Xa, fa,Ga) 
and Ta in Definition IA.28I The issue is that when we use a standard tent 
function on Afe to cut {Ak,Ts,GAk) into its N^^ barycentric subdivision, we 
obtain (fc!)^ small pieces {Aki, TsIai,, , Gaj.;) for I in an indexing set Lk^N, where 
each Aki is a small fc-simplex with a natural affine diffeomorphism Aki = Aj,. 
However, because of the way the function H^'^^ is defined in Definition lA.28[ the 
diffeomorphism Afc; = A^ does not identify Ga^, with G^k i the functions 
G\^^ : Aki ^ P and G^^ : Ak ^ P in Ga^, , Ga^ are not identified. 

We deal this by modifying the definition of the functions Hj^^^ : W^^'^ P 
in Hx^,Tai by hand, which then modifies the functions G^t^ ■ V^^^ P 
in Gac, to identify each Gas.; with Ga^, and similarly for Xd,Td. That 
is, whenever (X^,/^,Gq|,) is a component of d"^{Xa, fa,Ga) isomorphic to 
some (Afc+i_m, r, GAfc+i_„J, so that T"|, is a standard tent function on XJ^ = 
Ak+i-m inducing the TV*'' subdivision, then on the image in Zx^,Ta (and hence 
each Xac) of each piece XJ^^ = A(^k+i-7n)i for I G Lk+i-m,N , we define the 
function to be identified with G^"^^~™ : Ak+i-m P under the identi- 

fication X2i = A(k+l-m)l = Ak+l-m- 

This prescription is compatible on overlaps between the images of different 
simplices X^^, XJ^n, , as two such simplices must intersect in a face of each, 
and the functions G^^ restrict to on any face A = A; of A^. With these 
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changes, following the proof in Step 1 that EagA S cgCg Paj^ac-, fac Ggc] is 
homologous to J^aeAPo-l-^o-^ faT^a] proves equation (|274p . as we want. This 
completes our discussion of the changes to Step 1 . 

Step 2 requires essentially no changes. For Step 3, the analogue of (|267p is 

diEaeA EceC. PaiXac, f ac, Gac]) o T^iY^seS C ^s) - 

"^^i E/r,eF,/r.[^rf//Stabr,(/),7r4/rf^),7r,(Gd/)] (307) 
deD _^ > - - \ 

- ir^l Y.feFji^df,fdfiGdf]y 

which is a lift of pTi)) to KCk{Y; R). As for (|^S7)) . all terms on the l.h.s. of ([5n7|) 
have trivial stabilizers, since the Xa which we started with at the beginning of 
Step 3 (after changing notation) do, so the Xac do, and the Kuranishi spaces in 
n^*^ o T^(^j,gg Cs Ts) are fc-simplices A^, and so are manifolds. 

In Step 3, we proved that both sides of (|267p are zero in KCk-i{Y; R) 
provided the Xac,Xdf are taken sufficiently small, because all terms on the 
l.h.s. of (|267p have trivial stabilizers. Since this also holds for the l.h.s. of (|307|) . 
the same argument shows that both sides of (I307P are zero in KCk{Y; R) for 
Xac,Xdf sufficiently small. Therefore (|274p holds in KCk{Y; R), as well as 
KCkiY\R). This completes the changes to Step 3. 

At the beginning of Step 4 we have a chain X^aeA Pa[Xa, fa^ Ga] satisfying 

3(EagAPa[^a,/a,G,]) -nKhoT^(E.g5C.r.) (308) 

in KCk{Y; R) for 0, where X^sss same as it has been all the 

way through, but J2aeAP"-[-^a, fa^^a] has been changed several times, and 
now the Xa have trivial stabilizers, the are manifolds, the {Xa, fa,Ga) are 
connected, and each component of 9™Aa occurs as the intersection of m distinct 
components of dXa- Our goal is to choose finite sets Oa and maps Ga ■ Va ^ P 
for a e A and i G la such that (f308ll hfts to equation (|275l) in KHf{Y; R). 

The issue is this: we have to choose these maps such that whenever some 
component (X^f^, fa^,Ga^) of d{Xa, fa,Ga) is isomorphic to n^''(w) for some 
V : Afc — > Y occurring in the N^^ barycentric subdivision of some Ts : Afc — > Y, 
then the corresponding component of d{Xa, fa,Gao) must be isomorphic to 
Ulliv) for all o € Oa- That is, E^l^ in G;^^ is a component of dE^+^ in Ga, 
and the maps G^+^|£;;^^'' : E^^^ P and G%^ : Ak ^ P should agree under 
the given diffeomorphism E^j^ ^ Afc. If we do this, then all terms on the l.h.s. 
of (|308|) isomorphic to terms on the r.h.s. of (|308p lift to terms on the l.h.s. of 
(|275p isomorphic to terms on the r.h.s. of (|275p . and so (|275p holds. 

We ensure this by adding an extra condition in the inductive proof of Hy- 
pothesis [C]7] in when for part (iv) we chose maps G^'^ : i?^'' P for 
I € 12 such that GZo = {l7b,v7b^G:'b: ■■ * e Pat) is effective gauge-fixing 
data for {X^^fZ)- We require that if any [X^JZ^GZ) is isomorphic to 
(Afc+i_m, T, GAk+i-m) for some smooth r : Afc+i_„j — > Y, then the correspond- 
ing maps G2„''+''" : E^''^'^"" ^ P for o e O™ are identified with G'}+\"1 : 
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Afe+i_„i P under the given diffeomorphism = Afc-|_i_,„. Then 

(XTb^fZiGZo) is isomorphic to {Ak+i-m,T,G^^^^_J. 

We must check that prescribing these particular choices are compatible with 
conditions (a)-(e), so that the inductive proof that we can choose data satisfying 
Hypothesis IC.7I is still valid with this extra condition. For part (a), we claim 
that if (X^, f^l, G™b) is isomorphic to some (Afc+i_,„, t, Ga^+i^^) then O^^ is 
a single point. We prove this by reverse induction on m = A: + 1, A:, . . . , 0. For the 
inductive step, note that in gUHwe defined = Aut(X™, f^, G^^J x D^^- 
As = Ak+i^m, it has k + 2 — m boundary faces X^'^^ , each of which is a 
copy of Afe_m, and consists of a choice of point in satisfying 
some consistency conditions. 

By induction, each such 0™++\(,^,,) is a point, as (X^T', fZt\GZt') = 
(Afe_„i, u, GAfc_„J, where v = t o p^+i-m j-q^. gQj^^g j — 0, . . . , + 1 — m, 
in the notation of Therefore is one point, as there is only one 

possible choice in 0™++i(a,6') ^r each b'. Also AutiX^, fZ^ G^) = {1} as 

Aut(Afc+i_„,T,GA,+,_„r= {!}. Hence 02 = AutiX^JZ, GZ) x D^' is 
one point, proving the inductive step. 

Since OZ is a single point, (a) is trivial as there do not exist distinct o, o' in 
02- Part (b) is also trivial, as Aut(X^, /"b, G"^) = {1}. Part (c) holds since 
as above each boundary component iX:i+\ fZt\GZt') of (X™, fZ,GZ,) is 
isomorphic to (Afc_m, GAfc_,„) for some v, so in the previous inductive step 
we chose G™+J ^ G^^_^ for o' e 0™+\ and in SJwe defined Ga,+,_„ so 
that it restricted to G^^_^ on each Ak~m face of Ak+i-m- And (d),(e) are not 
affected as they do not concern choice of the QZl- 

Therefore the inductive proof goes through, and we can choose data satisfy- 
ing Hypothesis [C?7] with this extra condition when (X^, GZ) — {Ak+i-m, 
T^GAk+i-m)- The proof of (|272p using equations p98p - (|302p then generalizes 
to give p75p . and Step 5 follows. This completes the proof of Theorem 14.91 

D Identification of products U,n,« 

We now prove Theorem SSI that is, we shaU show that H^/*^, H^^, H^^, H^f 
identify the cup, cap and intersection products U,n,» on H*g,Hf{Y;R) with 
those on KH*,KH^{Y; R) and KH*^, KHf{Y; R). Proving this is tricky since 
we do not have a good description of H^'^^,n^g at the cochain level. Our ap- 
proach is to first suppose that Y is oriented, and prove that H^^ : Hf{Y; R) 
KH^(Y;R), nil : Hl'{Y;R) KHf{Y;R) identify the intersection products 
• on Hl^{Y]R) and KH,,, KHf {Y; R), using chain level descriptions of • on 
Cl'iY;R) and KC^, KCf{Y] R). Then since Poincare duahty identifies • with 
U, n, we deduce that H^'^'^, HJjg, H^^, H°f also identify cup and cap products. 

Chain-level definitions of • on ifC*, KCf{Y; R) are given in (fTTTj) and (fTT4)) . 
Describing • on singular chains Cl^{Y; R) is more complex. Two good references 
are Bredon [10, VI.ll], and Lefschetz [46, §IV], which is the original source 
for much of the theory of the intersection product on singular homology of 
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manifolds. As these do not discuss orbifolds, we assume y is a manifold. 

Let Y be an oriented n-manifold without boundary and a € H^{Y;R), 
(3 e Hf{Y-R), so that a • /3 e Hi\i^^{Y;R). For Theorem |13i;c) we must 
prove that H* (a . /3) = U*,ia) • H* (/3) in KHk+i-n{Y; R) or KHf^i^jY; R). 
First consider the case in which a = [K] and (3 — [L], where K,L are compact, 
oriented, immersed submanifolds of Y without boundary intersecting trans- 
versely in Y , with immersions lk '■ K ^ Y and : L ^Y . 

Choose effective gauge-fixing data G^^Gj^ for {K, lk), {L, ll), which is 
possible by Theorem [339i;a), and set Gk = n(G'^), Gl = n(Gi). Then 
[K, LK, Gk] e KCkiY; R) with d[K, lk, Gk] = as = 0, so [[K, lk,Gk]] & 
KHk{Y;R). Similarly [[K,lk,Gk]] eKHf{Y;R), [[L, iL,GL]]e KHi{Y; R), 
and [[X, ii, G^^]] ^KHf{Y\R). Considering Step 3 in Appendix iBl when we 
construct an inverse (H^f)^^ for H^f : Hf{Y\R) ~> KHf {Y;R), we see that 
{nil)-^{[[K,iK,GK]]) is represented, as a singular chain, by a triangulation of 
K by fc-simplices. But this is how we define the class [K] of K in H^{Y\R). 
Since a=[K], this gives [[K, lk,Gk]] = n^f(a). As [[X, t^, G/^]] = nKh([[iC, 
and n,if'' = n^jhon°f, we have [[X,iK,Gx]] - ^^{a)- Similarly 
[[L,ii,Gi]] =n^f(/3) and [[L,.L,Gi]] = nKh(/3). 

Therefore n^'^(a), n^'^(/3) are represented in KC^{Y;R) by [if, t/^, G^], 
[L, iL, Gl], so by (Hm), nf'{a) • U^Hf^) is represented in KCk+i-n{Y; R) by 

ni?h(nl^h'([i^, ^k,Gk]) u nK^i'^ii, g^]) 
= n-([if-,.-,G-Ju[L-,.I,G-J) 

using the definitions of U^^, U^]!^,, U in Definitions liHl and l4?29l 

Since K, L intersect transversely in Y, their intersection if n L is a compact 
immersed — n)-submanifold of Y, which can also be considered as a fibre 
product K x^^ Y.CL L. Following Bredon [10, p. 375] we define an orientation 
on if n i, using the orientations on K, L, Y. Then [10, Th. VI. 11.9] shows that 
[K] • [L] = [if n L] in iifeV,_„(F; R). Thus, by the argument above, Uf'ia • (i) 
is represented in if Cfc+;_„(y; i?) by [if fl L, lkhl^Gkhl], for some choice of 

gauge-fixing data Gkhl for (if n L, lkhl)- 

Hence, to show that Ilf^{a»l3) = Il^^{a) •Uf^{P), by ((3091) it is enough to 
prove that [if nL,t_R-nL,GKnL] is homologous to [if ^Xyi7^,7ry,G(7v xvC^ ] 

in KCk+i-n{Y; R). Now the topological space underlying if^ xy is just 
if nL, so if ^ X yL^ is just if flL with a different Kuranishi structure. Examining 
the definitions shows that if ^ xyL^ is isomorphic as a Kuranishi space to ((iff! 
L)^)^ , in the notation of Definition 14.141 and that Try agrees with ('•l^ni)^- 
Comparing our orientation conventions in ^2.7\ with Bredon's shows that the 
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orientation conventions of K Xy L also agree. Now 

^KnL 

The proof of Theorem l4. 151 shows that piOp is homologous to [K DL, lkhl, 
Gkhl]- But the right hand side is Xy L^ ,tvy,G(jy xvC^ ] with an 

alternative choice of gauge-fixing data. As d{K^ Xy L^) ~ 0, the homology 
class does not depend on the gauge-fixing data. Therefore [K n L, i^nL, G/^ni] 
is homologous to [K^ Xy L^, Try, Gcg^x, eg J, so Tif'ia.p) = Iif^{a) • 
n^h(/3). Similarly n^f(a = n°f (a) . fl°f (/?)." 

This proves Theorem I4.34r c) in the case when a, (3 can be represented by 
compact oriented submanifolds if, L intersecting transversely. For the general 
case we can use ideas in Lefschetz [46], particularly [46, §IV], which is the 
original source for much of the theory of the intersection product on singular 
homology of manifolds. Lefschetz shows that we can choose a triangulation T 
of Y by convex polyhedra, with a dual triangulation T* , such that if P, P* 
are polyhedra in T, T* of dimensions fc, I then P, P* intersect transversely in a 
convex polyhedron of dimension -I- / — n, or P n P* = 0. 

We may represent a by an _R-linear combination of fc-dimensional polyhedra 
P in T; to make a singular chain, we replace each P by its barycentric subdi- 
vision into fc-simplices. Similarly, we represent f3 by an i?-linear combination of 
/-dimensional polyhedra P* in T* . Then a • /3 is represented by the correspond- 
ing i?-bilinear sum of transverse intersections PCiP* . We then use the argument 
above with K, L replaced by i?- linear combinations of polygons P, P* , ensuring 
compatibility at boundaries 9P, dP* using the methods of Appendix [Bl 

This proves Theorem I4.34f c). Parts (a),(b) when Y is oriented follow us- 
ing Poincare duality and Theorems 14.151 and I4.26i since Poincare duality iden- 
tifies U,n,« on both Hf{Y;R),H*^{Y-R) and KH.^{Y; R), K H*(Y; R) and 
KHf{Y;R),KH*^{Y\R). When Y is not orientable we deduce (a),(b) using 
orientation bundles, as in Definition 14.161 Part (a) then implies (d), since the 
identities in H°^{Y ] R) , K H" {Y ; R) , K H°^{Y ; R) are characterized uniquely by 
the cup products U. This completes the proof of Theorem 14.341 
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